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Abstract

In this paper, we consider a mathematical model motivated by the studies of coral broadcast spawning

n+u-Vn—An=—xV.(nVe)+n—ent
inRY x R,
dic+u-Ve—Ac=—c+n

where d = 2,3, € > 0, and g > 2. We establish global-in-time well-posedness and boundedness of the
solution to the Cauchy problem of this system by developing local-in-space estimates. The crux point of our
proof depends intensely on localization in the space of solutions induced by “local effect” of the L™ RY-
norm.
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1. Introduction

Spawning involves aquatic organisms releasing eggs and sperm into the water, where fer-
tilization occurs [6,7]. The mechanisms behind high fertilization rates in corals remain poorly
understood, necessitating new mathematical studies and models to improve our comprehension
of gamete fertilization in marine animals. In [9,10], the researchers examined the enhancement of
biological reactions through vortex stirring. In the ocean, sperm and eggs (gametes) are initially
dispersed, making biological mixing crucial for successful fertilization. Thus, to study broadcast
spawning, it is important to consider the interplay of reactions, chemotaxis, diffusion, and fluid
velocity transport.

Patlak [25] and Keller and Segel [16,17] employed a mathematical biology model of the
dynamic response of cell density to chemical signals to explain the mechanism of chemotaxis

on—An=—xV-(nVc),
(1.1)

tdic — Ac=—c+n,

where n indicates the density of cells and ¢ denotes the concentration of chemical substances
separately. The x > 0 and t > 0 are expressed by the strength of attractive chemotaxis and a
relaxation time scale respectively. Many results have been obtained for system (1.1), primarily
on the existence, boundedness and stability of solutions. A distinctive feature of equation (1.1)
is the blow-up phenomenon, as demonstrated in many numerical experiments and in the strict
mathematical framework of singularity formation.

Due to the significant biological implications and mathematical complexities, much of the
literature focuses on the existence of globally bounded solutions and the conditions under which
blow-up phenomena occur. Previous research on parabolic systems has shown that in one-
dimensional cases, all solutions to system (1.1) are both global and bounded, thereby ruling out
the possibility of convergent aggregation [13,23,24]. In R, a threshold exists such that if the ini-
tial mass is below this threshold, the solution remains global and bounded in a bounded domain
with homogeneous Neumann boundary conditions [12,21], as well as in R2 [5]. Conversely, if
the initial mass (the L!-norm of bacteria) exceeds this threshold in a smooth bounded domain
with homogeneous Neumann boundary conditions [14,26], there are initial data configurations
for which the solution will blow up, either in finite or infinite time. In higher dimension d > 3, the
behavior is less understood. The construction of blow-up solutions within a ball [31,33] and in
the entire space R? [34] indicates that a small initial mass does not necessarily prevent chemotac-
tic collapse. Nonetheless, evidence suggests that global existence can be achieved under certain

conditions involving small initial data (ng, cg) in L% x W14 within a bounded domain [3], and
in L* x Wl for % < a <d in the whole space [8].

When accounting for the growth and death of bacteria, the logistic term is often included to
prevent solutions to (1.1) from blowing up:

on—An=—xV-(nVc)+an — enz,

1.2)

tdc—Ac=n—c,

with a constant @ and €. It is well known that if d =2 or d = 3 and € is large enough, then
there exists no blow-up [15,29,30,32]. If T = 0 and the second equation in (1.2) is changed into

—Ac = —c +n, in the class L3 N L{® le’p for any p < oo, local well-posedness is proved
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in [15]; and the authors also obtain global existence for € > 1 and blow-up in finite time if
0 < € < 1. Other interesting results can be found in [27,28].

Recently, Winkler [35] improved (1.2) to the following model defined in smoothly bounded
domains Q CR", n > 1,

uy=DAu— xV - (uVv) + pu — pu®,
(1.3)
v =dAv —Kkv+ Au.

Global existence is proved for any « > 1, especially for widely arbitrary initial data with poor
regularity properties. For o > 2 — % Winkler showed that any such solution approaches the non-

trivial spatially homogeneous steady state ((ﬁ)ﬁ, %(ﬁ)ﬁ) under an appropriate smallness
assumption on x . For other results, we refer the reader to [18,20].

In biology, the phenomenon of broadcast spawning is deeply studied. For example, for some
invertebrates, males and females release sperm and eggs to the surrounding fluid flow, known
as the radio egg. These chemicals are affected by the diffusion process and advected by the

surrounding fluids, hence the following model is introduced

on+u-Vn—An=—xV-(nVc) —en, 4
inRY x RT, (1.4)
0;c+u-Ve— Ac=—c+n,

where u denotes a given divergence-free velocity of fluid. The global well-posedness and stability
are established in [1] for g > 2. Besides Cao and Winkler [4] study the large time behavior of
the solutions to (1.4) with quadratic degradation in a liquid environment. They show that any
non-trivial global bounded solution of (1.4) approaches the trivial equilibrium at a rate of %ﬂ

In this paper, we further consider the Cauchy problem of the chemotaxis system with logistic

growth with g > 2
on+u-Vn—An=—xV.-(mVc)+n—ent

o;c+u-Ve— Ac=—c+n, (1.5)
n(0,x) =no(x), n(0,x)=no(x).

The initial data (ng, cg) satisfies the following conditions

nge L™ (Rd> is nonnegative,
(1.6)
co€ Whe (]Rd) is nonnegative.

Motivated by the location method introduced in [22], we aim to prove the global-in-time bound-
edness of the solutions of system (1.5). We assume that u is in C*® (]Rd x [0, oo)) such that u
and every spatial derivative of u# are uniformly bounded for all (x, ) € R4 x [0, 00) to facilitate
the handling of the nonlinear terms u - Vi and u - Vc. Our main results are as follows.

Theorem 1.1. Let x,€ >0, g > 2 and d =2, 3. Assume that the initial data (ng, co) satisfies
condition (1.6), and u € C*° N L™ (]Rd x [0, oo)) is divergence-free, and each of its spatial
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derivatives is uniformly bounded for all (x,t) € R? x [0, 00). Then there exists €q > 0 such that
for all € > €, problem (1.5) possesses a unique nonnegative global weak solution in the sense of
Definition 1.1 and

(n,¢) € Cy ([o, 50); L (Rd)) % Cyy ([o, 00); W (]Rd)) .

Moreover the above solution is global-in-time bounded, namely, there exits a positive constant
C depending only on ¥, €, q, d, ””OHLOO(R”’) and ||CO||W1~°°(Rd) such that for all t > 0,

1Ol o Ry + @ ly1. ey < C.

Remark 1.1. Compared to literature [22], our model has two nonlinear terms « - Vi and u - Ve,
which makes it difficult to investigate, and new method and estimates need to be developed to
study the problem.

In the literatures [4,32], it is shown that in a smooth bounded domain €2, system (1.5) has
upper bounds on n and V¢ that depend on the volume |€2|. This suggests that techniques appli-
cable to bounded domains may not directly translate to Cauchy problems. However, using the
standard energy method to establish global well-posedness for certain chemotaxis models [36],
it is observed that the L°°(R%)-norm of (1, Vc¢) is bounded by a function of time ¢.

To establish global-in-time boundedness of the solution, we draw inspiration from [22] and
note that the L (R%)-norm reflects a “local property” to some extent, specifically, L (R?) <
LL’:IOC(]R"’ ) for every 1 < p < oco. Unfortunately, our model has more nonlinear terms u - Vn and
u - Ve, which increases the difficulties to tackle the problem, so we make certain assumptions
about u and explore some new estimates. Inspired by [22,32], we utilize a coupling approach
involving ||z || Ll (Rd) and ||Vc|| L2, Rd)> and by selecting an appropriate test function, we suc-

cessfully achieve the desired results.

Notation: Throughout the paper, R = (0, 0o) and C stands for a “generic” constant which may
change from line to line. For p, g € [1, 0o], the usual Lebesgue space is denoted by L” (Rd ) and

q
l

1
L (RY) ds) ?. We also denote

-1l 2g Lo (Ra) defines the norm of (fot Il -

B, (x9) := {xeRd:|x—x0|<r}.

For 1 < p < 0o, we denote
1/p

Ifllpa = sup (I fllzrs, @) = sup / |fDIP dy

xeRd xeR4
[x—yl<A

Lhe (RY):={r e Lie (RY): 1fpa <00}, 17l @e):=1F1p-

Finally, D (R?) is a space of compactly supported smooth functions on R, and W*? (R?) is
the general Sobolev space with 1 < p < oo and s > 0.
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We also introduce a cut-off function which will be used throughout this paper. Set a function
¢R e C (RY) by

4 L) -
oR (=1 P (3+ i) -0l <2K (1.7)
, |lx —xo| = 2R.

From the definition of ¢)§), we get that

(i) 1 <¢f (x) <2, VxeBg(x).

_

(i) ¢f = =0.
dBaR (x0) av 3 Bag(x0)

(i) [VoR| <=, |D*pR <&
Xo|— R’ Y| —= R2’

where C is independent of R.

Definition 1.1. (n, ¢) is called a weak solution to the Cauchy problem of (1.5) if the following
two conditions hold:

() n(t,x)>0, ct,x)>0,t>0, x e RY,

:nGCO([O, 00); L1 (RY) N L*®(RY)), 18

¢ €C%([0, 00); HL(R?) N W12 (RY)).

(ii) ¥ ¢ € C3°([0, 00) x RY),

o0 o0

o
f /n(a,(p + Ap)dxdt —i—/ nu - Vodxdt —i—/ nodxdt
0 0

0 R4 R4 R4

o o0
+X//nVc~Vgpdxdt—//anpdxdt+/no(x)<p(0,x)dx=O, (1.9)
0R

0 R4 d R4

and

2

ot

o
/ (00 + Ap)dxdt + / cu - Vodxdt
0 R

R4 d
00 00

—/ c<pdxdt+/fnwdxdt+/co(x)¢(0,x)dx:0. (1.10)
0 R4 0 R4 R4

593



Q. Zhang, Y. Wu and P. Wang Journal of Differential Equations 415 (2025) 589—-644

2. Local-in-time well-posedness for Cauchy problem
In this section, we aim to prove the local result of the system (1.5).
Theorem 2.1. Let x >0, € > 0, ¢ > 2, d > 1 and the initial data (ng, co) satisfy

no € L'(RY) N L®(R?) is nonnegative, @1
co € H' (R N WH(RY) is nonnegative. .

Suppose ng and co have a compact support. Assume u € C*° N L (]Rd x [0, oo)) is divergence-
free, and its every spatial derivative is uniformly bounded for all (x,t) € R¢ x [0, 00). Then
there exist a maximal Tpg, € (0, 00] and a uniquely nonnegative classical solution (n,c) to

system (1.5) satisfying

n e CY([0, Tnax); L'(RY) N L®(RY) N C2HR? x (0, Trnax)),
¢ € CU[0, Tax); H' (R N WL RD)) N C2HRY x (0, Tnax))-

Furthermore, if Tyqy < 00, then
timsup, 7., — (1€, 0l o) + G Dl (e ) =00, 2.2)
We prove the above Theorem 2.1 in following 4 subsections.
2.1. Existence
Under the assumption (2.1), there exists a constant M > 0 such that the initial data fulfill
0l 1 ety + 17101l o ety < M,
and
llcoll g1 ey + llcollwr.oo (ra) < M-

Using a standard contraction argument, for a small 7' € (0, 1), we select the following space X
as the solution space:

Xr:=C° ([0, T1: (Ll (Rd) nL® (Rd)) x (H‘ (]R{d) nwhe (Rd))) ,
and the closed subset S as
§:={1.¢) € X7 1l g o712 ey + 171l o 0,772 (Re)) < 2M.
ez o, st (Rey) + Lo o, ey <2M |
Then, we set a mapping ® = (O, ®,) on S defined by
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t f f
& (n,c)=eng— /e(tﬂ)AV(un) ds — x /e(’fs)AV -(nVe) ds + / 1798y ds
0 0 0
’

—G/e(’”mnq ds
0

with
t t
<I>2(n,c)=e’(_l+A)co—/e(t_s)(_l"'A)V(uc) ds+fe(t_s)(_l+A)n ds
0 0

for each ¢t € [0, T]. Since ng and co have a compact support, it is straightforward to show
that ¢ — ¢'®ng belongs to C° ([0, o0); L! (Rd) NL® (Rd)) and t — /(712 ¢; belongs to
€ (10, 00); H' (RY) N W12 (R¥)). According to estimates of e'® (¢! "!T2)), such as those in
[34, Lemma 2.1], we can conclude that ® maps S into X7. Using the standard L?-L? estimate
for heat semigroups, it can be confirmed that for all ¢ € [0, T],

@10, ) @)l L1 (ra

t
< lInoll .1 vy + Cix /(t - S)_% 7 L2 ra) Vel L2(Ray ds
0

1 t t
40 [0 = Oy IO sy 35+ [ 106y a5+ € [ 1961, g s
0 0 0

1 1
< llnollprway + CrxT 2 Inll oo (L1 Ry Lo (Ra)) IVl Lo (L2 (Re)) + C2T 2 M7l oo (11 (Ra))

TG ase (11 o)) + €T IO 11 Ry ()
Equally, via Holder’s and Young’s inequalities, we get that for 0 <t < T,

1210, YOl o e

t
< lInoll Loo(ray + Cx /(I —S)_% 7)1 oo Ry IVE Nl oo (ra) d
0
t
+C4/(t —S)_% () oo (Ray 11 ()| oo (Ra) ds
0

! '
+/ ||”(S)||L0°(Rd) ds +€/ ||n(s)||(zoo(]Rd) ds
0 0

595



Q. Zhang, Y. Wu and P. Wang Journal of Differential Equations 415 (2025) 589—-644

1 1
< 170l oo (Ray + C3X T 21l Lo (oo (Ra)) V€Il L20 (Lo0 (Re)) + CaT 2 1]l oo (100 (R4))
q
FT Il (poo ) + €TI0 (o)

Hence, combining the above two inequalities, we have

@102, ) (Ol L1 (ray + P10, (O oo (R0)

< lInoll 1 Rangoo(ra)) +CIXT%”””L‘;O(LI(R")QLOO(R‘]))”VC”L%O(LZ(]R‘I)“LOO(R‘I))
+CoxT? 21l Lo (L1 (ReYALoo (Re)) + C3T IRl Lo (11 (RO)ALo* (RYY)
TN 3 o ey

< M 4+4C xTIM? +2Cox T2 M +2C3TM + eCsT (2M)C.

Choosing a small enough 77 € (0, 1) to satisfy the following condition

1 1 1
max {4C1XT12 M,2Cox T2 M,2C53Ty,eCs29T M9™! } =5

then for 0 <t < T}, we have
191 (2, YOl 1 ety + 19102, (D) e () < 2M.

Using the identical method as above, we can get

[®2(n, ) D)l g1 ey + | P20, ) (@) [l 1,00 (R0

t

< ¢ (1eoby + ol + [ € (0l + 1Oz &
0
1

+ / e ) ey (176 g2y + 1966 e ey ) ds
0

!
+C6/ (t— s)f% e~ =9 (HH(S)”LQ(Rd) + ||n(S)||Loo(Rd)> ds
0

!
+C7 / (t— s)_% e =% (||VC(S)||L2(Rd) + ||Vc(s)||Loo(Rd)) ds
0

= (llcoll g ey + llcoll s ey ) +2 (T + CT2) (Il e 01 Ry + 111l 36 10 (R)
+2(7 + 77 3) (196l s (r2may + 1VEl L3 (1 ey )
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< M+4M (T + C6T%) +4M (T + C7T%) .
We choose T» € (0, 1) satisfying the following condition
1 1 1
max {4 (T2 + C@Tf) 4 (T2 + C7T22)} < x
from which it follows

| P2 (n, C)(f)llgl(Rd) P21, ) (@) ly1.00(ra) < 2M.

Therefore ®(¢) maps S into itself for ¢ < Ty := min {7}, T2}. Then, we testify that ® is a contrac-
tion mapping in a short time. For any couple (11, c1) , (12, c2) € S, a simple calculation gives

[®1 (1, 1) (1) — @1 (n2, ¢2) (DI L1 (R)

t
< X/ )e(t—s)Av -(n1(s)Vei(s) — nz(s)ch(s))HLl(Rd) ds
0

ds

_I_f e(t—s)Av.(u(s)nl(s)—u(s)nz(S)))

L1 (R4)

+/ )e“—sm (n1(s) _”2(s))HL1(Rd) ds

ds

t
v [ e (0 =m0,
0

t

< x/ He<t—s)Av.((n1(s) —nz(s))Vcl(s))‘
0

ds

L1(R9)

t
_|_X/||e(t—s)AV. ()Y €16) = €206 1 ey s
0

t
+/ =959 (015) = mas)y uis)| g
0

+<T +eqT(lIny oo (Loo (Ra)) + 1721l 30 (100 (R4Y) )q_]) 1 = n2ll oo (11 (Ra))
< CsxT?|ny — n2llpge (21 (Re)) lle2llpoe (virtoo (r))
+CXT 2 Inall e (11 ey Nler = 2l o ey
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+CoT 2 ()l (1o ety 11 = 2l e (11 )
-1
+(T +eqCioT (llnlllL;o(Loo(Rd)) + ||n2||L;o(Loo(1Rd)))q )llng — n2ll e (L1 ()

1 1
< (4C8MXT7 +CoT2+T + GqC10(4M)q71T) (n1,c1) — (n2, c2)llx; -
Using a similar approach, we have

[®1 (1, ¢1) (1) = @1 (12, €2) (D)l oo (Re)

< CuxT? Im —n2llpeo (Lo (Ra)) V2l 30 (L0 (RA))
+C11XT% 721l Lo (oo (may) IV (1 = €2)ll Lo (100 (Re))
+CpT? () oo (oo (Ra)) 1721 = 12l Lo (100 (R))
+(T +€qCi3T (llnl Izoe (oo (Ra)) + ||nz||L<;0(Loo(]1gd))>q_1 )llny — 2l e (1oo (R4Y)
< (4CHMYT? +CT? + T +eCizg@d?™'T) 1, e1) = (n2, e,
and

[ @2 (11, ¢1) (1) = P2 (12, €2) (Dl y1(Ra) + | P2 (11, €1) (1) = P2 (12, €2) (D[l yy1.00(R)

1
C14/ (14 @ =972) (In16) = m2)ll 2y + 11165 = m2() ey ) ds

0

IA

t

+is [ (140 =97 Ol (19616 - Vea®) 2oy

0

+1Ver(s) = Vea ()l o ray ) ds

IA

1
(ClatCi) (T +T2) l0n1,e0) = (2, )y, -

We set T3 satisfying the following condition

1 1
max {4C8Mx T + CoT + T+ eCiog(4M)4~' T,

ENYI

1 1 1 1
A4CHUMXT] + C2Ty + T3 + €Ciaq(dM)1 ™' T5, C1a (Ts + T32> ,C1s <T3 + Tf)} <

Let
T =min{Ty, T3},
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then @ is a contractive mapping on S. We utilize the Banach fixed point theorem to acquire that
there exists (n, ¢) € S such that ®(n, ¢) = (n, ¢). In addition, via standard arguments of semi-
group estimates (cf. Lemma 3.3 in [11]), we deduce that (n, c) belongs to czl (Rd x (0, T))2
and is a local solution of the problem (1.5) in (0, f) x R4. Now the conclusion (2.2) is an imme-
diate consequence of the observation that our above choice of 7" actually depends on [[no|| o (r4)
and ||co||W|,oo(Rd) only.

2.2. Nonnegativity

We now need to show that n, ¢ > O if the initial data ng, cg > 0. First, select a smooth cut-off
function ¢ satisfying

1, xe Bg(0)

23
0, xeRYNByz(0), 3

¢(x) ={

where R > 0 is a real number. N
On the basis of the local property (n, ¢) € C>! (Rd x (0, T)), the global property

3 (¢pn), SVnel? (Rd>
can be accomplished by importing the cut-off function ¢. Set
n~ = max{0, —n}.
Multiplying Eq. (1.5); by ¢>n~ and integrating, it results in
q+1

2 —

l d - p - 2 +1
§5||¢n (t)||L2(Rd)+||¢vn ([)”L2(Rd)+€H¢q ()

Lat1 (Rd)

IA

IVell o ay |6V | 2y [#n7 [ 2 (ge)

+2lnll 2y 07 [ 2 ey IV Lo ey 1 Ve oo ()
il ooy 990 [ 2y [ 617 ] L2 (e)
+2lnll 2 ey 07 [ 2 gy IVEH Lo e lll oo ()

+2nll 2 ety IV oo ety [ 69 | 2 gy + 197 |2 e
C 1
= € (Il ey + 101 gty + 1) 1807 [y + 3 1002 gy + 5 19V 2y -

For (n, ¢) € X5, the Gronwall inequality implies that for any ¢ < T,

t
C ~

H¢”_(I) ”iZ(Rd) = exp /C (”VC(S)”ioo(Rd) + ”u(s)”iao(Rd)) ds+1 ”n(; ”iZ(Rd) + ET-
0
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Letting R go to infinite, we obtain that n({, t) > 0 in the domain RY x o, T). Similarly, we
possess c(x, t) > 0 in the domain RY x 0, T).

2.3. Uniqueness

We now show the uniqueness of the solution of (1.5) in the framework
(n,¢) e " ([o, T ; (L‘ (Rd) nL® (]R")) x H' A whoe (]Rd)) .

Let (n, ¢) and (77, ©) be two solutions to system (1.5) in RY x (0, Tinax) with the same initial data.
Denote §n =n — 7 and 8¢ = ¢ — ¢, we get that the couple (8, 8¢) in R? x (0, Tinax) fulfills

{a,an +u-Vén—Adn=—xV-(nVec) — xV-(nVéc)+én —em? —n9), 24)
2.

0;6c+u-Véc— Adc = —68c + dn.

Applying the energy method and the cut-off function ¢ introduced in (2.3), we can show that

S 18O 2 gy + 19VOn O 2 g
< /u . V8n¢28n dx + x /¢28nVc -Vén dx + 2y f ¢énVe - Vpon dx
R4 R4 R4

+x /¢ﬁV8c~¢V8n dx +2x f¢ﬁv5c.v¢5n dx —2/¢V8n - Vsn dx
R4 R4 R4

+ / \$onPdx + eq / 68n P - (Il + =)~ d
R4 R4

IA

[l oo (ra) @Sl L2(Ra) 1@V IR 2(RA) + XNVl Loo (R0 IPER] 2R PV R L2(RA
FX Wl oo (ray 19 Vel L2(RaY 19 VR 2(R) 21V Loo(Ra) 16V IR L2 (R 18721l L2(RA)

F2x VPl oo (ray 10721l L2(Re) <||VC||Loo(Rd)||¢5n||L2(Rd) + IIﬁIILoo(Rd)||¢V5C||L2(Rd)>

-1
198122 gy (L + € (Il ) + () )

IA

1 2 2 2 2 215112 2
§||¢V8n||L2(Rd) +Cx ”VC”LOO(Rd) ||¢8”||L2(Rd) +Cx ”n”Loo(Rd) ||¢V8C”L2(Rd)

C

-1
HC 1 e oy 190717 2 ey + 19570172 gy (1 + € (||n||Loo(Rd) + ||ﬁ||Loo(Rd))q )+ %

Likewise, making use of Holder’s and Young’s inequalities, we have that

1d
53 10V 2ga) + 1282 gay + 1V 72 Ra)
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= [ upVéc - pAdc dx + 2 / upVéc-VeoVéc dx + / ¢2V8n -Véc dx
R4 R4 R4

—2/¢A5cV¢~V§cdx+/V8n¢2VSC dx
R4 R4

1
< Cllullg oo (ray I0VE€ N 2 ay + 1982172 gay + 1A T2 oy
+C|Vol? V8|2 +1||<z>van||2 + Cllgp Vel
L2o(R4) 2R T g L2(R9) L2(RY)’

Summing up the above two estimates, we get that

d
= (108013 0y + 19V} )
-1
< ||¢8n||i2(Rd) (cxznvcnioo(w)+C||u||ioo(Rd)+eq (”n”Lw(]Rd)+||’7l||L00(]Rd))q +1>
c C

19Vl 2 guay (O ety + C Il oy +C) + 5 + 25

Integrating in 7 and letting R go to infinite produces

18n (D17 2 ay + V3172 ay

t
2 2 2 2 ~ -1
= [ 181122 oy (CXPNVER gy +Cllul? oy +ea (Inll ey 1l o mey) +1) dx
0

t
+ f IV8¢l72 (ma) (sznﬁnim(w) + Cllull oo oy + C) ds.
0

The Gronwall inequality implies (n, ¢) = (77, ©) in RY x (0, Tinax)-
According to our definition of 7', it is obvious that (n, ¢) can be extended up to a maximal
Tmax € (0, 0o] satisfying
GOl ray + 117G Dl oo (ray + leCy D g1 (ray + leCy D100 (ra) = 00 a8t 7 Tinax.

2.5
Assuming (2.5) is false, then there exists a constant L > 0 such that

InCo Dl ray + 110G Ol oo (Ray + leCs DIl g1 (ray + leC D g re) < L
From the method of choosing T we take
e =min{Ty, T», T3} .
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According to the above existence proof, we summarize that there exists a unique solution (1, ¢)
with initial data (n (Tipax — €/2) , ¢ (Tmax — €/2)) on [0, ]. In addition, we obtain by uniqueness
that

n(t)=n{t+Tmax —€/2) and c(t)=c(t + Tmax — &/2)

on [0, £/2), which means that (1, ¢) extends solution (n, c¢) beyond Tnax. This contradicts the
definition of Tphax. Consequently, (2.5) is true.

2.4. Continuation

We need to guarantee that the quantities ||n(t)||L1(Rd) and ||C(t)”Hl(Rd) do not blow up at
finite time.

Proposition 2.1. Suppose (n, ¢) is the solution of system (1.5) and ¢ > 2. Then, for all ¢ €
(0, Ty4x ), we have the following estimates:

1
I () L1 (ray +f ||n(s)||jq(Rd) ds < Cé', (2.6)
0
t
IOy + [ 1665 oy = e @
0
and
t
IVe@I72 ey + / V()51 (gayds < Ce®. 238)
0

Proof. For n > 0, multiplying Eq. (1.5); by ¢ and then integrating in x, we get that

d 1
& ||¢n(t)||L1(Rd) + €||¢;n(t)”zq(]Rd)
lull oo (Ra) VPN Loo (Ray 11| L1 (R + AP Loo (Ray 17l L1 (R

IA

HIVell Lo Ray V@Il oo (ma) 121 L1 (R) + 1RO L1 (R
- C C v C
= gllullzeo@aylinllLiga) + 2 IVelloaylInliiy ey + 27 l7l L1 re) + 16O L1(RY)-

Applying Gronwall’s inequality and taking R approaching infinite, we have
t

Il L1 (R +/ Iln(S)Iqu(Rd) ds < Ce' [Inoll 1 (Ra)-
0

Similarly, performing ¢?c to Eq. (1.5), yields that
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1d 2 2 2
EEII(J)C(I)IILZ(W) + ||¢VC(I)|IL2(Rd) + |I¢C(I)IIL2(Rd)
lull oo (ray @ Vel L2 (ray el L2(ra) + 2||¢>VC||L2(Rd) IVl Loo(ra) el L2(Ra)

IA

+lonllp2ra)l¢clp2(ra)
< l||<15VCII2 + ligel; (llull? + 1)+ [I¢n|? + £||c||2
T2 L2(R) L2 (R4)NTILo(RY) L2(Re) T g2 1L (RY)

Using Gronwall’s inequality and taking R to infinite, we achieve that

t

ey + [ (196 gy + 1)z ds

0

JoUuI? oy +D ds !
< EE T (12, gy + / I gy ).
0

Owing to the estimate (2.6) and g > 2, we can easily obtain that

t
e (ga) + / le)I%1 ay ds < Ce".
0
By the same process, we have

1d
5 3 1OVEON o gay + 1A T2 gay + 19 VO 172 (Ra)

= /u¢vc-¢Ac dx+2qucV¢-¢Vcdx—/¢2nAc dx

R4 R4 R4

—2/¢Vc (Vo - Ac)dx —2 / ¢nVe¢ - Ve dx
R4 R4
2

L2(RY) + ﬁ” c”LZ(Rd)'

1
< 2012 gy 18l o) + 216012 gy + 5 |69 7%]

Therefore, we can get

t
IVe@Iaay + / V)l gayds = Ce'. D
0

3. Proof of main result

In this section, we prove Theorem 1.1. First construct the approximate schemes for the Cauchy
problem (1.5)-(1.6) as follows:

603



Q. Zhang, Y. Wu and P. Wang Journal of Differential Equations 415 (2025) 589—-644

B,nM—u'VnM—AnM=—XV~(nMVCM)+nM—6n?V[ d
inRY xR™. 3.1
orcyy —u-NVey — Aey=—cy +ny

nm(0,x) =¥ (x/M)no(x), cm(0,x) = (x/M)co(x) in R, (3.2)

Here ¢ is a smooth function satisfying

1, xeB(0)
0, xeRYB0).

V(x) = {
Due to ng € L* (RY) and co € W (R¥), the initial data in (3.2) satisfy
n(0,x) € L (RY) n 2 (RY),
and

en(0,x) € H! (Rd) nwhoe (Rd> .

In addition, we know from Theorem 2.1 that the Cauchy problem (3.1)-(3.2) admits a unique
nonnegative solution (ny, cy) € (C*1 (R? x (0, Tmax)))2 such that

ny € CP ([0, To): L' (]Rd) nL® (Rd)) nc?! (Rd % (0, Tmax)) ,

3.3)
ey eCP ([o, Toax) : H' (Rd> nwho (Rd)) nc?! (Rd % (0, Tmax)> ,
if Thax < 00, then
llm SupT—>TmaX— (”nM(, t)”Loo(]Rd) + ”CM(, t)” Wloo(]Rd)) = OQ. (34)

This indicates that the solutions of the regularized problem (3.1)-(3.2) are smooth and decay

rapidly fast at infinity, allowing us to carry out the following calculations using integration by
p.R

Uloc (Rd) the uniformly local space

parts without boundary terms. Moreover, we denote by L
composed of the local integral function f fulfilling

1 fllp,r <+o0.

What we need to explain here is that Lfl‘oli

Notation for arbitrary R > 0. Actually, it is explicit that for R > 1,

(R?) coincides with space LY = (R9) defined in

uloc

1A lpr =1 fllp.r-

Furthermore, through the covering theorem, we know that for R > 1,

1

1/ 1k < (CR) " 1 f N
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To simplify notation, we will use (n, c¢) to refer to (nys, cpr) and Lf;loc (Rd) to denote Lgl’oli (Rd)
for the remainder of this section. Next, we will establish key a priori estimates for (nys, cpr) by

employing the uniformly local space Lﬁl’olz (Rd )

Proposition 3.1. Suppose €, x > 0,g > 2. Let the couple (n,c) be the solution of system
(3.1)-(3.2), then there exists a Rg > 1 such that forall R > Ry and T € (0, Tnax),
X 2
Inlgors, e + 2 1Vel}o s gy

2
< Alnolly ®ey +2xlVeoll 2 gay T ClEx. R.d).

Proof. Using the fact

2

’

_1 2 2
VAc-Vc= 2A|Vc| D“c

from the system (3.1), we can deduce that

d
= (n n §|VC|2) A (n n §|VC|2> ¥ x (|ch|2 n |Vc|2) +end

= —xnAc—u-Vn—xV(@u-Vc)Vc +n.
Multiplying the above equation by ¢ introduced in (1.7) and taking the integral over R? give
9 (04 L 1vel?) 6F dx — A(n+ L1Vel?) o dx + ID2c? +|Ve?) 6R dx
2 X0 2 X0 X X0

dt
R R R

+6/nq¢fo dx

R4

— —X/nAcqﬁ){f) dx—/u-an)ﬁdx—x/V(wVC)VC(ﬁﬁ, dx+/n¢§) dx.
R R4 R4 R4

Integrating by parts, together with the definition of function ¢§), we get
A(n+1|vC|2)¢>R dx = (n+5|vC|2) AR dx
2 Yo 2 X0
R4 B (x0)
For a ball family {Bg (yi)}?i 1» we have
3d
Bar (x0) €| ) Br (i) .
i=1
Then we can infer that
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/ <n+§|Vc|2)A¢§0dx 5% / <n+§|Vc|2)dx

Bar(x0) Br(x0)

= Z / §|Vc|2) dx

=1Br()

c34 X )
== (Wl (me)+ 3 IVel} (Rd)).

IA

Inllzy () /¢x0”dx /(¢xo) ‘1(¢>xo)‘1ndx<C(d q)R “ </¢x0nqu>

<C(d,q)R?

€R? R
o83 fn%’“’dx’
R4

Because |Ac|?> < d|D?c|?, using Hélder’s inequality and Young’s inequality, we obtain the

following result
—X/nAc¢x0dx< /|A 1? d’md X+ — / (bxo

Rd

X
< x / |D*c|*¢f dx + T/n%;; dx,
d R4
where

R4 R4

a, €4 R
<C(d,q)R" + @ / nquxodx.
d
Similarly, we have

el oo _ €
—/u-anbﬁdxf/quqﬁﬁdxiTL/|V¢)§J|2(¢,§)) ldx+§/n2¢)§)dx

Rd Rd Rd Rd

< / ¢dex<C(R d, q)++8/nq¢>x0dx

R4 R4

/\

and
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—x [ V(u-Vo)VegR dx = x /(u Vo) Viepl dx + x /(u Ve)VeVeR dx
R4 R4 R4

- _g / u- VeV dx + x f (- Vo)VeVy dx
Bar(x0) Bar(x0)

34y

R

IA

2
ch”Lﬁloc(Rd)'

Collecting the above estimates, we get

39y 5
R2 ” VC ” Lﬁloc (Rd) ’

d
< (n+5|vC|2)¢§ dx+2/(n+5|w|2)¢j§ dx <
dt 2 0 2 0

R4 R4

For any ¢ € [0, T'], we have the following estimates
d

d X 2\ R X 2\ R C3%x 2
a/ (n 451V )¢xodx+2/ (n+ 1P o, de < Vel o g
R4 R4

We know that y’(¢) + c¢y(¢) < C in (0, T] implies for all ¢ € (0, T,

y < max {y(O), %} ,

then we get the following relation, for any ¢ € (0, T'],
X
[ (00 + £19erR) o8 ax
Rd

C3%y 5
4R2 ” VCHL;’OLLZIIOC(Rd)

< max /n0¢>;§) dx+§f Veol?¢R dx,
R4 R4

According to the definition of Lf Io C(Rd ) and the properties of ¢§), we obtain from the above
inequality that forany 0 <t < T,

X 2
||n(t)||Llll]0C(Rd) + EHVC(I)”LglOC(Rd)
5 Xio
< max {2||l’l()||L:lloc(Rzl) + X HVCO”LLZIIOC(Rd)v 4R2 ”VCHLE}Oleﬂoc(Rd)} .

Taking sup for the time variable ¢, we have that
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”n”L?"oLl:loc(Rd) ||VC||LooL2 L(RY)
< 4 2 IV xC3
< max {dllnoll 1oy + 22100152 gy Fer 1Vel s gyt -
Taking some Rg > 1, for any R > R, we get
c3¢ 1
_ < .
R2 — 8
Then we deduce that
Inl e, ety + F IV 2 g

< dlnolly, ey +2x01Ve0l3 gy +Clex R d).
Hence the proof is completed. O
Proposition 3.2. Assume x > 0, R > 1 and € > 0. Then for any k € N with k > 2, g > 2, there

exist constant C and Cj depending on k, x such that the solution (n, ¢) of equations (3.1)-(3.2)
satisfies

kk=1) ]
ol xS [ 1onPat 2l ax

dt
R4
= 3dk_|| || +C3d Ve || +73(q D CRd+CR2k(k+])
= 2(k — 1)R? o (RY)  R2K LieRY) " 2(k4+q—1)
+(Cy — ek)/nk+q—1¢§) dx +k/n2|VC|2k_2¢)§) dx. (3.5)
R4 R4

Proof. Multiplying the first equation of (3.1) by nk_1¢§) and integrating in x give

1d k k—1
PR ¢x0 dx — / Ann qbg) dx
R4 R4
_ 1 -
_ —X/V-(nVc)nk ok dﬁ;/”'”kw’ﬁ d“/”kd’ﬁ d"‘E/"Hq gy d.
R Rd R4 R4

Using integration by parts, one gets
/Annk gk dx_(k—l)/|Vn|2 k= 2¢dex+/n"—‘vn.v¢fo dx,
R4 R4 R4

and
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— k k—1
—X/V-(YLVC)nk 1¢,§)dx:X/n VC-VqsgderX(k—l)/n Ve VngR dx.
R4 R4 R4

Then we have the following result

1d
o /n ¢x0dx+(k—l)/|Vn|2 K2R dx
Rd Rd
_ 1
= —/nk IVn-Vq&ﬁ)dx~|—)(/nch-V¢§)dx—{—E/uka(]ﬁg)dx
Rd Rd Rd
+fnk¢§) dx—e/nk+"_l¢)§) dx + x(k — 1)fn"—1vc-Vn¢§) dx. (3.6)
R4 R4 R4

Combining with Holder’s inequality and Young’s inequality, we get

k—1 d
k—1 R 2. k-2 R
= [ el ar < B [0l axs e Rl gy B)
R4 R4
Similarly, we have
X fn"w-ws;f) dx
Rd
k—1
2k(k+1)
k
k+1 =2k 2k
< x'F k+1¢x0dx+/|VC|2k ¢X0) o ’Vquf) dx + / 1 dx
R4 R4 B2r (x0)
< nk+]¢gdx+% / Vet dx + CRE@ED
R4 Bag(x0)
L[ k1R o s
< xF b5 der Rzk IIVCIIsz (R d)+CR @+, (3.8)
]Rd
and
x(k — l)/nk_IVC-Vn¢)§) dx
< —/|Vn|2 o8 dx+x2(k—1)/nklvc|2¢§)dx (3.9)
Rd
<

— 20=1) k-1
_[|Vn|2nk—2¢,§, dx+/n2|vc|2k—2¢§) dx + x %2 (k— 1)k /nk+1¢50 dx.
R4 R4 Rd
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Then we conclude

1 B 1
%/u-nkVQﬁ) dr < 5 n* Vel 2(@F) 1dx+5/nk¢)§) dx (3.10)
R4 R4 R4
c3? o qg—1
— 1R gy 4+ —1— _CR?
el m+2(k+q—1)/d" Org O F S — ) R
R

I A

where
kel g R k+1 @-”‘1’1/ ktg—1 4R q—2 d
3 dxy < —————— y & TR q d — — CR
0 F [t de s W de
R4 R4
k+1  krgmt k+qg—1 R q—2 d
< — k q d ——CR",
Rd
and

2(k—1)
x =z (k—l)i %/nk“qg;;dx

R4
k+1 2 kerg— - k )
< HT (k- e Ta-1pR +—CR‘1
= itq- X F k-1 / ¢y dx P
R4
k+1 20k=D(k+g=1) (k=1 (ktg—1) B q—2
A — 2k—2  (k—1) K2—k—=2 k+qg—=1,4R 4 CRY.
_k—l—q—lX ( ) /n x x+k+q—1
R4

Substituting (3.7)-(3.10) into (3.6) implies

k(k 1)
nfof dx + /|v *n*2p R dx

dl‘
R4 R4
L G, e g + 3 I
—_— ——|n
= 2= Dr2 "k R T 22 VHILE (R4
3g—-1

3d k—1
\V/ 1 7 cRY 4+ CRF&ED

-1 k=1 k+q—1 kta—1 R
k— k—1)k2) kT ) — q d
2(k+q_l)+k+q_1< + (0T (k= 1)) BT e)/n pF dx

+k< k k+1 kg1
]Rd

2k—2
+k/n [Vl ¢X0 dx.
Rd

This completes the proof of Proposition 3.2. O
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Then we need to estimate || Ve||2% ok

ul()c

2(.[2k—2 R
R and fpan°|Vel72¢y dx

Proposition 3.3. Assume R > 1 and (n, ¢) is the solution of system (3.1)-(3.2). For any k € N
with k > 2, g > 2, one can find an absolute constant C such that

)
/W PhgR ax + KD /|V|v PRIV 4gR dy

+kf ‘ch %-24R dx+k/ VPR dx
R4 R4
< <d+1+4(k—1)>k/n |Ve* 2R LZk (®Y)’ (3.11)

R4

Proof. Applying V on the second equation of (3.1) and multiplying by Vc|Vc|2k—2¢§J, we get

1d .
ﬂa/|Vc|2k¢§)dx—/VAc~VC|VC|2k 2¢§)dx+/|vc|2"¢§)dx
R4 R4 R4

- /Vn~Vc|Vc|2k—2¢)§) dx—/V(roc)Vclvclzk_zqﬁﬁ dx
Rd R4

Then by taking advantage of

’

_1 2 _ 2
VAc-Vc= 2A|Vc| D“c

it follows that
1 d 2k R 2 2 2k—2 4 R 2k 4R
sear | IVl avt [ D212 ax s [1veof ax
R R4 R4

1
- /Vn Vel Ve g dx + 3 / AV Ve 2R dx — / V(u-Ve)Ve|Ve* ¢ dx
R4 R4 R4

Integrating by parts implies
1
-3 f AV Ve * 2R dx
R4

k—1 _ 1 _
= T/|V|Vc|2|2|Vc|2k “oR dx+5/V|vc|2.v¢§)|vC|2k 2 dx.
R4 R4

By virtue of Young’s inequality, we have
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1
§/V|Vc|2~v¢§)|Vc|2k_2dx
Rd

2
dx

k—1 _ 1 -1
< Tf VIVePRIVe R dx+mf|w|2k (68) " [t
R4 R4

d

E—1 o k4R C3 2k
T/vad Ve 0 &t g R Vi ey

Rd

Using Holder’s inequality and Young’s inequality, we get

—/V(u-Vc)Vc|Vc|2k_2¢§) dx
Rd
= /(u Vo)V Ve 2V dx + 2k — 1) / - |Ve*71v|velpf dx
R4 R4

IA

_ 1
2||u||iwf|w|2’<<¢ﬁ) 1|V¢;§|2dx+5/|Vc|2"¢g dx
R4 R4

A

c3d
< annz’;k

Lu]oc

1
(Rd)+§/|w|2’<¢,§) dx.
R4

Using integrating by parts, we get

2%k—2 4R
/ Vn-Vc|Vc| by, dx
R4

—anc|VC|2k*2¢)§) dx — (k — 1)/nvC-V|vC|2|Vc|2"*4¢)§) dx
R4 R4

— / nVc - V¢)§)|Vc|2k_2 dx

R4
i 21ve2k-2¢R 4 d [ 5o 12k=2,R d
< 2 |[Ac|?|Vc| by, dx + 2 n-|Ve| ¢y, dx
R4 R4

k—1
+—— / IVIVEPPIVe* gk dx + 2k — l)fn2|Vc|2k_2¢)§) dx
R4 R4

1 B 1 -
+5/n2|Vc|2k 24k dx+5/|Vc|2k (¢)§)) ‘quﬁ)
R4 R4

2
dx
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1 2 _ d+1+4k—1 _
< 5/ ‘ch( Vel 2¢§)dx+% 2| Vel 2pR dx
R4 R4
—1 B
||Vc||L2k (®Y) —/|V|Vc|2|2|w|2" YR dx.

R4

Summing up the above inequalities, we obtain

o dl/w *R dx+—/|V|Vc| Ve 4o dx

1 2
+§/‘D2c‘ Ve 2R dx + < /|Vc|2k¢

R4 R4

d+14+4k—-1)
< —/ 2|\Ve* 2R dx + & ||Vc||

= 2 L2k ( )

uloc

R
This completes the proof for the proposition. O

We now need to establish the following proposition to absorb the right-hand integral term of
inequality (3.5) and (3.11).

Proposition 3.4. Suppose that x > 0, >0 and R > 1. For any k € N with k > 2,qg > 2, one
can find a constant C(x, k) such that the solution (n, c) of equations (3.1)-(3.2) satisfies the
following estimate

(k— 1)k —2)
—fn|VC|2k 26R dx +—/|VIV PRIV ngf dx
R4 R4

2
+(2k —2) / ‘ch‘ Ve ngR dx
Rd

<a / VIV RV gR dx + / VIV g dx

R4 R4

2k—2 C3d
+<c1—e>/n4|w| 08 v+ = (1912 oy + 10y g

1 2¢-3 _
+G+ )/ IVe|#2¢R dx.
R4
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Proof. According to equation (3.1), we have

d _ _
5 n|Ve|* 2¢)§)dx+(2k—2)/n|VC|2k 2o dx

R4 R4
= —/u-Vn|Vc|2k*2¢;; dx—(2k—2)/V(u-vC)nvC|Vc|2k*4¢,§) dx

R4 R4

+/ An|Ve|*2¢R dx — x / V- (nVo)|Ve* ¢ dx
R4 R4

—efnq|Vc|2k*2¢§) dx+(2k—2)/VAc-W|Vc|2"*4n¢§0 dx
R4 R4

+(2k—2)/Vn-Vc|Vc|2k—4n¢§) dx+/n|Vc|2k—2¢§) dx. (3.12)

Rd ]Rd

By applying Holder’s inequality and Young’s inequality, we get

—/u.vmvdz"*%fo dx—(2k—2)/V(u.Vc)nVc|vC|2"*4¢fO dx
R4 R
2k—2 2k—2
= —/u~Vn|Vc| ¢§0dx—(2k—2)/w-n|vd Pf dx
Rd Rd
—fu~V(|Vc|2k—2) ngk dx
]Rd
1
(2k—2)2||VM||%oc/n2|VC|2k_2¢)§) dx + Z/|Vc|2k_2¢)§) dx+/u|Vc|2k_2nV¢)§) dx
R4 R4 R4
_ 1 _ 1 -
(2k—2)2||Vu||iocfn2|vC|2" 2R dx + Z/IVclzk 2R dx + 5/nz|Vc|2’< 2¢R dx

R4 R4 R4

1 _ _
+§||u||%m/|w|2k 2VpR P(pR )" dx
]Rd

IA

IA

IA

_ 1 _ C
C(2k —2)? / n?|Ve*2¢R dx + Z/ IVe[* 28 dx + ﬁnvcni’%ﬁc(w). (3.13)
R4 R4

Using integration by parts, we have

2k—2
—X/V-(nVC)|VC| PR dx
Rd
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- X(k—l)/nVc VIVe|Ve* 4R dx+X/nVc Vol [Ve|* 72 dx

R R
(k — 1) 2.2 2%k—4 , R x* 2 2%k—2 R x* 2 2%k—2 , R
< 5 /|V|Vc| |“|Vc| ¢>x0 dx+7/n |Vl ¢x0 dx+7/n Vel ¢x0 dx
d R4 R4

1 2k R\—1 R 2
+5/|Vc| @F)~1 VR 2 dx

(k —1)2 _ _
< — IVIVEP PV 4R dx + ¢ | n?|Vel*2gR dx
R4 R4
IIVcII (3.14)

L% (R4)

Similarly, we know

(2k—2)/VAc-Vc|Vc|2k_4n¢)§) dx

Rd
2
- (k— 1)/A|Vc|2|w|2k*4n¢§) dx—(2k—2)/ ’ch’ IVe*~ngR dx
R4 R4
where
(k—l)/A|Vc|2|Vc|2k_4n¢§) dx
Rd
= —(k— 1)(k—2)/ VIV Vel OngR dx — (k — 1)[V|Vc|2-Vn|vC|2’<*4¢,§) dx
R4 R4

—(k — 1)/V|Vc|2 VR |Vel*n dx
Rd

A

1
—(k—1)(k — 2)/|V|VC| Vel *0ngR dx + - /|Vn| Ve 4¢R dx
R4 R4
(k= 1)?

/ IVIVePP Ve g8 dx +
R4

k—1)k-=2
+ DD [ 19196 iweRh-ongl ax

2k—2 1 R 2
z(k 2)/|V| n@R)~ VR P dx

(k—1)(k—2) _ 1 _
—fﬁvwcﬁﬁwcﬁk SngR dx+§/|Vn|2|Vc|2k YR dx
R4 R4
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d

(k—1)? k
®e) TR Il (®ae):

+

_ Cc3¢
f VIVl P Ve g dr + —5 Vel
R4

After arranging the above inequalities, we get

2k —2) / VAc-Ve|Ve* g dx

]Rd
k—1)(k—2 1
< _¥/|V|Vc|2|2wc|2k_6n¢§) dx+§/|Vn|2|Vc|2k_4¢,§) dx
R4 R4
k—1)2 2
4! . ) /|v|vc|2|2|w|2k*4¢)§) dx—(2k—2)/‘D2c‘ Ve 4ngR dx
Rd R4
c3d velk k 3.15
T Vel oy T Inli (o) ) (312

Similarly, we can get the following result

/An|vc|2k—2¢§) dx+(2k—2)/Vn Ve Ve **ngR dx

X0

R4 R4
< —/Vn~V¢§)|Vc|2k—2dx—(k—1)/Vn'V|Vc|2|Vc|2k_4¢)§J dx
R4 R4
1
+Z/|Vn|2|w|2’<*4¢,§) dx+2(2k—2)2/n2|w|2’<*2¢g dx
R4 R4
1 _ _
< §/|Vn|2|Vc|2k ‘oR dx+2(k—1)2[|V|Vc|2|2|Vc|2k YR dx
R4 R4
+2(2k—2)2/n2|vC|2’<*2¢R dx + C—3d||w||2’;k . (3.16)
*0 R2 Luloc(R )

R4

Combining the above estimates with inequalities (3.12)-(3.16), we infer that

d _ k—1D(k—2) —
afmwﬂ" 68 dx+f/|vwc|2|2|w2" “nepy; d
R4 R4

+(2k—2)/ ’ch

Rd

2
|Vc|2k_4n¢)§) dx

< 3(k—1)2/|V|Vc|2|2|Vc|2k_4¢)§) dx+/|Vn|2|Vc|2k_4¢§) dx
R4 R4
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1 2g-3 2k—2 R
+<4_1+ p )/IVd by, dx
R

2 1
+ (guz +C@k-2))% + i e) /n‘f|Vc|2"‘2¢)§, dx
d

C3d k 2k
e (Inl5e gy +1VEITS gy )

uloc

where we have used the following estimates

_ 1 2k=2 Qh—n— 2k=2 1-1
fn|Vc|2" 2¢ﬁdx=/n(¢g>q|w| T |Vel T (pR) T dx
R4 R4

q—1

1 g=1
< (/nq¢)§)|Vc|2k_2 dx)q <[ Ve *-2g R dx> !
R d

R
1 g 4R 2k—2 g—1 2k—2 R
< 5 ney Vel dx + T Vel by, dx
R4 R4

and

<X2+C(2k—2)2) /n2|VC|2k_2¢§) dx
Rd

q
2 2 -2
< —<x2 + C(2k — 2)2> /I’lq|VC|2k_2¢)§) R B / IVe|# 29 dx.
q 2 )

This completes the proof of proposition. O

To absorb the integral term in the right-hand side of the inequality in Proposition 3.4, by
combining the coupling structure of the system of equations (3.15)-(3.16), the following integral
term will now be estimated

j 2k—2j .
/nf|vC| T¢R dx(j=2,3,k—1).
Rd

Proposition 3.5. Suppose x,e€ > 0and R > 1. Let k € N with k > 3,¢g > 2 and j € N with
2 < j <k — 1. Then there exists a constant C; depending on j, €, x and C such that the solution
(n, c¢) of system (3.1)-(3.2) satisfies the following inequalities

d ; —2j JjG =D i _2j
a/n]|Vc|2k 2’¢§]dx+T/n/ |\Va | Ve|* 2 R dx
R4 R4
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< /n/’*l|Vn|2|Vc|2’<*2f*2¢§0 dx + C; / Ve 24V Ve Ppf dx + C;jR?
R4 R4
+(c; —ej)/nq+f'—1|w|2k—2-/¢§) dx +C; /n2|VC|2k_2¢§) dx +j/|VC|2k_2¢)§) dx
R4 R4 R4
. o Jk=j))c3 2% K
- <(2k —2 D+ k=) 420+ o+ T) —5 (IVelhy gy + Iy 2 )-

Proof. From system (3.1), it can be obtained that
i/njwc'zk—zjd)}e dx
dt *0
]Rd

d . Y . d ; oo
=i nI =N ve*2ngk dx+(2k—21)E/n-’|Vc|2k 2-1velpf dx,
R4 R4
then we can infer that
d . . . . .
E/n]|Vc|2k 2R dx+2(k—])/nf|Vc|2k 2R dx
R4 R4
= j/An|Vc|2k_2jnj_l¢§) dx—xj/v-(nvc)|vc|2k—zfnf—1¢§) dx
R4 R4
—j/u-Vn|Vc|2’<—2/nf—1qz>f0 dx —(2k—2j)/V(u~Vc)Vc|Vc|2k_2j_2nj¢§) dx
R4 R4
+(2k—2j)/VAc-anf'|vC|2k*2f*2¢,§) dx+(2k—2j)/nfw-vC|v(;|2’<*21’*2¢g dx
R4 R4
+jfn-j|Vc|2k_2-j¢§) dx—ej/nq+j—1|VC|2k_2j¢)§) dx.
R4 R4

Calculating the terms on the right-hand side of the above equation yields the following results,

—j/u.Vn|vc|2k—2/nf—l¢§) dx—(2k—2j)/V(u-Vc)Vc|Vc|2k_2j_2nj¢§) dx
R4 R4
= —j/u-Vn|Vc|2k*21nf*‘¢§) dx—(zk—zj)/w-|Vc|2k*21'nf¢>,§) dx
R4 R4
—(2k—2j)/u~VZCVC|VC|2k_2j_2nj¢§) dx
Rd
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= —j/u.vquz"*zfnf*%g dx—(zk—zj)/w-|Vc|2"*2fnf¢§0 dx
R4 R4
2k—2j_j R
—/uV|VC| ]"]¢x0 dx
]Rd

—(2k—2j)/VuIVc|2k_2jn-/¢)ﬁ dx + / ul Ve =2 nivef dx

R4 Bar(x0)

.34 k—
(2k—2j)7<—||n|| N e Livel, (Rd))

uloc

IA

c3¢
o (Il g, + ||Vc||L5km(Rd))

where we have used the following estimates

/ - |Ve*2nivek dx

B (x0)

k—j j
< lulle | —= / IVe|*vel dx—l—% / n* Vel dx
Brg(x0) Bogr(x0)
c34
= = (In18s gy + 1912 g)
and
. j k—j
2k — 2)|Vull %/nkqs;;dHTchF%ﬁ dx
R4
. j B
= @k =2))Vulps | £ / VR 68 VR |71 dx
Bag(xo0)
L Ve vk gk 1998 1 ax
k X0 7 X0 X0
Bag(x0)
2k —2j €3 k- \Y
< @k =2)— (¢, ||n|| T 7 s ga )
For

1 2 2 2
VAc:Ve=ZA[Vel —‘D c) ,
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we have
2(k—j)/VAc~Vcnj|Vc|2k_2j_2¢§) dx
Rd

. . 2 . .
_ (k—j)/A|Vc|2nf|Vc|2k_2f_2¢§] dx —2(k—j)/ )ch‘ 0l Ve 2 2R dx
R4 R4

—(k—j)j/nj_IVn-Vch|2|Vc|2k_2-/_2¢§) dx
R4
—(k—j)/nfvwcF VPR Ve 272 dx
R4
—(k—j)k—j— 1)/nf|V|Vc|2|2|Vc|2"*2f*4¢,§, dx
R4
2
. i 2 2k—2j—-2 4+ R
—2(k—])/n/ ‘D c‘ IVePk2-2R dx,
R4

from which and Holder’s inequality, we have

o i—1 2 2k—2j—-2
—(k—])J/nf Vn - VIV [Ve 5 72¢R dx
Rd
J k= j)?
2

IA

. . 1 . .
/nH|V|Vc|2|2|vC|2"*2/*2¢§) dv + 5 / n/ =N Vn Ve 2R dx
R4 R4

20k — )2 ' AN =L 1
_ I . J) /(nj|vc|2k—2j—4) 7 <|Vc|2"_4)’ VIVl PR dx
R4
1 i i
+§fnf NVnP| Ve #22gR dx
R4

IA

1 , . k—i [ . .
E/nf*‘wnﬂwcﬁk*zf*%g dx + T] /n!|Ve|2’<*ZJ*4|V|Vc|2|2¢g dx
R4 R4

+®T 1k — j)f'“)f VeV IVel Py, d.
R4

Further as
22 2 2 2 |2 2
[VIVel|?| =‘2D c-Vc‘ 54‘D c) [Ve|?, (3.17)
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we have
—(k—j)j/nf—lw-V|vc|2|vc|2’<—2f—2¢§) dx
Rd

L ; k—j [ 2 ,
< E/n]—1|vn|2|vc|2k—21—2¢)§) dx+TJ/n] ‘ch‘ |VC|2k_21_2¢)§) dx
R4 R4

+<8f—1j2f<k—j>f“>f Vel TV Vel Py dx.
Ry

Using the Holder’s inequality and Young’s inequality, we get

—(k—j)/njV|Vc|2-V¢)§)|Vc|2k_2j_2 dx
Rd

k—j . L . : . -1 2
< T/nJ|V|Vc|2|2|Vc|2" 2 4¢;§dx+<k—nfnf|w|2" % (o) | vok| dax
R4 R4
. 2 . . . 2
< (k—j)/nJ || IVePi2im2R dx+(k—j)/n/|Vc|2k_2/(¢§),R)_1 vk [ ax.
R4 R4

Therefore, we obtain

2(k—j)/VAC~Vcnj|Vc|2k_2j_2¢§) dx
]Rd
< —(k—j)k—j— 1)/nf|V|Vc|2|2|Vc|2"*2f*4¢£dx
R4
k_j j 2 2 2k—2j—2 R 1 i—1 2 2k—2j—2 R
—— nf‘D c’ Ve 22 R dx+ = [ 0/~ |V Ve 2R dx
R4 R4
+8f—‘12f<k—j)f“/|Vc|2k‘4|V|Vc|2|2¢£§dx
R4
. . -1
=) [ 19?2 (p8) vl

Rd

2
dx. (3.18)

By a similar calculation, it can be obtained that

2(k—j)/ann - Ve| Ve 2 2¢ R dx
]Rd
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1 , . , )
< Z/n/_1|Vn|2|Vc|2k_21_2¢§) dx+4(k—j)Z/n/+1|Vc|2k_2~’¢§) dx. (3.19)
R4 R4

Evaluating the following integral, we get

j/An|vc|2’<—2f'n-/—1¢§)dx
Rd
s 0. j—2 2 2k—2j + R . j—1 R 2k—2j
= —/(/—1)/n-’ |Vn|“|Vc| T, dx—j/nf Vn -V Vel dx
R4 R4
—j( —k)/nj_IVn-Vch|2|Vc|2k_2j_2¢§) dx
]Rd

L+ 1+ Is.

Applying Holder’s inequality to I, it is easy to get

2

1 . . . . -1
h< §/n1—1|Vn|2|vC|2k—21—2¢g dx+2j2/nf—‘|Vc|2"—21+2 (¢;§)) ‘quf; dx.

R4 R4

By the same process, we obtain

I < 277G — k) / Y|V PRIV A2 2R 4y
Rd

1 . il
+§/nj NVnP| Ve #22¢R dx
Rd

=t 1
2]2(]_k)2[ (n]|vc|2k72]74) J (lvc|2k74>/ |V|VC|2|2¢XRO dx
R4

1 . .
—i—gfn1_1|Vn|2|Vc|2k_2/_2¢)§) dx

Rd
1 . ) k— i . .
< g/n]_1|Vn|2|Vc|2k_2]_2¢)§) dx+—16] [nJIVc|2k_ZJ_4|V|VC|2|2¢§) dx
R4 R4
322) (k= jyit! _
+( ) T /|VC|2k VIV PR dx.

R4
Combining with (3.17), we have the following result
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Lo L k—j [ i oo 2

I< gfn/ Vn[? V22 R dx+T/n/|Vc|2k 2 Z‘ch‘ ¢F d
R4 R4

32/%) (k — jyit!

(
* 16

/|VC|2k_4|V|VC|2|2¢§) dx.
Rd

Thus we have
j / An|Vc|2k_2-/n</_1¢)§) dx
Rd

. , 1 , .
< —(- 1)/nj_2|Vn|2|Vc|2k_2]¢)§) dx + Z/nf_IIVn|2|Vc|2k_21_2¢)§) dx

R4 R4
) ) k— 7 . . 2
R4 R4
(323 (k — j)/ ! _
T VeV |Ve*2pf dx. (3.20)
Rd

By integrating by parts, the following integral terms can be split, resulting in the following results

—Xj/v.(nVc)|Vc|2k*21'nf*‘¢)§) dx
R4

= Xj/nch-V|Vc|2k_21¢§J dx+XjanC'an_l|VC|2k_2j¢)§) dx
R4 R4

—|—Xj/nch VR V22
R4

L L+ Is+ I

Applying Young’s inequality to /4 and combining (3.17) yield

k—j [ i _ , . N
Iy < 3—2/nf|V|Vc|2|2|Vc|2" 2] 4¢;§dx+8x2ﬁ(k—n/nf|w|2" 2R dx

R4 R4
k— ) 2 . ; ;
= L [ 0| D2 Ve 2208 dx 872k - ) / nd |VeF2 20 R dx.
R< R4

Similarly,
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S
IA

i—1 ' ) 270i =1 : .
](]2 )/n/*2|Vn|2|Vc|2k*21¢,§)dx+ X ](; )/n1|Vc|2k*2”2¢>)§)dx
R4 R

and

2 .
Is < %/nuqu"—%”qsg dx—i—%/n/WcIZk 21( ) ‘V%

dx
R4 R4
XJ ig2k-2j42 k(R |gaR |
= Tf”"w' : ‘/”xod“ﬂ/” (¢8) " [vei| o
R4 R4
Jk—J) % (R [gar |
S 1w (oh)” vl o
d
Arranging the inequalities Iy, Is, I and adding them together yield
—Xj/V~(nVc)|Vc|2k_2jnj_1¢)§) dx
R4
< —/ | 1velt-22gk ax + ¢ )/ 2|V 2|2 R dx
R4

G

o |

+° (8j2<k —p+ Dy g) [ Vel an
R4

j2

e R

]Rd

dx.

Jk—j) - 2
dr + 220 / Ve[ (¢§)) ’v¢§)
2k
R4
Using Holder’s inequality and Young’s inequality, we have that

j 2k—2j4+2 R
/nf|Vc| T2l dx
R4

-2

1
- /(n Vel 2) '( Iy e 2’) Tk dx

R4
1 21ye2k—24R g Jj—2 JH g2 R 4
< - W2 Ve 2R dx + L2 [ nit e 2R qx.
j—1 j—1 y
R

Then we can get

—Xj/V-(nVc)|Vc|2k—2jnj_1¢)§) dx
Rd
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< _/nf)DZ ‘ V=22 R dv + 2 )/ J2Vn Ve g dx
]Rd ]Rd
2. (o N 210 12k=2 R J? K R\ ! R|?
3% (8ik =+ ) [ n1Ve® gl dv 2 [n* (oF) |Vl | dx
R4 R4

+% (8j(k -+ %) [ v 2igh ax
R4
=D [ e (58 vk
T /'VC| (¢5) " [ved
R4

dx. (3.21)

Adding inequalities (3.18)-(3.19) gives the following result

n! |Ve | 21¢x dx+2(k—j)/nj|Vc|2k 21(1) dx
R4 R4

dr

k—j [ 2 i
~|—T/n/ ‘ch‘ |Ve| 22 2(]5)5) dx
Rd
JG =1 2101219 . 2k—2j R
+T/n] |Vn|?|Vc| Iy, dx
Rd
, : j 220 . 12k—2j—4 4R
+(k—J)(k—J—1)/n’|V|VC| |7 Ve ™7 ¢y, dx
R4
< fnj_l|Vn|2|V|2k_2j_2¢)§) dx
Rd

_c3 J k—
+(2k—2])T ||n|| (Rd)+ IIVcllLZk )

c3?
+ = (I (RdﬁnwnLgkm(Rd))

o 3.0 (3277 _
+(k_J)]+1 (22] 3‘]2j+%)/|vc|2k 4|V|VC|2|2¢)§) dx
R4

, , 2 . , 2
+(k — ) f nl Ve Ry \Vqs;; dx + 27 / n/ Ve R \Vqs;; dx

R4 R4

+ (xzj (8j(k —D+ %) + 4k - j)2> / Ve Mg dx
R4
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2 o N 210 12k=2 R J? K R\ ! R |?
3% (8ik =+ 3 ) [ n1Ve® 2o de 2 [n* (oF) " |Vok
]Rd

dx
Rd
k=) -1 2 , .
+T/|Vc|2k<¢)§)> ‘v¢§) de+ [ nf|Ve* 2R dx
]Rd Rd
—ej/nq+j—1|Vc|2k_2j¢§) dx,
Rd
where

/nf|Vc|2k*2f¢fo dx

R4
< 4/.nq+j_1|Vc|2k_2j¢R dx+L/|Vc|2k_2j¢R dx
Tqtj-1 o g+ij—1 v
R4
J
< m/rlQ+] 1|VC|2k 2]¢ dx _i_r /|vc|2k Zd)xo dx—i—CRd

and

(xzj <8j<k -+ %) +ak — j)z) / nI Ve 2 R dx
Rd
1 g+j—1
J

1 J+1 . .
R <x2j <8j(k -+ %) +4k — 1)2) /nqﬂ*HVcl%*zf@ﬁ dx

]Rd

" [ VA2 R dx

q+J /' | 2

1 . il

J Ao o 2\ 7t i Y

< —.(x% (8;(k—1)+—>+4<k—1)2> /nqﬂ NV 2 R dx
qg+j—1 2
]Rd

92 /|vc|2’<—2¢R dx +CRY

q+j—1 0

R4

Combining with Holder’s inequality and Young’s inequality, we have the following result

[ e (ot et

R4

dx
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= [ (o) ot e [ (of) " vot]

G R4

dx

= R2 ||l1|| (]Rd) R2 ”VC”LZA (Rd)

uloc

and
1 2k—2j+2 c3?
[ w2 (o) [wgh | ar = Soimlly o+ SV g
Rd u C
Therefore, it can be further obtained that
2k—2 -D -2 2k—2j
—/nf|Vc| iR qx4 LU —D / T2V R dx

]Rd

< fnj_1|Vn|2|Vc|2k_2j_2¢)§) dx
]Rd

N s (322 )
d

q+j—1

j+1 .. G AK=D T o Y
M (x% <8J<k—n+§)+f—ej n/ T VPG R dx
Rd
+(x%) (81<k -+ %) f n|Ve* 2R dx + j / Vel 2R dx + CjR?
Rd

Jk—j)
<(2k 2j+ D+ k—j)+2j +2k+T) = (IIV IIsz ey Tl UIOC(]Rd))'

This means that we have completed the proof. O
Proposition 3.6. Suppose that y > 0 and R > 1. Let k € N with k > 3, g > 2. Then there exist

constants by, - - - , b, €0 = €9(x, k) and an absolute constant C such that, for € > ¢, the solution
(n, c¢) of equations (3.1)-(3.2) satisfies

5 f|v |2kquodx+2b /I’ll|VC|2k 2R dx

R4 Jj=1 R4
k—1
9g — 12\ k(g —2) , -
< bl( q4 >+ T2 1% )b /IVc|2k 2¢R dx
a a j=2 Rd
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k—1
c3db1+2b,c, b C3%k  bpC34

k
e TR taonre Taer ) M @
c3k  C39b, b;C; b3k
| &2 R2 > RL T T Rm ”VC”LZk (R4
j=2

bC3g =D\ 4 kel
Cjb;j RY + R C RZG+T) |
+ Z Wrq—n |5 T

Proof. By sorting and adding the results from Proposition 3.2 to Proposition 3.5, we can easily
obtain the following results

d
" /|Vc|2k¢x0dx+2b /nf|Vc|2k 2R dx

R4 =1 Ra
k(k 1) b _
+ /IV |2k 4|V|VC| | ¢de X+ — 3 /nk 2|vn|2¢)§) dx
R4 R4
k(k—1)

IA

/ IVIVE P Vel 4gR dx + (d + 1 + 4k — 1))1</nz|w|2’<—2¢f0 dx
Rd ]Rd

C3

(ot 3(k—1)2/|V|VC|2|2|Vc|2k—4¢§)dx
Rd

9g — 12
+/|Vn|2|Vc|2k’4¢fo dx+( q4 >/|VC|2k2¢)§) dx
R4 1 R4

L2k

2 1
+by (—(x2 +CQRk-2)HT — — — e) /nq|Vc|2k_2¢§) dx
q q

R4

(II || C (R )"’”VC”LngC( )>

- JG=D [ »y . L
+D b = | WTIVAPIVeP ol dx [ nI T VAP Ve ] dr
j=2 R R

Cc3? bl
+

y s (322 )
R4
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q+j—1

i+ 1 i\ 4k —j)? J- ; ;
+L1 (ij (8j(k—j)+ %) + 4tk = )" _q) /nj+q—llvc|2k—2j¢§) dx

g+ 2
Rd
+x7j (8j(k—j>+§>fn2|w|2’<2¢>;§dx+j/|w|2“¢;§ dx + C;R?
R4 R4
k2t Dt - o s by 16D\ C (lIV 175 gy + Il )
/ Prsl T o™ )R L RY NGO
_ k(k — 1)/ 5 ka C3%% k
b Vn dr+———
+ok IVnlnt ey dx+ 2k —nre "L ma)
34 3k 3(g—1) d
+2k2R2 ”I’l”Lk C(Rd)+ ook ”VCHLZk ( )+WCR +CR2k(k+l)
k k+1 k+ql kdta—
B k_lkz Ty — +a-14R g
(2(k+q_1)+k+q_l<x O k- D e)/n oF dr

R4

+k / n?|Ve* 2R dx
R4
k(k 1)

by _
/IV |2k 4|V|VC| | ¢de X+ — 3 /nk 2|vn|2¢)§) dx

R4 R4

Rearranging the above formula, we get

/|Vc|2k¢ dx+Zb /nJ|Vc|2k 2gR dx

]le

k(k—1) (k—1) 221w . 2%k—4 R
< (DS e HEED /|V|Vc|||Vc| oF dx

k—1
+| @+ 144k —D)k+ ) b;Cj+kby fn2|Vc|2k*2¢§)dx
j=2 R4

£ Db\ by

+ Z( i- 1—f>+§ / T2Vn Ve gl da
= 2

k—1

9g — 12
+ b1< q4q )+Z]b /|VC|2k 2R dx + by (Cl—e)/nq|Vc|2k ¢ dx
j=2 Rd R4

629



Q. Zhang, Y. Wu and P. Wang

Journal of Differential Equations 415 (2025) 589—-644

qﬂ]l
t
+ Zb C; —€j) /nq+j—1|Vc|2k_2j¢)§)d
R4
. csdb1+’§b,-c,- eIk bCH ) i,
R TR 20— DR T 2R L D)
3k €3y biC; bC3%
TRt R +2 R T TR ”VC“L% (R
=2
bkC3(q 1) d _k=1_
CibjRY + RY + CR*®T,
+ Z 2k+q—1) *

Considering the integral term in the above inequality and applying Holder’s inequality, we get

k—1

(d+ 144k —1D)k+>_b;Cj+kbx /n2|Vc|2k_2¢§) dx

Jj=2 R

5
+b1< 1=

1 k-l

IA

j=1

5¢-8  (q—2
(M E D) [ 920 an
4q q
R4

3 <(d+1+4(k—1) ) + 3 (b C) (kb

)/W P28 dx 4+ by (C) —e)/ancF" 26R 4y

— (b1+1D)e /nq|Vc|2’<—2¢§0 dx
Rd

For a fixed x, we can easily observe that there is a constant Co = C(x) that satisfies

C;<Cok* 1, (j=

Then forany j =1,2,---, k, we assume that

kZ—Sk(k _
1= 716G,

From this it can be calculated that

k—1 32k _
ijcj k (k I)Zkzj k(k 1)

and
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bi_
Tl 2 =0k
bj
This means
k(k k(k—1)
2
ZbC+ o <0 (3.23)
j=1
and
k k
J( —Db; » JG-=D
Z(;,jl_ L ) Z( —+8 <0. (324
j=2 j=2
We set 602C0k3k+12Cj,then we have
Cj—e€j<0, j=2,3,-- .,k (3.25)
Combining with (3.22), we get
k—1
2 g
L | (@ a=30" +3 b;CnE + kbt | — (b1 + De
j=1
q q
2 ((@+ak -0+ (KDY (L)) 6 1 e <0, (26)
< — — — .
q 8 16Co ! 0="
and
k
> (Cj—enj) <0. (3.27)

j=2

From inequalities (3.23)-(3.27), when we choose € > €, the following results can be obtained

5 /|v |2k¢dex+Zb /n/|Vc|2k 2R dx
Jj=1 R4

5q —38 (g —2) 1 / 2%—2 R
< (b — v d
- ( 1( 4q >+ q +8Co> Vel "0 dx
R

k—1
c3db1+zb,-cj brC3% b C3¢

+

R2 — R2  2(k—1)R? "~ 2k2R? In ” loc (R
c3k ¢33, b b3k
[ R P . IVels g
R2 R2 R2 R2k Lt (RT)
j=2
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biC3(q — 1)

k=1
RY 4+ CRZ®&D
2(k+qg—1)

k—1
+| D cibiR!+
j=2

This means that we complete the proof. O

Next we introduce an interpolation lemma, so that it is convenient to establish a local L?(R9)
estimate of n later.

Lemma 3.1. [22] We assume that o € H'(R?) satisfying fRd |w(x)|%dx < 00. Then there is a
constant C independent of d and

k

2 2 k 2
loll;2 g2y = ClIVol 2 gay +C / lw|kdx
R4
Proposition 3.7. Assume x >0, k € N with k >3, j >0, g > 2 and € > €9(x, k) as given in
Proposition 3.6. Then there exist some R > 1 and C(x, k, d, €) such that the solution of problem
(3.1)-(3.2) obeys, for all t € (0, Trpax),

k 2k
[l + [IVell
L7 Lijoc (RY) L L{ (RY)

= Ckdieox ) (14 Im0l) oy + Vel g+ Inol gy +1VC0NS g

Proof. Combining with the Lemma 3.1 above, we get

(o)

2dx+Ck / n(¢§))% dx

B2r (x0)

112
2

/nkqﬁﬁ) dx =

R4

e[l ()

CkZ/nk*2|Vn|2¢)§) dx—}-C/nk
R4 R4

L2(R9)

2

IA

2
knd 2
dx + 3 ”n”Llllloc (Rd)

1

(ot)’

IA

IA

_ C
Ck2 / nk 2|vn|2¢§) dx + ﬁ”n”l;‘ﬁlo(‘ (Rd) + Ck3d||n”iim (Rd)
R4

Using the same calculation method, we have
2% 4R
/ Vel Do dx
R4
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< cK? / Ve VIVePPoR dx+ —”VC”sz (&) TCFIVEL: gy

Rd

By analyzing the above two items, it can be concluded that

k(k—1) _ bi _
/nk |\Vapf dx+§/ V|4V VePpf dx
R4 R4
k(k— 1) kR c . _CB
Z 16 k_2 /n ¢X0 dx B k2R2 ”n”Llfnloc B k2 ”n”LllJloc
R4
k3d

b | € 2k 4R 2
+5 | e 4 Vel g~ T 19l

Define

(1) —/|VC|2k¢x0 dx—i—Zb /nJ|VC|2k 2R dx.

R4 Jj=1 R4

Then we get that there exists an constant C; only depending on d and satisfying the follow
inequality

Cik(k —1) lbk
Y+ / n*gR dx / Ve R dy
39Ckk(k — 1) Ckpy34

= el L TR B =l A I

5q -8 (g —2) 1 / 2%—2 R
b — \Y% dx
+<‘( 44 >+ g +8C0> Vel
R

C34p, Sb,-cj bC3k  bC3¢ Ck(k—1) ”n”

+ R2 = R2 2(k — 1)R? ' 2k2R2 k2 R2 oc RD)
C3k  C39b, Cb;C;  bC3k  Chy
+ R2 R2 Z R2 + R2k + K2R2 ”VC”Lgk (Rd)

j=2

- biC3g—-1D Y 4 el
CibjR! + ———— | RY + CR¥®T.
* ; I kg - 1) *

Using the Holder inequality, we have
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5q —8 (q—2)
((57) 452 ) [ =G et

+C(e,k,q,x)Rd.

We choose for any k satisfying

i [CIRE =) Ciby
0= 16k2 " 22 |°

then there exists a constant C; = C2(x, €, k) such that

o= [rtolacs [1veofax |,

R4 R4
from which it follows that

. " 39CKk(k — 1) Cbk3d Ve
()+ ()_k4ll || LRy T T [ || = (®Y)

C3%, "ibjc, bC3%  bC3¢ Ck(k —1) i,

R? P R? 2(k —1)R? ~ 2k%R? k2R2 LijocRY)

c3k  c3p, e, b3k cb
+ s e AL k

+ Vel

R2 R2 —~ R2 R2Kk k2R2 L% (R9)
j=
+C(k,d,q, € x, R)RY.
Using the method of Proposition 3.1, we can get
C(k,d,e, x)
¥(1) < max {y(m, = (s gy F IV )

+C(k’ d9 qv €, X? R) <1 + “nO”il1 (Rd) + ”VCOHiZI (Rd))} M

Similar to Proposition 3.1, we choose R > Ry satisfying that

C(k,d, e, x) |1 by
——— " <min{—, —1¢.
R? 22

Then we choose a constant R independent of d, k, €, x, which satisfies the following relationship

—||Vc<t>||L2k (®e) T ||n<t>|| C i)
< Y0 +Cle,q, x,d, R) (1+||n0|| w TVl ga)
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2 2 2k k
< C(k, ds q,€, X, R) (1 + ”n()”l‘:l]oc(Rd) + ”ch”Lﬁ]oc(Rd) + ”VCO”LZ{( (Rd) + ”nO”Lﬁloc(Rd)> s

uloc

here we end the proof. O
Proposition 3.8. Let x > 0 and ¢ > 2. Suppose k € N with £k > 3 and € > €o(x, k, ¢) as given

in Proposition 3.7. Then there exist some R > 1 and C(x, k, €, g, d), such that the solution of
problem (3.1)-(3.2) satisfies

11| o ety + @l yroo(rey < C, Ve € O, Tay) -

Before proving Proposition 3.8, we first need to state the following lemma, which is known
as the generalized inequality.

Lemma 3.2. [22] Let ¢ € D(Rd) and f € Ll’:loc (Rd) with 1 < p < oo. Then there exists a
constant C such that

o * fllpoe(ray = ClIf 11 (3.28)

Particularly, for j > 0, we have

. . 1 .
8571y + 133 Ty = €251l (.29
Then, we prove Proposition 3.8.
Proof. According to system (3.1), we apply the semigroup as

t t
Ve(r) = TNV (Y (x /) M)co) —/e('_s)(_H'A)V(u V) ds~|—/e(’_s)(_l+A)Vn ds.
0 0

Due to low-high frequency decomposition, we divide V¢ into two parts as follows

Ve=285Ve+ Y AjVei=vch + Vel
jz0

For the low frequency regime, using the generalized Young inequality (3.29), we get

L
|9 ey = € 170l e

oo(]Rd)

For the high frequency regime, we can constrain it via making use of [2, Lemma 2.4] and (3.29)
such that for k > d,
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|7

t
A . ,E—5)(—1+4)
L) <C ”C()“Wl.oo(Rd) + Z/ HAfe s V(u- Vc)nHLOO(Rd) ds
0

j=0

t
+Z/ HAje(tﬂ)(71+A)VnH ds
pet L (Re)

t

—o(t—s)22]
<C ||C0||W1,00(Rd) -i-CZ/e ct=5)2% Ilu - VC||Loc(Rd) ds
=0y

t
+CZ/e—c(t—s)22j||vn”Loc(Rd) ds
Jjz0y
t
i(1+4 ot \02)
= Cllatwing +C X0 [y g o
jz0 0
t

. 1 i _ _ ‘-
+C ZC2]< +zk) /e c(t—s)2% ||M||Loo(]Rd)“VC(S)”L?]{‘OC (Rd) ds
Jj=0 0

i(—1+4
§C||C()||W1,oo(]Rd) *|-C||”||L<;°Lﬁk)C (Rd)ZCZJ( k)
Jj=0
(=15
+ClIVell g2t ey Y C2 (1+4)
Jjz0
<C ”CO”WLOO(]R") + C”n”Lc;oLlL(‘ln (R9) + CHVC”L?OLEI{(QC (R?)-

C

Summing up the above two estimates means

IVelioqme) = € (1900l 3, oy + Mol + Il ey + 1Vl oy, o))

C

By using the same method, for k > %, we have

ds
L (R9)

t
()l o (ray < Cliall1 gy + C lnoll ooy + 3 / | 4jet =89 ve)
FEUN

t t
AL ,(E—5)A AL L,t=5)A q
+Z/ HA]e V(un)HLOO(Rd) ds+eZ/ HAJE n HLOO(]Rd) ds
J=07y J=07

t

. qd o —5)22]
< C“n“Lllﬂoc(Rd) +C ”nO“LOO(]Rd) + Ce ZZJ & /g c(t—s)2 ||n||(zkl (Rd) ds
=0 , uloc
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t
j(1+4¢ —e(—5)2%
+e 32U [t g g 196l oy 0
J=0 0
t

i(1+4 —c(t—5)22
+C221( k)/e c(t—s)2 /||”||Lﬁloc(Rd)“u”Lw(Rd) ds

Jj=0 0
q
< C(lnll1 (ray+ llcoll oo ey + ennnL?Lﬁm(Rd))
+C(Inl? .« F Vel o) oo (may)- (3.30)
L:";OLuloc(Rd) LT LOC(R )

2

Tloc (]Rd)-estimate for c.

Next, we need to prove another estimate, namely the uniformly local L
By the same method as above for V¢, we get

%% (q&ﬁ)c)z dx +/ <¢)§)C>2 dx — f Acc <¢)§)>2 dx

Rd Rd R4
R\? R)?
_ —/u~Vcc <¢xo> dx+/nc (quo) dx.
R4 R4
Integrating by parts
R’ R 2 R R
_/Acc <¢XO) dx:/ <¢x0vc) dx+2f¢xOch.V¢x0 dx.

R4 R R4

According to the Cauchy-Schwarz inequality, we conclude that

R
X()C

C
R R
2/¢x0ch Ve, dx = R L2(RY) ”VC”Lﬁloc(Rd)'
]Rd

Hence, we have

R
¢Fc

R 2
_/u.ch (62)" dv = Cllull ey IVl o)
Rd

1oy 1902 (R2)

d
< CRY|| Vel o ey |

R
¢Fc

L2(R4)’
and by the Holder inequality, we obtain
2
/ ne(gR) ax <R | 2y Il ey 035 ] 2 oy
R
< CRS |Inl| (o) [62cl 2 ga) -
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Summarizing the above estimates, we get

2

1d ‘
LZ(]Rd)

2dr

2
R R
B0 oy * |50

R R
o€ quoc

d
+ CR7||Vell o (ra)

C
S E ”VC”Lﬁloc (Rd)

L2(R) L*(R)

d
+CR2||f’l||Loo(Rd) 12(RY)

R
xoc
By calculation, we get that

C d d
R R 5 5
Pa¢ P20 2y = RNV (Re) F CRZIVEN L e) + CR Il v (Ra)-

d + ‘
dr L2(RY)
Integrating the above inequality with respect to time ¢, we readily obtain

< g_[

bF ) BV /M)co

L2(R%) L2(R)

t

C d d —(f—s
+ <E||VC||L;OL§[IOC Rd) T CR2|Vell 5o poo(ray + CR? ||n||L‘;°Loo(Rd)> /e (1=9)ds.
0

Owning to
IVell orz (may + 1Vell oo raty + 12w () < CCe, X, 0,45 R),

we can easily conclude that

lellzser2  (ray = llcollz2  (ra) +C(€ %, q,d, R).

C

In the light of the sharp interpolation inequality, we get

2 _d_
llell Loo(ray < Cllell ;3 (Rd)IIVCIIZ;z(Rd)-

uloc
Summarizing the above estimates, we ultimately conclude that for 0 < < Tipax,
()| oo Rty + le@) Iy 1.00(Ray < € (X,k,ﬂq,d, 201l 00 (Re) » IICollwl.oo(Rd)) ,
and hence the proof of the proposition is completed. O
On the basis of Proposition 3.8 and the continuation criterion (3.4), we see that Tax = 00,
and more accurately, the couple (2,7, cpr) is the global-in-time solution to problem (3.1)-(3.2)

satisfying

s ()1l oo ety + lew O ll s ey = € (ks €. . l0ll oy » ooy )
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for all ¢+ > 0. Therefore, we have
ny € C° ([0, 50)): L (Rd) nL® (Rd>) nc?! (Rd % (0, oo)) ,
ey eC? ([o, 50): H' <Rd) nwhe (Rd)) nc?! (Rd % (0, oo)) .

Then we will show the convergence. The uniform boundedness for 8;n" and 8;c" is needed. By
the first equation of (3.1), we deduce

||8tnM||L[2H71 = ||AnM||L[2H71 + [lu - VnMHL’qu +IV- (nMVCM)”L,ZHfl
+||nM||L[2H71 + ||(nM)q||L[2H71
< lnmlipzgy +llulligerslinall 22 +llnmlicgerolleamll 2 g

—1
+||nM”L,2L2 + llnm ||L§’°L°° ”nM”LtZLZ

<C.
In the same way, we have
Nl 21 < IAemll 1+l Verll 2+ lewll 2 g1 + Il 21

< llemlip2gr +llulliperellemll 22 + llemll 202 + narll 22

<C.
We know L? is locally compactly embedded in H*® and H® continuously embedded in H~!
with s € (—1,0), the classical Aubin-Lions argument guarantees that, up to an extraction of

subsequence, the approximate solution sequence (ny,cp) strongly converges in C(R™; H®)
with s < 0 to some function (n, ¢) such that

nec® ([o, 00)): L! (Rd> nL® (Rd)) ,
cec® ([0, 00): H! (Rd> Awho (Rd>>
and

(Nl oo (ma) + e @ Nl 1.00ra) < C (X,k,&q,d, 7201l Loo (Ra) » ||6‘0||Wl.oo(Rd)) ,

for all + > 0, and it is the global-in-time solution to problem (1.5)-(1.6).

All we have to do now is to prove that the uniqueness of solution (n, c¢) to problem (1.5)-(1.6).
Suppose (11, c1) and (n3, c2) are two solutions of Egs. (1.5) with the same initial data and satisfy
(1.6). Let n =n1 —ny and 6¢ = c] — ¢, then the difference equations are as follows

3dn +u-Vén=Asn—V-(6nVecy) — V- (naVéc) +8n —en? —nl),
0;6c+u-Véc=Asc —6c+én.

(3.31)
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Multiplying the first equation of (3.31) with én and integrating in space, we get

L L sn I3+ 198n0)13

——|Ién n

2dt 2 2

=— / V- (8nVcy)dndx — / V- (nyVéc)dndx

R4 R4
+ / Sndndx — e / (n? —n?)dndx
R4 R4

< ClIsnl3I Vel + IVonI3
+Clln2 /17 IV8c]3 + }Luvann% + [18nl13,
from which we can have
%nwr)n% +IVen@®)5 < CIsnl31Verllie + In2ll 7 IVcl3 + 16n]3).  (3.32)

Similarly, operating the L>-inner product of the second equation of (3.31) with 8¢ yields

1d
EEH(Sc(t)II%—i— ||V5c(t)||§:—/acacdx+/5nacdx
]Rd Rd
< C(l18cll5 + 18nl3). (3.33)

Applying 9; on both sides of the second equation of (3.31), we have
0;0;6¢c +u - Vo;6c — Adjdc = —0dju - Véc — 0;8¢ + 9;én.

Taking the L?-inner product with the above equality by 9;8¢, we obtain

1d
5E||V<sc(r)||§+ |ASc(r)|3 = —Xi:[aiu~v&‘8i86dx
Rd

—Z/E)iécaiécdx+Z/8i8n8i5cdx
i R4 i Rd

= — /(V&c -V)u - Vécdx
R4

+/8cA8cdx—/8nA8cdx
R4 R4
< C|IV8cl31IVull L
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2 l 2 2 l 2
+Cl18ellz + 7l1Asel; + Clidnll; + FllAscll3.
Hence we conclude
d
o IVc(t) 13 + I1ASc()1I3 < C(IVScll3 + 18cll3 + 15n113). (3.34)

Summing up (3.32)-(3.34), we obtain

15232%2%2%252
B3 + 18c)1I3 + 1V8e()II3) + 1V8n]3 + [Voc]3 + 1 Ade3
< CUI8nIB3IVerllZ o + 2113 0 IV8ll3 + 181113 + 15¢l3 + IVScl3).
Then we conclude
i5252vs2< sn||2 + |16c|? + || VSc||?
B OI5 + 18e 113 + 1V8e)1I3) < CF©)I8n113 + 13¢ll3 + [ Vell3),
with
F() =142l + Vi3 oo

Since F(¢) is integrable, we can apply the Gronwall inequality to derive the uniqueness. Conse-
quently, we complete the proof of Theorem 1.1.
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Appendix A

In appendix, we shall prove the unique classical solution for (1.5) using energy estimates and
classical compactness arguments.

We begin by introducing the dynamic partition of unity to define Besov spaces. For more
details, refer to [19]. Let ¢ € C(° (R?) be supported in C = {&£ e R?, % <|§l < %} such that

Z e g)=1, for &+#0.

JEZL

Set () =1— Y. @(27/&). For f € S', we define Littlewood-Paley operators as follows
jeN
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Aif=x(D)f;VjeN,Ajf=9pQ27/D)f and VjeZ, A;jf=¢pQ27/D)f.

The following low-frequency cut-off will be also used:
Sif= > Apf and Sif= Y Ayf.
—l=j'<j-1 J=j-1

Now, let us recall the de.ﬁnition of the Besov space. For s € R, 1 < p,r < oo, we define the
homogenous Besov space B;’, as the set of tempered distributions of f € S’/P such that

1

. :=(sz”||A,-f||;) < o0,

JjEZ

where P is the polynomial space. The inhomogeneous space Bj,,r is the set of tempered distri-
bution f such that

1
I1fss, = ( > 2/’”||A,;f||§) <00,
jz-1
It is worthwhile to remark that Bj , and B, , coincide with the usual Sobolev spaces H* and

the usual Holder space C* for s € R \ Z, respectively. One can refer to [19] for more details.
In our study, we also use the space-time Besov spaces L?'B;,r' For T > 0 and g > 1, the

space L%B;’r is the set of all tempered distribution f satisfying
is 1
1 e my, 2 0CD 2 2214 fllpra)” llg < oo.
j=—1

Lemma A.l.[/19] Let 1 < p < g < oco. Assume that f € L?, then there exists a constant C
independent of f, j such that

A . . .1 1
suppf C {|E] < €2/} = 0% f|l, < C2/ UG 711,

~ (1. 4 il P
suppf € | 527 = lg1 = €2} = 11, = €277 sup (197 11,

[Bl=l|

Lemma A.2. [19] For all s € ZT N {0}, there exists a constant C > 0 such that for all u, v €
L>® N HS (R?),

I fgllas = CUlfllooliglms + 118 llooll f Il as)-
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