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The literature on fixed effects panel interval-valued data models has been established. However, less attention
has been given to models that simultaneously, consider the interval information of panel data and explore
the nonlinear relationship between interval variables. To deal with this issue, this paper formulates a
nonparametric fixed effects panel interval-valued data model. To estimate the fixed effects and nonparametric
component, we propose a locally linear method based on the profile least squares framework. Later, experiment

results on synthetic and real data sets illustrate the advantages of our proposed model.

1. Introduction

Panel data, also known as longitudinal data or cross-sectional time
series data, refers to a type of data that is collected over a period of
time on the same observational units. An excellent overview of panel
data analysis can be found in [1-3]. One of the most important tools
for analyzing this kind of data is the fixed effects panel data model.
This model is designed to control for individual or unit-specific effects
(fixed effects) and to analyze the impact of time-related factors. It
is particularly useful when there is a concern that the observation
might be influenced by factors that do not change over the period
of study. For instance, in the field of economics, researchers might
employ this model to investigate the economic policies’ impact on
economic growth, while controlling for fixed country-specific factors
like geography or culture [4]. Similarly, in medicine, it could be used
to study the effect of a new treatment on patient health outcomes, while
accounting for individual patient characteristics that do not change
over time [5-7].

While fixed effects panel data models have been extensively ex-
plored, few address panel data with measurement error that could
bias predictive responses [8-10]. To solve this problem, Ji et al. [11]
introduced a class of fixed effects panel interval-valued data models: the
center model (P-CM), the Minmax model (P-Minmax), and the center
and range model (P-CRM). In these models, the measurement error is
converted to the radius of the interval, and the center of the interval
represents the observation. However, the limitation of the P-CM, P-
Minmax, and P-CRM models is reached when the interval variables
have a complex nonlinear relationship.

In this paper, we establish a fixed effects panel interval-valued
data model based on nonparametric specifications and interval-valued
data analysis. The objectives of this paper are (1) to represent the
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uncertainty and volatility information of panel data in the form of panel
interval-valued data, (2) to take into account the nonlinear relationship
of interval variables. To get a consistent estimator of the nonparametric
component, this paper proposes a locally linear method (P-LM) based
on the profile least squares framework. Later, the experimental results
on synthetic and real datasets demonstrate that our proposed model
performs well compared with existing models.

The contributions of our proposed model and estimation method are
listed as follows.

o Our proposed model is suitable for nonlinear panel interval-
valued data, as it combines the strengths from both the interval-
valued data analysis and nonparametric panel data models.

We extend a locally linear method to our proposed model based
on the profile least squares framework. The unknown nonpara-
metric component can be estimated based on the kernel-based
weighted residual sum of squares (as shown in Eq. (23)).

The proposed method has no restriction on the form of the
regression function. The proposed estimator is consistent and has
a limiting normal distribution.

Our proposed method is also suitable if the fixed effects panel
interval-valued data model is linear.

The remainder of this paper is organized as follows. Section 2
provides a review of relevant literature. The current fixed effects panel
interval-valued data models are introduced in Section 3. In Section 4,
we first formulate a fixed effects panel interval-valued data model
and then propose a locally linear method for the model. Later, we
show the asymptotic properties of the proposed estimator. Sections 5
and 6 present the experimental results of synthetic and real data sets,
respectively. Later, concluding remarks are provided in Section 7.

E-mail addresses: zhangjinjin@stumail.hbu.edu.cn (J. Zhang), jab@hbu.edu.cn (A. Ji).

https://doi.org/10.1016/j.knosys.2024.112226

Received 22 April 2024; Received in revised form 10 June 2024; Accepted 7 July 2024

Available online 15 July 2024

0950-7051/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/knosys
https://www.elsevier.com/locate/knosys
mailto:zhangjinjin@stumail.hbu.edu.cn
mailto:jab@hbu.edu.cn
https://doi.org/10.1016/j.knosys.2024.112226
https://doi.org/10.1016/j.knosys.2024.112226
http://crossmark.crossref.org/dialog/?doi=10.1016/j.knosys.2024.112226&domain=pdf

J. Zhang and A. Ji
2. Literature review

In this section, we provide a review of relevant literature: fixed
effects panel data models; interval-valued data analysis. We identify the
strengths of existing works, and present the motivation and the details
of our proposed model and estimation method.

2.1. Fixed effects panel data models

There has been much research on the estimation method of fixed
effects panel data models in econometrics [1-3]. According to the
treatment form of fixed effects, these methods can be classified into
two main categories. One is firstly to remove the fixed effects by data
transformation and then to estimate the nonparametric/semiparametric
component through kernel-based methods (see, for example, [12,13]).
It is worth noting that employing data transformation may alter the
structure of the nonparametric/semiparametric component. Moreover,
another way based on the profile least squares framework does not
alter the structure of the nonparametric/semiparametric component.
For instance, under the profile least squares framework, Gao and Li [14]
proposed an intuitive Nadaraya-Watson kernel method of fixed effects
panel data model (NWM). Lee et al. [15] offered the local-within-
transformation to replace the fixed effects and presented a locally linear
method for fixed effects panel data model (LLM). Many variations to
the kernel-based estimation method have also been proposed over time
to estimate fixed effects panel data models; see, for example [16—
20]. Although these works are not specialized in the fixed effects
panel interval-valued data models, they provide a theoretical basis for
exploring these models.

2.2. Interval-valued data analysis

Interval-valued data, as a kind of symbolic data, was proposed by
Moore [21]. The observations are not represented as single points but
rather as intervals, ranges, or sets of possible values. This type of
data is particularly useful when there is uncertainty or imprecision
in the measurements, and it allows for a more flexible representation
of the uncertain information [22]. Interval-valued data has garnered
significant attention in different statistical problems, such as time series
analysis [23-25], regression analysis [26-28], clustering [29-32], op-
timization [33-35], hypothesis testing [36], feature selection [37,38].

In the interval-valued regression analysis, the response variable
(dependent variable) and the explanatory variables (independent vari-
ables) are represented as intervals [39]. The objective is to model
the relationship between interval explanatory variables and interval
response variable, allowing for a more realistic representation of the
variability in the data. The first discussion on the regression model for
interval-valued data was introduced by Billard and Diday [39], who
proposed the center model (CM). This approach utilizes the midpoints
of intervals to fit the regression model. Following this, Billard and
Diday [40] introduced the Minmax model (Minmax), which relies on
the lower and upper bounds of intervals. Later, based on the center and
range of intervals, Lima Neto and de Carvalho [41] proposed the center
and range model (CRM). The CRM model has received considerable at-
tention for its effective representation of full interval information [42-
44]. Recently, researchers have developed the kernel-based methods
for interval-valued regression models [45,46]. To capture the nonlinear
relationship between interval variables, Fagundes et al. [47] proposed
a kernel method based on kernel smoothing approaches, while Sun
et al. [4] and Kong et al. [48] presented a locally linear model for cross-
sectional interval-valued data regression models. In conclusion, there
exists much literature on the cross-sectional interval-valued regression
analysis, but few develop more complex panel interval-valued data
models.

In this paper, we specifically focus our attention on a locally linear
method presented by Su and Ullah [49], who investigated the partially
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linear fixed effects panel data model (panel point-valued data). Un-
der the profile least squares framework, the locally linear method is
extended to estimate the nonparametric fixed effects panel interval-
valued data model. Specifically, fixed effects are firstly treated as
unknown parameters, and the nonparametric component is estimated
by minimizing the kernel-based weighted residual sum of squares, as
shown in Eq. (23). In this way, the estimated nonparametric component
is only related to fixed effects. Then, plugging the estimated nonpara-
metric component into the residual sum of squares, fixed effects can be
estimated based on the least squares method. Later, the nonparametric
component is estimated based on the estimated fixed effects.

3. Current fixed effects panel interval-valued data model

Consider the panel interval-valued data set
{ipy) i=12,..,mt=12,...T} (€))

where x;, = (x;1. X;2, .-, X;;,,)’ are a p-dimensional vector of interval ex-
planatory variables and y;, is an interval response variable. A’ denotes
the transpose of matrix or vector A. The subscript i typically denotes
individual units, such as people, households, firms, countries, or any
other entities that are repeatedly observed over time; the subscript ¢
represents time periods or the chronological sequence of observations.
It could be days, months, years, etc., depending on the frequency of
data collection. The observations of x;,; and y; are two interval-valued
data for i = 1,2,....mt = 1,2,....,T5j = 1,2, ....p, x;; = [x],;, xty ] with
xl’.rj <xj;,and y;, = [y, y4]1 with y < y*, where superscripts / and u de-
note the lower and upper bounds of the interval. Alternatively, each in-
terval can be represented equivalently by its midpoint and range [41],
that is, X = [x,?tj - xlf,j,xl?,j + xlftj] and y;, = [y, = ., 5, + ¥, 1, where

1
c _ (Xl +xu

1
r 2ot
Yitj = 5 K i Xig = 2(xitj Xitj)

itj
c 1 ! u r 1 u )

Yie = E(yir + Vi) Yiej = E(yir —Yir)

Remark 1. If xﬁ, and x! are independent, identically distributed
random variables across ith index, then x{, and x/ are independent,
identically distributed random variables across ith index.

In the following section, we introduce three fixed effects panel
interval-valued models (P-CM, P-Minmax, P-CRM) proposed by [11].
3.1. Center model for panel interval-valued data (P-CM)

In the P-CM model, suppose that yﬁr and )% can be independently

explained by xﬁt and x!, and they follow the same regression model

p

yf., = ,u‘.c + fo.,jﬂ; +£;, i=12,...,mt=1,2,...,T 2)
Jj=1
P

Vo= pl Y X el i=12 . mt=12,..T 3
j=1

where BB, ,ﬂ; are the unknown parameters, yu is the fixed effect

related to x,.”tl. foralls=1,2,...,T;j = 1,2,...,p. Egs. (2) and (3) are
equivalent to the following equation:

p

Vo= ul Y X e, i=12mt=12,...T @
j=1

where ¢, = %(egt + &}). Define p¢ = (ﬂlc,ﬂg,...,ﬂ;)’. The estimator

of p¢ can be obtained based on least squares dummy variable (LSDV)

approach [1].

ﬁAc — ((XC)IQCXC)—I(XC)/QCYC (5)

where X¢ = (x§, x5, ... ,x%) is an nT xp matrix with x¢ = (O N
for i = 1,2,...,n. Each element of x¢, is an 1 X p vector and denoted

L c C C p— [CR— C C c\/ 1
as xj, = (x,.”,xnz,...,x,.w) fort=1,2,...,T. Y¢ = O] Y55 s ¥5) with
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Y= 05y ) Q6 = Ly — Dy(DyDy)"' D}, Dy = I} ® Iy, the
operator ® denotes the Kronecker product, I, denotes an n X n identity
matrix, /; is an T dimensional vector with all elements equal to one.
Because the intercept term xf is a constant independent of time, the
corresponding estimator of u¢ can be obtained by

A; =y —x.p° ()
where y¢ = T71 Y7 )¢ and x¢ = T-! Y7, x¢. Thus, the lower and

upper bounds of predictive response by P-CM are given by

i=12,....mt=12,...,T ()]

Lomt=1,2,...,T 8

One limitation of P-CM model is that it only considers the center
information of intervals in the estimation procedure, and thereby the
predictive response may be biased.

3.2. Minmax model for panel interval-valued data (P-Minmax)

P-Minmax model supposes that yit and y! can be independently
explained by x/ and x, that is,

»
yft :Ml{ + fo.rl.ﬂ§ +£f.r i=12,....,m;t=12,....,T 9
Jj=1

P
Vo=l Y X prel =12 mt=1,2,..,T (10
Jj=1

Based on LSDV approach, we can obtain the estimators of g/, ¥, /4,{ s
and y¥. Thus, the predictive response $;, = [§,, 5] is given by

P

Vo=al+ Y B =12 mi=12,.T 1n
j=1
2 A

Vo= pre Y i=12me=1,2,...T (12)
j=1

P-Minmax model uses the interval bound information to obtain the
predictive response j;,. However, it also may lead to a biased predictive
response since it omits the interval center and range information.

3.3. Center and range model for panel interval-valued data (P-CRM)

P-CRM model supposes that y;, and )} can be independently ex-
plained by x{, and x], that is,

P
Vo= H Y X e, =12, mt=12,.T (13)
j=1

P

Vo= w4 Y X B e, =12, mt=12,..,T 14
j=1

Using the same procedure, we can obtain the estimators of ¢, g,

U, and . Further, according to (13) and (14), we can obtain the

center and range of predictive response ¢, and j/,. Then, the predictive

response J;, = [§,, $“] is given by

V=9 =5 i=12.mi=12,..T (15)
Fo=3+8, i=12..,mt=12..T 16)

The P-CRM model performs better than the P-CM model since
it uses more interval information. However, this improvement only
occurs when there is a linear dependency between the response and
explanatory variables.
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4. Fixed effects panel interval-valued data model

In this section, we establish a nonlinear fixed effects panel interval-
valued data model, and propose the P-LM estimation method for this
model. Section 4.1 provides the model specification, and the P-LM es-
timation method is proposed in detail in Section 4.2. Later, Section 4.3
discusses the asymptotic results of the proposed estimators.

4.1. Model specification

In this section, we assume that x{ and x/, are independently related
to y;, and y;, and we relax the assumptions on the form of the re-
gression function, that is, there exist two sufficient smooth (i.e., twice-
differentiable) multivariate functions m,(-) and m,(-) satisfying the fol-

lowing relationships

Vi=m ) +ui +e;, i=1,2,...,mt=12,....T a7

y;t:mz(x,ft)+;4i’+eft i=1,2,....m;t=12,...,T (18)
c — c c c ro_ r r roy/

where xg = (xm,x’_ﬂ, ,xnp) and X[ = (xm,x”z, ,x”p) are two px 1

dimensional vectors. y{ and y are the unobserved fixed effects. &f, and
g; are the random disturbances. For identification purpose, we assume
that 37 ¢ = 0 and Y7, 4/ = 0 [14,49,50]. Rewriting models (17)
and (18) in a matrix form yields

Y =m(X)+ Dy + € (19)
Y =my(X")+ Dy’ + € (20)

where m;(X¢) = (ml(xﬁ),ml(xg),...,ml(xf,))’ is an nT X 1 vector with
ml(xf) = (ml(xfl),ml(xfz), ,ml(x,?'_r))’ fori = 1,2,...,n. Y5, Y  m,
(X¢), and ¢" are similarly defined. u¢ = (Mg,ug,...,yz)’ and y" =
(7T . ) are two n—1 dimensional vectors. D = [-/,_,1, ] ®lr,
the operator ® denotes the Kronecker product, I, denotes an n X n
identity matrix, /,_; is an n — 1 dimensional vector with all elements
equal to one, and /; is an T dimensional vector with all elements equal
to one.

4.2. Estimation procedure

In this section, we divide the problem that estimates the response
Vi = [yf,,yjf,] in three parts: (1) the estimators of m(-) and m,(-)
with unknown parameters u¢ and y’, as shown in Egs. (24) and (25),
respectively; (2) the parameter estimators 4¢ and 4", as shown in
Egs. (27) and (28), respectively; (3) the estimators of m;(-) and m,(-)
with known parameters y¢ and u”, as shown in Egs. (29) and (30),
respectively; (4) the predictive response p;, = [jzf.t,ﬁj.‘t], as shown in
Egs. (31) and (32).

Let x be a given panel interval-valued data with center x° and range
x". We assume that the function m,(-) has continuous derivative in the
neighborhood of x¢ and function m,(-) has continuous derivative in
the neighborhood of x". Now by Taylor’s theorem [47], for x{, in the
neighborhood of x¢,

my(x5) = my(x°) + m'lvx(xf, —-x%) = ﬂé + (ﬂf)'(xft - x%) 21
where m; , = %, By = my(x€), p} = m . Similarly, for x], in the
neighborhood of x",

my(xj,) & my(x") + m;,x(x,f, —x") =y + (B (x, = x) (22)
where m,, = a”;;jcr), By = m(x"), Bj = my. According to Taylor’s

theorem, much of our attention will be devoted to the estimators of
m(-) and m,(-), i.e., B and B

Define f¢ = (ﬂg,(ﬁf)’)’ and p" = (ﬂ(;,(ﬂ]’)’)’. Based on the weighted
least squares theory [1,2], the estimators of ¢ and f" can be obtained
by solving the following optimization problem

H c c Yecpey c c c ¢ ge
po Jpin {IYe — Duc — XYW (x)YC — Du¢ — X°°] 23)

+[Y" = Dﬂr _ Xrﬁr]/u/l(xr)[yr _ D”r _ Xrﬂr]}
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where X¢ = (I, X ~1,7x°), X" = (L, X" ~1,px"), 1y is an nT'x1 dimen-
sional vector with all elements equal to one. W,(x¢) and W, (x") are two
nTxnT diagonal matrixes, W) (x) = diag{ Ky (x{, x), Kpy (x5, x), ..., Ky
(x$,x°)}. The diagonal element K (x{,x‘) = diag {KH(xfl,xc),
Ky (xS x), ... Ky (x5, x4} of which Kj(x6.x¢) = |H|™' K(H™'(x¢,,
x¢) fori=1,2,...,mt =1,2,...,T, where K denotes the multivariate
kernel function, H is the bandwidth matrix, and in general H =
diag(h,, hs, ..., h,). The definition of W;(x") is the same definition as
Wi(x%)

Taking the first-order partial derivative of the objective function of
the optimization problem (23) with respect to g¢ and ", respectively,
and equaling they to zero, we have

= (XY W ()X H XY Wi ()Y€ — D)

F = 1XYW X HEXY W (") (YT = Dy

Let ¢; be a p + 1 dimensional vector of which the first element equals
to 1 and all other equals to 0, we have

ﬁé = e,([(XC)’Wl(xc))zcl_l(XC)’Wl(xC)(YC - Duf) @4
ES = el[(X"Y' W, XX W (YT - D) (25)
Note that ﬁé and ﬁs are the function of the unknown parameters p¢
and u’, respectively. Replacing m,(x{,) and m,(x{,) in models (17) and

(18) by ﬁf) and ,5(’), respectively, and then on the basis of least squares
method, we have

min {[Y° — DuY G, [Y* — Duf1+[Y" = D'V G, [Y" - Du'l} (26)
HEu"

where G4, = [I,r - S;]’[I"T - 8¢ 1 with ¢, = (55,0x5 ), 85,(x5,)s -0, 85,

(xZT))' being an nT x nT matrix. The element sZ(xC)’ = e’1 [(X¢Y Wy (x6)
XeI7N (XYW, (x°). G, is similarly defined as G¢,. Taking the first-order
partial derivative of the objective function of the optimization problem
(26) with respect to x¢ and u”, respectively, and equaling they to zero,
we have

i = (D'G*D)D'G°Y* 27)
i =(D'G'D)D'G'Y" (28)
Now, replacing u¢ and y" in Egs. (24) and (25) with 4¢ and 4", we can
directly obtain the estimators of m;(x¢) and m;(x").

iy (x°) = f5 = s5,(x) MY* (29)
iy (x") = fy = s, (x"Y M"Y" (30)
where M¢ = [ — D[D'G°D]"'D'G¢ and M" = I — D[D'G"DI"'D'G".
Then, we have

P = iy (x) + 5 = {55, M° +¢€/[D'GDI"' D'G} Y*©

¥y = () + i = {5, (<Y M" +¢€/[D'G'DI"' D'G"} "

Further, the predictive response j;, = [jzl’.,, %1 can be written as

ﬁf,=}7f,—}7; (B
Vi =V + 7, (32)
When the predicted response interval violates the definition of the

standard interval, that is, ﬁl’., > y%, we employ a transformation form
below which is presented in [11]

., 5" for 3 <
”z{?melq N 3
[5Gy + 35, 505 + 931 for 35, > 37
Remark 2. The proposed model (see, Egs. (17) and (18)) is an
extension of the P-CRM model (see, Egs. (13) and (14)). We can also
establish the models based on the P-CM and P-Minmax models. Below,
we provide a brief description of the extended models.
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(i) When x¢, is related to 5, we can establish the nonparametric
fixed effects panel interval-valued data model as follows:

Vo=mxi)+ui +eg, i=12,...,mt=12,..T (34)

where uf, m(-), and &, are similarly defined as Section 4.1.
The estimation procedure of uf, m(-), and &, are similar to Sec-
tion 4.2. The predictive responses 7' and * can be derived from

Fo=mGd)+ps =12 ,mt=12..,T (35)

o= mG) +ps =12, mt=1,2,...,T (36)

(ii) When x!, and x“ are independently related to !, and y*, we can
establish the nonparametric fixed effects panel interval-valued
data model as follows:

Vo=mG)+ul+e, i=12. . mt=12..T (37)

Vi=mG) +uf +ef, i=12,...,mt=12,..,T (38)

I and ey are similarly defined as

where ﬂ,{: /4;‘; ml('): m2(')7 Eips
Section 4.1. The estimation procedure of yﬁ, us my(), my(), eﬁ,,
and ¢}, are similar to Section 4.2. The predictive responses $ and

# can be derived from
=Gl +al i=12mt=12..T (39)

Po=my+ Y i=12, . mt=12,...T (40)

It is worth noting that, before applying the model, we should
capture the location of the fixed regression reference points within
the interval. Otherwise, the prediction performance by our model and
estimation method be decreased. For example, the proposed model (see,
Egs. (17) and (18)) can be selected if and only if x5, and x[, are indepen-
dently correlated with y¢ and y.,. When the interval variables satisfy
the conditions of Remark 1, the extension of P-CRM (see, Egs. (17)
and (18)) is equivalent to the extension of P-Minmax (see, Egs. (37)
and (38)). A similar discussion is represented in Section 5, when the P-
CM, P-CRM, and P-Minmax models fit the linear panel interval-valued
dataset (x;, and x] are independently correlated with y¢ and y}), the
P-CRM and P-Minmax models perform best.

4.3. Asymptotic results

In this section, the asymptotic distributions of m(x¢) and m,(x") are
derived under the following assumptions:

(A1) The continuous random variables (35, x{) and (3}, x}) are in-
dependently and identically distributed (i.i.d) across the i indi-
vidual, respectively. x, is a strictly stationary a-mixing process

2+
with mixing coefficients @ = O(k=+2/8) E( < ), for

C
Xit

8’ > 6 > 0. x{, has common continuous density function f;(x¢)
with compact support .S C R?. x¢ is the interior point of .S. Also,
f1(x¢) > 0 holds, f;(x¢) is continuously twice differentiable,
and the second-order derivatives of m;(x¢) are continuous. The
assumption of x{, is similarly defined.

(A2) The unobserved fixed effects {u¢} and {u/} are iid. for i =
1,2,....m;t=1,2,...,T.
E(u) =0, El(u)’1=0,., and El(4|x{)] #0
EW)) =0, E[W)’]=o0,,, and E[(4]|x])] #0
The idiosyncratic errors {£¢} and {’,} are i.i.d. fori=1,2,...,
nt=12,...,T.
2 2
E(eg |u;, x;) = 0 and  E[(e;,)" |y, x;,] = o
2 2
Eef,luis x;) = 0 and E[(e})|uj, xj,1 = o
(A3) K(u) = Hj:o k(uy) is a product kernel of which k(-) is a bounded,
symmetric univariate kernel function with compact support

on R, and such that [ K@wdu = 0, [Kw?du = ¢, and
[ w'uK@w)du = x,1,, where I, is a q X ¢ identity matrix.
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(A4) Let H = diag{hy.hy.....h,}, |H| = hy,hy,....h, and |H|| =
e lh2 Asn — co and T — oo, we assume h; — 0 for
Jj=12,....p; nT|H| - oo; nT|H|||H|* - O(1).

Assumptions (Al), (A3), and (A4) are common in the literature of
kernel-type nonparametric regression [14,49,50]. In Assumption (A2),
E[(uf |x)] # 0 and E[(u]]x},)] # 0 imply that the models (17) and (18)
are the fixed effects panel data models, respectively. Also, E(ef, |uf, x7,)
= 0 and E(e],| 4], x],) = 0 mean that the strict exogeneity assumptions for
models with fixed effects (], [uf, x{,) = m;(x{,) + pf and EQV, |u!, x],) =
my(x!,) + u! hold, respectively.

Theorem 1. Under Assumptions (Al) — (A4),

P ¢ 1 d goazc
\/nThihy - hq(ml(x ) —m(x°) — Exztr {HmLXXH}) — (0, f(xc))

(41)

G2
ATy hy by (37 = may(x") = %Kztr{HmquxH}) L0 f(’( =) (42

Moreover, the bias is zero if function m;(x¢) (m(x")) is linear.

The proof is provided in Appendix.

Theorem 2. Under Assumptions (A1) — (A4), when H = hl,, the mean

integrated square error (MISE) will be
2

K
MISE = 114I2 {/ml,xxm/l_xxdxc +/m2,xxm;,xxdxr}
9
+ ﬁ{afc / (SN dxt + 0% / (f)tax }

+0,(h" + Op((nT)*%h“%) +O((T) At

where

K'2
h472 {/ml”‘xm;vxxdxc +/m2,xxm;,dexr} +
nThq { Oc /(f(xc)) dx*¢ +GE’ /(f(xr)) dx" }

is called the asymptotical mean integrated square error (AMISE). The
optimal smoothing bandwidth is chosen by minimizing AMISE. Namely,

) g (R Sy ax ok [T ax)
opt nT {/ ml,xxmll’xxde +/’"2,xxm;qxxdx’}

The proof is provided in Appendix.

5. Monte Carlo simulations

In this section, we use simulations to assess the performance of
our proposed model (P-LM) and compare its prediction accuracy with
other fixed effects models (P-CM [11], P-Minmax [11], P-CRM [11],
NWM [14], LLM [15D.

5.1. Measurements
To evaluate the prediction accuracy of the four models P-LM, P-CM,

P-Minmax, P-CRM, we introduce the following three popular evaluation
measurements [11,48].

(1) The root mean square error (RMSE):

n T
1 X X
RMSE =J T ; ; (G, = ¥ )2+ 5% — )2

(2) The mean absolute error (MAE):

MAE = —— Z Z (19, = i, + 192 — il

l|1*
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(3) The mean absolute percentage error (MAPE):

-
MAPE = — Z Z ly” y”l i "’ylyl""l - 100%

i=l t= it
In practice, the classical fixed effects panel data models, i.e., NWM
and LLM, are fitted using the interval midpoint (that is the mean
value of observations), and thereby correspond to the single predictive
response ;. To evaluate the prediction accuracy of the models NWM
and LLM, we introduce corresponding evaluation measurements RMSE,

MAE, and MAPE.

n T
RMSE =\J X [Gie = d)2 + G — 4]
i=1 t=1
1 n T
~ ! A
MAE = — 3" " 19 = il + 19 = ¥

i=1 t=

n T 5o M
MAPE = — [ly” y”|+|y” Yal | 1000

u
2T i=1 r=1 yn‘ it

5.2. Synthetic datasets

We simulate two Data Generation Processes (DGP); one for the
nonlinear relationship (namely, DGPI) and another for the linear re-
lationship (namely, DGPII). In nonlinear cases, the center of response
variable is generated from the models NWM [14], and the range of
response variable is based on the exponential function [48] (guarantee
nonnegative range).

Configuration (Fixed effects panel data model based on center and
range of intervals)

step i. Generate the center and range of explanatory variable, respec-
tively.
X~ Ul=1,1]
X~ U0,1]

step ii. Generate the center and range of fixed effects

T
ue=v;+T" fo,
i=1
T
H =1 +77! fot

i=1

where v; is i.i.d. uniform(0, 1].

step iii. Derive the center and range of response variable as

¢ = ui +sin(zx;) + €7,
DGPIL: Y =
Vi —/4 + exp(x}) + €;,

pep TN
Vi =M +xppr+ e

where the error term &, €] ~ N(0.1).
step iv. Derive the interval lower and upper bounds of the response
and explanatory variables as
1 _ I
xir_)&_x"‘ yl.,—yf,—y,f,
X =X hxg vy =Yty

We take n = 50,60,80,110, and 200 and T = 3,4,5,10, and 20. We
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employ the Gaussian kernel to fit the nonparametric models P-LM, 5.3. Comparison results
NWM, and LLM, and the optimal bandwidth is selected through biased
cross-validation. To ensure sufficient statistical power, the number of The simulation results are reported in Tables 1 and 2. Table 1
Monte Carlo replications is set to 1000. reports simulation results for DGPI (panel interval-valued data follows
Table 1
The RMSE, MAE, and MAPE for DGPL
T n measures P-LM P-CM P-CRM P-Minmax NWM LLM
RMSE 1.4885 6.4865 4.6428 4.6583 8.5431 8.2460
50 MAE 0.5094 2.5864 1.7282 1.7061 3.7529 3.7529
MAPE 62.89% 290.72% 251.05% 242.52% 477.24% 521.72%
RMSE 1.1315 6.6571 4.6532 4.6177 8.3858 8.0344
60 MAE 0.3910 2.6038 1.6865 1.6552 3.6806 3.6804
MAPE 57.75% 233.47% 177.54% 504.63% 401.86% 472.64%
3 RMSE 1.0485 6.3658 4.4811 4.4756 8.1655 7.8309
80 MAE 0.3684 2.5442 1.6146 1.6046 3.5968 3.5964
MAPE 42.96% 244.19% 201.04% 270.33% 729.48% 1123.00%
RMSE 0.6129 6.7753 4.7070 4.6536 8.5183 8.1142
110 MAE 0.2187 2.6741 1.6745 1.6665 3.7312 3.7312
MAPE 30.25% 240.70% 262.57% 394.14% 847.66% 1043.33%
RMSE 0.3050 6.6565 4.6826 4.6254 8.5833 8.1799
200 MAE 0.1056 2.6297 1.7794 1.7143 3.7751 3.7748
MAPE 22.44% 281.76% 223.42% 310.56% 561.79% 7.9771
RMSE 1.3476 8.7788 6.3774 6.3631 11.0874 10.5588
50 MAE 0.3549 2.5881 1.7217 1.6918 3.6354 3.6347
MAPE 67.73% 411.74% 399.19% 340.79% 555.02% 666.35%
RMSE 0.9575 8.3818 6.4136 6.3557 11.0783 10.5065
60 MAE 0.2583 2.4837 1.7374 1.6900 3.6442 3.6442
MAPE 52.85% 369.17% 385.83% 427.53% 512.52% 724.59%
4 RMSE 0.9012 9.1751 6.6479 6.4663 11.4770 10.9055
80 MAE 0.2456 2.7057 1.8493 1.7535 3.7679 3.7679
MAPE 42.75% 493.39% 563.47% 366.48% 668.29% 779.03%
RMSE 0.6786 9.0223 6.7077 6.5811 11.5489 10.9196
110 MAE 0.1794 2.6686 1.8379 1.7598 3.7742 3.7728
MAPE 34.24% 355.19% 315.79% 578.84% 502.77% 665.81%
RMSE 0.2339 9.4260 6.8257 6.5914 11.5383 10.9348
200 MAE 0.0622 2.8121 1.9014 1.8266 3.7849 3.7828
MAPE 25.92% 545.75% 525.67% 3840.41% 721.89% 932.25%
RMSE 1.3976 11.1335 8.0977 7.9533 14.0285 13.2830
50 MAE 0.3008 2.6140 1.8020 1.7424 3.6725 3.6724
MAPE 49.38% 279.00% 288.97% 487.88% 340.87% 449.90%
RMSE 0.7389 11.4702 8.4991 8.2285 14.1760 13.4179
60 MAE 0.1583 2.7361 1.9256 1.8176 3.7208 3.7173
MAPE 39.39% 341.03% 289.62% 282.19% 391.73% 515.92%
5 RMSE 0.7176 12.2329 8.5463 8.3889 14.5388 13.8041
80 MAE 0.1439 2.9031 1.9158 1.8250 3.8240 3.8240
MAPE 27.43% 330.84% 278.25% 730.42% 432.22% 559.53%
RMSE 0.5824 11.6102 8.5570 8.3539 14.4113 13.6339
110 MAE 0.1068 2.7677 1.9434 1.8363 3.7690 3.7685
MAPE 13.57% 264.40% 229.75% 543.45% 312.70% 398.99%
RMSE 0.2669 11.0806 8.1079 7.7729 13.8221 13.0660
200 MAE 0.0456 2.6438 1.8182 1.7094 3.6218 3.6209
MAPE 13.95% 586.85% 576.79% 515.46% 496.98% 807.62%
RMSE 1.1203 20.2995 15.6622 14.5914 24.7968 22.8664
50 MAE 0.1023 2.3727 1.7810 1.6260 3.1578 3.1488
MAPE 16.13% 426.58% 1066.80% 313.60% 608.16% 1029.91%
RMSE 0.7281 18.7881 15.3222 14.2872 23.5393 21.5348
60 MAE 0.0634 2.1991 1.7204 1.5959 2.9665 2.9585
MAPE 15.23% 560.06% 498.05% 412.03% 792.66% 1094.93%
10 80 RMSE 0.5782 20.0287 15.5950 14.4913 24.5732 22.7300
MAE 0.0510 2.3632 1.7720 1.6288 3.1355 3.1303
MAPE 9.08% 493.00% 346.63% 766.65% 504.31% 656.37%
110 RMSE 0.3750 18.9581 15.1083 13.9556 23.7643 21.8498
MAE 0.0303 2.2188 1.7062 1.5569 3.0175 3.0116
MAPE 6.13% 615.14% 689.25% 640.20% 601.42% 1050.15%
200 RMSE 0.1549 17.5049 13.9856 13.0382 22.3069 20.3454
MAE 0.0135 2.0353 1.5784 1.4516 2.8053 2.7961
MAPE 2.80% 644.37% 528.91% 638.41% 496.67% 784.75%
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Table 2
The RMSE and MAE for DGPIL
T n measures P-LM P-CM P-CRM P-Minmax NWM LLM
RMSE 1.6847 6.5357 1.7033 1.7062 11.0164 10.8856
50 MAE 0.4682 2.6402 0.4624 0.4436 4.9368 4.9369
MAPE 46.37% 217.03% 62.18% 69.89% 251.47% 263.99%
RMSE 1.5579 6.6775 1.5547 1.5595 10.9793 10.8463
60 MAE 0.4313 2.6911 0.4313 0.4084 4.9429 4.9429
MAPE 41.12% 218.47% 62.95% 61.51% 271.70% 288.24%
3 RMSE 1.4352 6.5901 1.5598 1.5520 10.7789 10.6441
80 MAE 0.3936 2.6580 0.4466 0.4068 4.8512 4.8512
MAPE 38.91% 246.56% 56.37% 54.63% 266.51% 281.29%
RMSE 1.5046 6.6675 1.4906 1.4902 10.9434 10.7899
110 MAE 0.4452 2.7280 0.3935 0.3794 1.8272 4.9189
MAPE 32.55% 229.75% 55.39% 53.46% 289.99% 309.40%
RMSE 1.4451 6.6765 1.4416 1.4443 10.9533 10.7829
200 MAE 0.4554 2.6932 0.3976 0.3795 4.9269 4.9260
MAPE 25.55% 228.67% 50.39% 52.43% 287.38% 365.30%
RMSE 1.5159 8.6493 2.3411 2.3577 14.4736 14.2641
50 MAE 0.3864 2.6404 0.4498 0.4212 4.8779 4.8779
MAPE 42.29% 320.94% 69.71% 71.19% 282.39% 371.18%
RMSE 1.5214 9.0040 2.3151 2.3122 14.4930 14.2453
60 MAE 0.4101 2.7071 0.4694 0.4467 4.9002 4.8990
MAPE 37.95% 336.69% 63.57% 65.26% 212.65% 344.26%
4 RMSE 1.3944 8.8546 2.3381 2.3436 14.7135 14.4496
80 MAE 0.3771 2.7172 0.4621 0.4416 4.9530 4.9530
MAPE 31.54% 382.93% 61.26% 58.72% 285.49% 449.03%
RMSE 1.1812 8.8191 2.3524 2.3523 14.6146 14.3075
110 MAE 0.3227 2.6974 0.4642 0.4597 4.8954 4.8951
MAPE 24.21% 392.94% 59.76% 62.99% 306.96% 522.96%
RMSE 0.8801 8.8151 2.2785 2.2791 14.6868 14.3963
200 MAE 0.2283 2.6818 0.441 0.4316 4.9457 4.9443
MAPE 18.17% 323.18% 54.76% 55.86% 330.88% 385.86%
RMSE 1.3820 10.7204 3.4341 3.4367 18.1689 17.7923
50 MAE 0.2835 2.5994 2.6147 0.5398 0.5307 4.9083
MAPE 22.54% 438.27% 62.18% 68.69% 422.70% 504.89%
RMSE 1.3524 11.0094 3.3265 3.3225 18.1558 17.7991
60 MAE 0.2962 2.6815 0.5337 0.5147 4.9007 4.9007
MAPE 22.88% 275.46% 63.51% 58.12% 276.57% 331.28%
5 RMSE 1.2942 11.1237 3.2700 3.2662 18.4882 18.1171
80 MAE 0.2621 2.7341 0.5368 0.5225 4.9975 4.9959
MAPE 17.84% 251.74% 62.27% 55.43% 262.59% 309.38%
RMSE 1.0946 10.9671 3.2403 3.2299 18.1839 17.7603
110 MAE 0.2210 2.6720 0.5318 0.4956 4.8887 4.8880
MAPE 14.75% 223.46% 51.58% 54.36% 339.59% 405.88%
RMSE 0.7475 11.1279 3.2320 3.2322 18.5084 18.0813
200 MAE 0.1326 2.7102 0.5102 0.5046 4.9741 4.9722
MAPE 9.53% 273.44% 49.65% 48.36% 292.46% 353.00%
RMSE 1.1828 22.9577 7.9839 7.9793 36.1096 35.3445
50 MAE 0.1036 2.8142 0.6417 0.6232 4.8968 4.8968
MAPE 6.76% 427.04% 179.89% 174.56% 271.54% 421.42%
RMSE 1.1739 22.7227 7.6207 7.6329 34.9582 34.1529
60 MAE 0.1124 2.7621 0.6114 0.5942 4.7460 4.7460
MAPE 3.17% 432.68% 157.70% 141.16% 291.40% 436.63%
10 RMSE 1.0737 21.5598 7.4378 7.4531 36.8868 36.1311
80 MAE 0.0996 2.6463 0.6193 0.5906 5.0145 5.0143
MAPE 2.63% 202.20% 95.29% 102.87% 236.03% 260.05%
RMSE 0.8497 21.7974 7.2795 7.2758 36.6258 35.8193
110 MAE 0.0737 2.6567 0.5817 0.5666 4.9731 4.9731
MAPE 1.98% 224.43% 105.43% 120.32% 253.01% 281.34%
RMSE 0.4425 22.2898 6.9306 6.9307 36.4988 35.6825
200 MAE 0.0274 2.7261 0.5416 0.5389 4.9603 4.9603
MAPE 1.69% 267.63% 119.96% 136.54% 281.01% 326.99%
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nonlinear relationships). Table 2 report simulation results for DGPII
(panel interval-valued data with linear relationships).

From Table 1, we have the following three findings. (1) The pro-
posed estimator is consistent when dealing with the panel interval-
valued data with nonlinear relationship, since the RMSE, MAE, and
MAPE of the proposed model P-LM decrease as both » and T grow.
For example, when fixing T = 3 and let » = 50,60,80,110, and
200, the RMSE of the proposed model are 1.4885, 1.1315 (-0.357),
1.0485 (—0.083), 0.6129 (—0.4356), and 0.3050 (—0.3079), and the MAPE
of the proposed model are 62.89%, 57.75% (—5.14%), 42.96% (—19.93%),
30.25%(—32.64%), 22.44% (—40.45%) (the number in parentheses rep-
resent the gap between current sample size and previous sample
size). When fixing n = 80 and let T = 3,4,5,10, the RMSE of the
proposed model are 0.3891, 0.3154 (—0.1473), 0.7176 (—0.1784), and
0.5782 (—0.1394), and the MAPE of the proposed model are 42.96%,
42.75% (—=0.21%), 27.43% (—15.53%), 9.08% (—33.88%)(the number in
parentheses represent the gap between current sample size and pre-
vious sample size). (2) The estimators derived from P-CM, P-Minmax,
P-CRM, NWM, and LLM may be not consistent when dealing with
the nonlinear panel interval-valued data, since the RMSE, MAE, and
MAPE of the models P-CM, P-Minmax, P-CRM, NWM, and LLM have
no apparent trend of decreasing in most case as n or T or both n and
T grow. For the models P-CM, P-Minmax and P-CRM, the reason is
that they are constructed based on linear specification. For the models
NWM and LLM, the reason may be that the features used by these
models are insufficient to describe the true nature of the interval-valued
data, that is, the interval range feature is overlooked. (3) For given n
and T, our proposed model P-LM performs well compared with the
models P-CM, P-Minmax, P-CRM, NWM, and LLM. For example, when
n =110 and T = 10, the MAE of the models P-LM, P-CM, P-Minmax,
P-CRM, NWM, and LLM are 0.0303,2.2188 (+2.1885), 1.7062 (+1.6759),
1.5569 (+1.5266),3.0175 (+2.9872), and 3.0116 (+2.9812), and the MAPE
of the models P-LM, P-CM, P-Minmax, P-CRM, NWM, and LLM are
6.13%, 615.14% (+609.01%),689.25% (+683.12%), 640.20% (+634.07%),
601.42% (+595.29%), and 1050.15% (+1044.02%) (the number in paren-
theses represent the gap between the proposed model (P-LM) and the
corresponding model). Moreover, the models P-LM, P-CM, P-Minmax,
P-CRM, NWM, and LLM show an ever lower predictive validity. The
range of MAPE of the models P-LM, P-CM, P-Minmax, P-CRM, NWM,
and LLM are greater than 100%.

Table 2 displays the RMSE, MAE, and MAPE for DGPII. Four main
findings are listed as follows. (1) The RMSE, MAE, and MAPE of
the models P-LM, P-CRM, P-Minmax decrease in most case as n fix
and T grow, indicating that the three corresponding estimators are
consistent. For instance, when T = 5, n = 50, 60, 80, 110, and 200, the
RMSE of the model P-LM are 1.3820, 1.3524 (—0.0296), 1.2942 (—0.0582),
1.0946 (—0.1996), and 0.7475 (—0.3471) (the number in parentheses
represent the gap between current sample size and previous sample
size), the RMSE of the model P-CRM are 3.4341, 3.3262 (—0.1079),
3.2700 (—0.0562), 3.2403 (—0.0297), and 3.2320(—0.0083), and the RMSE
of the model P-Minmax are 3.4367, 3.3225 (—0.1135), 3.2662 (—=0.0563),
3.2299 (-0.0363), 3.2322 (+0.0023). While, the RMSE and MAE of the
models P-CM, NWM, and LLM have no apparent trend of increasing or
decreasing in most case as n or T or both n and T grow, indicating that
the estimators may be not consistent when dealing the panel interval-
valued data with linear relationship. (2) The RMSE and MAE of the
model P-LM decrease in most case as n or T or both n and T grow,
indicating that the corresponding estimator is consistent. (3) For given
the small sample » and T, the models P-LM, P-CRM, P-Minmax can
be outperform the other two models NWM and LLM. For example,
when T = 3, and n increases, the prediction accuracy for the models
P-LM, P-CRM, P-Minmax have a small gap, and the RMSE and MAE
of the models P-LM, P-CRM, P-Minmax are significantly smaller than
those of other three models, P-CM, NWM and LLM. The reason for the
simulation result of the models is that the interval range feature for
these models is overlooked. (4) The proposed model P-LM is better than
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Table 3

The RMSE and MAE for air quality dataset.
Models RMSE MAE MAPE
P-LM 0.3982 0.3761 2.37%
P-CM 0.9450 1.6544 35.41%
P-CRM 0.4227 0.4359 2.57%
P-Minmax 0.4226 0.4336 2.57%
NWM 1.4370 2.5942 55.32%
LLM 1.4267 2.5942 55.80%

all the other models as T increases. For instance, when T = 3, and n
increases, the MAPE range of P-LM is less than 46.37%, but the MAPE
range of the models P-CM, P-CRM, P-Minmax, NWM, and LLM is greater
than or equal to 50.39%, and when T = 10, and » increases, the MAPE
range of P-LM is less than 6.76%, but the MAPE range of the models
P-CM, P-CRM, P-Minmax, NWM, and LLM is greater than 100%.

6. Real data analysis

This section uses two real panel datasets (air quality dataset and
stock price dataset) to compare the models P-LM, P-CM, P-Minmax,
P-CRM, NWM, and LLM.

6.1. Air quality dataset

Interval-valued observations about air quality are considered in
[11]. This dataset collects four cities (Hangzhou, Chongqing, Beijing,
and Tianjin for the past nine years) over nine years (2014-2022) with
five variables: the annual air quality index (AQI), particulate matter of
less than 10 and 2.5 pm in diameter (PM 10 and PM 2.5), sulfur dioxide
(SO2), nitrogen dioxide (NO2). We treat the AQI (y,) as response
variable, the PM 2.5 (x;;), PM 10 (x;,), SO2 (x;;3), and NO2 (x;,4) as
explanatory variables. All data are normalized for ease of calculation.

We establish our proposed model P-LM and other models P-CM, P-
CRM, P-Minmax, NWM, LLM, and we calculate the RMSR, MAE, and
MAPE for these models. The experiment results are shown in Table 3.
It is clear that our proposed model P-LM has the best performance.
Except for model P-LM, the models P-CRM and P-Minmax show better
prediction performance than the models P-CM, NWM, LLM. In fact, it
proves once again that ignoring the range inherent in interval-valued
data can potentially lead to biased predictive responses.

6.2. Stock price dataset

This dataset contains the daily highest and lowest stock prices of 35
transportation companies in the Chinese road transportation industry
from January 1st, 2021 to January 10th, 2021 (8 trading days). The
datasets can be found at https://vip.stock.finance.sina.com.cn/mkt/.
The highest and lowest prices of a stock serve several purposes in the
stock market, such as trend analysis, support and resistance levels,
and volatility assessment. They are essential indicators in the stock
market, offering insights into price movements and market activity and
assisting investors in making informed investment decisions. We study
the influence of the previous day’s highest and lowest stock prices
on the next day’s highest and lowest prices. Let the previous day’s
highest and lowest prices as interval explanatory variables (x;,) and the
next day’s highest and lowest prices as interval response variable (y;,),
we construct a first-order lag panel interval-valued data model. Fig. 1
illustrates the stock price dataset.

The comparison results between the models P-LM, P-CM, P-CRM, P-
Minmax, NWM, and LLM for stock price dataset are shown in Table 4.
It presents that our proposed model P-LM exhibits the best prediction
accuracy than other models, since our proposed model P-LM has the
smallest values of RMSE, MAE, and MAPE than other models P-CM,
P-CRM, P-Minmax, NWM, and LLM.


https://vip.stock.finance.sina.com.cn/mkt/
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Fig. 1. Panel interval-valued data plot for stock price.

Table 4

The RMSE and MAE for stock price dataset.
Models RMSE MAE MAPE
P-LM 0.1252 0.1386 2.16%
P-CM 4.8636 5.7796 104.01%
P-CRM 0.1620 0.1668 2.52%
P-Minmax 0.1725 0.1725 2.60%
NWM 0.2116 0.2245 3.52%
LLM 0.1645 0.1879 3.07%

7. Conclusions

For the observations of panel data that are characterized by inter-
vals rather than single point values, we established a fixed effects panel
interval-valued data model based on the center and range of intervals.
Under the profile least squares framework, we further proposed a
locally linear method for the proposed model. As far as we know,
our proposed model and corresponding estimation method present
the first endeavor to use the full interval information dealing with
panel interval-valued data with the nonlinear relationship. Thus, com-
pared with P-CM, P-Minmax, and P-CRM, our proposed model and
corresponding estimation method allow for more complex relationships
between the response and explanatory variables. In addition, our pro-
posed model does not make any assumptions on the form of a nonlinear
component. Later, experimental results demonstrated that our proposed
model and corresponding estimation method achieve high prediction
and outperform the other models in most case.

Although our proposed estimation method considers the nonnega-
tivity of the range of predictive response, as shown in Eq. (33), the
employing transformation in the last procedure is bunt and thereby may
be leading to a biased predictive response. Following this, our future
work will consider further exploring the nonnegativity of the range of
predictive response, similar to the cross-sectional model for interval-
valued data [51,52], imposing the restriction or adding the nonnegative
constraint on the proposed model.
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Appendix

A.1. Proof of Theorem 1

Considering the estimator of m;(x)
Ay (x€) = 5§ (x)Y MCY*©
= 55(x) M¢(m(X) + Dy’ +¢)
= SZ(XC),MCWII(XC) + SZ(XC)IMCS

where s¢(x?) = €|[(XYW,(x)X TN (XYW;(x%) and M® = T -
D[D'G*D]"'D'G¢. In fact, M¢m(X¢)Du¢ = 0 is used in the third equal-
ity. Define i1 (x¢) = s;'l(xc)’Mcml(XC), and m;,(x¢) = S;(XC)IMCE. To
derive the asymptotic distribution of m,(x¢), we provide the following
Lemmas 1, 2, and 3, and derive the asymptotic distribution of m,(x¢)
and m,(x°).

Lemma 1. Under Assumptions (A1) — (A4),

() (XY W (x)X*

_ < F() +0,(1)

romy (x€) H? + 0,(H?1,)
Ky H2my (x€) + 0,(H?1,) ’ ’ ) (A

Ky f (XY H? + 0,(H?)
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(D'G°D)™" =(D'D)™" +0,(c,) (A2)
where ¢, = ||H||? + /(nT|H|)~1/2
Proof. Recall the kernel density estimation
n T
() YN Ky (x,x) = f(x) + O,(IH [P + 0,((nT|H)™'/?)  (A.3)

i=1 1=1
Under Assumption (A4), the right-hand side of equality turns into
F&x) + 0,(1). The detailed proofs of (A.1) and (A.2) can be refer
to [14,15,49]. [

Lemma 2. Under Assumptions (A1) — (A4),

iy (x€) = m(x°) + By (A.4)
where By = %Kztr {Hm,  H} +O,(|H|I*) + O,(nT|H|)™' /|| H||) is the

bias term of i (x°).

Proof. We decompose m;,(x¢) into two parts below.

=s2(xc)'Mcm1(Xc)
=56 (x*) m; (X°) — 55 (x°) D[D'G* D17 D' G*m; (X°)
=0,(x%) — 6,(x)

My (x€)

where 8, (x) = s¢(x¢)'m(X) and 0,(x°) = 5¢(x°) D[D'G* D' D'G*m,
(X°). Further,

0,(x) =m (x) + %Kzt’ {Hm,  H} +O,(1H|*) + O,(nT|H)' || H|))
(A.5)

n T

) c 1 c\— c

by(x) =—— (1 = K2 (x%) 2wl HPmy ) Y Y my (e +c,)
i=2 t=1

—2 ’
C) 1

T
3 mx) +c,)

t=1

'M=

Il
= N

2 2
Hm )

—1)? I
G 4T) ¥ mGE) +e,)

t=1

Hzmlx 3

i=2

(=i f(x)72ml,

(A.6)

It shows that the expectation of §,(x¢) converges to 0 as n — co. We
proof (A.5) and (A.6) below. We first consider 91(xc) Using a Taylor
expansion for the function m;(x{,) around this point x° and converting
into a matrix form, we have

my(X€) =lpm(x°) + (X = LpxImy  + %Qm +R,

oo [m(x©) 1
=xc|"! +-0,+R
[ ml,x 2Qm "
where Q,, = (X —1,7x)m; xx (X —1,7x°), m xx is a px p dimensional

diagonal matrix whose diagonal elements are all Hessian matrix m,(x¢)
evaluated at x° and denoted as m, ,,. R,, is the Taylor series remainder
terms. Plugging this back to 8,(x),

6(x°) =56 (x°) m(X©)
=m(x°) + %SZ(XC)’Q," +55(x°)R,,
R,, left multiplied by e [(X¢)'W;(x*) X1~ (X)W} (x%) is of negligible

order compared to the term Q,, left multiplied by same, and equals to
O(IH||*). Also,

55 () @, =€ (X)W ) KT (R W N = by X my ey (X = Lrx
={ L)~ (X)W, () KT

(nT)™! E‘ . Z,_ Ky (x5, x5, = XY my (x5, — x€)
(nT)” Z! 1 Zr 1 {K"(X“,XL‘)(X - xc)/m] XX xfr C)} (XU = x9)
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Using Lemma 1, the expectation of s§(x“)'Q,, is

E(s$ (x)' Q,,) =kytr { Hm, . H } + O(| H||*)

and for the variance, using the same method, it is straightforward to
show that Var(s¢ (x°)'Q,,) = O((nT|H|)™"|| H||*). Hence,

A (vCy _ e, 1 4 -1/2

0, (x) = m(x°) + 2K2tf {Hm  H} + O,(H|I") + O, ((nT|H )™ /I HI)

The proof of (A.5) is complete.
Let us consider §,(x¢) below,
05(x°) = s¢ (x°) D[D'G*DI™' D' G°m; (X°)
= 55(x) D[D'G* DI™'D'[1,7 - SV U — S5 1my(X6)
=0y (x°) = Oy (x) = By3(x°) + By (x°) + 0,(1)
where
0, (x°) =s¢ (x°) D[D' D]~ D'm;(X®)
922(x )—sh(x Y D[ D’ D]_ D' (S )ml(X )
923(x )=sh(x YD[D'DI"' D’ S;{ml(X )
04 (x%) =5¢ (x°) D[D' D17 D' (5%,) S¢,m; (X°)
The common matrix s¢(x°)' D[D'D]~'D’ in estimator 01 (x%), Byy(x°),

0y3(x¢), and 0,,(x°) is given by

2m! Hzml,x)e’(l +c,)

1x

s¢(x°)' D[D' D™ D' = nzLT(l — Ky f(x€)” (A7)

where e is an nT dimensional vector whose the first T elements are
zeros and the rest elements are ones. In fact,

S;(XC)/D[D/D]_ID’ — efl [(Xc)’vVl(Xc)Xc]_l(Xc)/VVl(XC)D[D/D]_ID,
where the derivation of (nT)~'(X¢)W;(x°) is given in Box I, and us-

ing Lemma 1, we can obtain (A.7). Thus,

(=i f () 2ml Hmy ) Z Z my (x$)(1 +c,)

A 1

0, (x°) = —
2
n-T i=2 t=

~ A n—1 _
Byp(x°) = B3 (x) = F(l — i f () HPmy )

n T
X Y my ()1 +¢,)

i=1 t=1

By (x%) = (A =k f(x)2mi) _H?my ) ZZml(x”)(l +c,)

i=l t=

(n—1y7
T
The proof of (A.6) is complete. []

Lemma 3. Under Assumptions (A1) — (A4),

d
VAT TH () — N(O,

2
S0,

S(x)

) (A.8)

Proof. Since
Ay (x€) = 8§ (x°)Y M e
= X)W OXTIXY W (x)M e
Using the kernel density function, we obtain
E(h,(x€) =0
% oqily
+
F(x)
Combining Lemmas 1, 2, and 3, we prove Eq. (41) in Theorem 1. Sim-
ilarly, using the same procedure, we can prove Eq. (42) in Theorem 1.
Note that the asymptotic distribution of m(x") can be derived in the

same way as the asymptotic distribution of m;(x¢). Then, the proof of
in Theorem 1 is complete. []

Var(ii,(x€)) =
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(T Ky (x€,, x°)

—1 /ey Y —
(nT)™ (X°) Wl(x )= ("T)_IKH(xil’xc)(xil — x©)

(nTY 'Ky (x6,,x)
()™ Ky (x5, X)(x], = x°)

(T Ky (x6 ., X°)

(W)™ K gy (x5, X)(xg = x°)

Box L.

A.2. Proof of Theorem 2

Under Assumptions (A1) — (A4), when H = hi,, by Egs. (A.5) and
(A.8), we have

O () = m () = 3 K2+ OCRY) + OTY 217

€00, £2£
nT hd f(x€)
Using the same method in deriving E(#, (x¢) — m;(x¢)) and Var(s, (x¢) —
m;(x¢)), we have

Var(rir (x¢) — m; (x°)) = +O((nT)~ o+l

E(hy(x") — my(x")) = %Kzrﬂmz,xx +0h*) + O((nT)_% n3)

gOO-ezc
nT hd f(x€)
The goodness-of-fit criterion between (m(x¢),m,(x")) and (7 (x),
,(x")) is usual mean integrated square error (MISE),

Var(riny (x") — my(x")) = +0((nT)"'ha*1y

MISE(##1; (x€), #p(x"))
=E { / (my () = iy (x))*dx° + / (my(x") = rhz(x')>2dx’}
By using the Fubini’s theorem, we can show that
MISE(#1; (x), iy (x")) = IV(ii; (x)) + IV (x")) + IBS(r (x)) + IBS (171, (x"))

where IV(-) is the integrated variance and IBS(-) is the integrated square
bias.

IV, (x9)) = /Var(rﬁl(xc) —my(x))dx*
V(s (x7) = / Var(iy(x") — my(x"))dx¢
IBS(ri1) (x)) = /(]E(';h(xc)) - my (x))*dx*

IBS(ty (x')) = / (Ein(x") — my(x")2dx"

Now putting both bias and variance together, we obtain the MISE of
1y (x€) and 7, (x"):
2

’1_2 Rt {/ml,xxmi,xxdxc +/m2,xxm;.xxdxr}
% .{a; / FOEN x40 / (f(x’))-ldx’}

nT h4
+0,(h" + op((nT)‘% R'71) + O((nT) " h=ethy

MISE(#; (x°), i, (x")) =

The first two term,

K2
TZ “ht- {/ml’x"‘m/l,xxdxc * _/ mz’xxm;,xxdxr} "
. {6525 Jueortax e [ <f<x’))“dx’}

is called the asymptotical mean integrated square error (AMISE). Thus,
the smoothing bandwidth minimizing the AMISE is

So
nT hi

q ol [(f) N dx + 02 [(f(xN)'dx"}
nT {f ml’xxm/l’xxdx‘ +/ mz’xxm’z’xxdx’}

Thus, the proof of Theorem 2 is complete.

opt —
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