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J (u, Ω) =

∫

Ω

n+1∑

i=1

{
f i(x, Dui) + gi(x, (adjnDu)i)

}
dx

F?I=J?K?L?M6N
u = (u1, . . . , un+1) : Ω ⊂ Rn → Rn+1

F=O?P?Q
, R6S f i, gi : Ω×Rn →

R, i = 1, . . . , n + 1, T?U?V D?E?Q?W?X6F Carathéodory Y=Z . [?\6] F=^?_?W?X?`?ab6c=O?P?Q?Q?d
.

e?f?g O?P?Q
;
I=J?K?L?M

;
G=B?H?B
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Abstract This paper deals with regularity properties for vector-valued minimizers

u = (u1, . . . , un+1) : Ω ⊂ Rn → Rn+1 of variational integrals with splitting structure of

the form

J (u, Ω) =

∫

Ω

n+1∑

i=1

{
f i(x, Dui) + gi(x, (adjnDu)i)

}
dx,

where f i, gi : Ω×Rn → R, i = 1, . . . , n+1, are Carathéodory functions satisfying some
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Keywords Regularity; vector-valued minimizer; variational integral

MR(2010) Subject Classification 35A15

Chinese Library Classification O176

nporq � : 2022-04-19; spt q � : 2022-09-07upvpwrx
: ypzr{}|p~p� upvp����w�x (12071021);�p�p� {}|p~p� u�v (A2019201120) � �p�p�p�p� �p�p~������p������� wrx (ZD2021307)�p�p�p�
:
�p�p�



2 � � � � ����� 66 �

1 � � ¡ ¢ £
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. ½ Ω ⊂ Rn, n ≥ 2, ¾ ª¦¿¦ÀÁ
, Â¦Ã f i(x, ξ), gi(x, ξ) : Ω × Rn → R, i = 1, 2, . . . , n + 1, Ä¦Å Carathéodory Æ¦Ç ( È

x 7→ f i(x, ξ) É x 7→ gi(x, ξ) Ê¦Ë , Ì ξ 7→ f i(x, ξ), ξ 7→ gi(x, ξ) Í¦Î ). Ï¦Ð¦Â¦Ã u(x) =

(u1(x), u2(x), . . . , un(x), un+1(x)) : Ω → Rn+1, Ñ?Ò?Ó?Ô ¯?°?«?±?«

J (u, Ω) =

∫

Ω

f(x, Du)dx, (1.1)

Õ6Ö

f(x, Du) =

n+1∑

i=1

{
(f i(x, Dui) + gi(x, (adjnDu)i)

}
. (1.2)

×
(1.2)

Ö
, Dui = ( ∂ui

∂x1
, ∂ui

∂x2
, . . . , ∂ui

∂xn
), i = 1, 2, . . . , n, n + 1, Ø ui

¯?Ù?Ú6²=´
:

Du =




Du1

Du2

...

Duk

...

Dun

Dun+1




=




∂u1

∂x1

∂u1

∂x2
· · ·

∂u1

∂xn

∂u2

∂x1

∂u2

∂x2
· · ·

∂u2

∂xn
...

...
...

∂uk

∂x1

∂uk

∂x2
· · ·

∂uk

∂xn
...

...
...

∂un

∂x1

∂un

∂x2
· · ·

∂un

∂xn

∂un+1

∂x1

∂un+1

∂x2
· · ·

∂un+1

∂xn




∈ R(n+1)×n

Ø?Û?Ü (n + 1) × n Ý?Þ , adjnDu Ø?Û?Ü n ß?à?á?Ý?Þ :

adjnDu =




(adjnDu)1

(adjnDu)2

...

(adjnDu)k

...

(adjnDu)n

(adjnDu)n+1




=




det D̂u1

− det D̂u2

...

(−1)k+1 det D̂uk

...

(−1)n+1 det D̂un

(−1)n+2 det D̂un+1




∈ Rn+1,

â?ã
, Ï?Ý?Þ ξ ∈ R(n+1)×n, ξ̂k (k = 1, 2, . . . , n + 1) Ø6ä ξ å?æ?ç k è?é?ê?ë ¯ n × n Ý?Þ .ì

1.1 ( í ¥ [6, î 5.48]) ï u : Rn → Rn+1,
»

adjnDu ð?ñ6ò=Ô {u(x) : x ∈ Rn}
¯?ó

ô
.
×

n = 2
¯?õ?ö

, u(x1, x2) = (u1, u2, u3),
ª

adj2Du =




det D̂u1

− det D̂u2

det D̂u3


 =




∂u2

∂x1

∂u3

∂x2
−

∂u2

∂x2

∂u3

∂x1

∂u3

∂x1

∂u1

∂x2
−

∂u1

∂x1

∂u3

∂x2

∂u1

∂x1

∂u2

∂x2
−

∂u1

∂x2

∂u2

∂x1




∈ R3.
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¤¦¥¦§¦¨¦°¦«¦±¦«
(1.1)

¯³²µ´¦¶¦·¦¸¦¹
u = (u1, . . . , un+1)

¯���	¦º¦»¦¼
.
¥

[7]
Ö

De

Giorgi
¯�
�� ð� ·�¸�¹ Ê���Ø���� ¯ , ��� ×���� ·�¸�¹�¯�º�»?¼������ Ï f ������� ¯ Æ?Ç .���� �!?§?¨�"?±?«�# Â ²=´?¶¦·?¸ u : Ω ⊂ Rn → Rm (m, n ≥ 2)

¯?º?»?¼
. $�% º?»?¼�&

( È�' × ����( Ω0 ) � ¯?º?»?¼ É�����( Ω0

¼�*?¯?§?¨
, í ¥ [30, ç 4.2 + ] , [4, 10, 12,

13]). -�- º?»?¼?¯?�&�.�/ : Fusco É Hutchinson
× ¥

[11]
Ö10  " n = m = 2

õ?ö Ó ¯ -
-?Í?Î ¼ , Cupini É Leonetti

× ¥
[5]
Ö10  " n = m = 3

õ?ö Ó ¯ $�% º?»?¼ .
��	�2?¹?ª?¿

¼?¯?§?¨ í Bauman–Owen–Phillips [1], D’Ottavio–Leonetti–Musciano [8], Gao–Leonetti–Macŕı–

Petricca [18], Leonetti [25], Leonetti–Siepe [28, 29]. 3?ß?Ê ±?¼?§?¨ í Dougherty–Phillips
¯?¥

[9].

Û?Ü ¶ ê?î�4 ¯�5�6 Ø Cupini, Leonetti É Mascolo
¯?¥

[5],
¥6Ö=§?¨�" Û�7�8�9 ¯��;:=±«�# Â ²=´?¶?·?¸?¹?¯ $�% ª?¿?¼ . <�= �& í Carozza–Gao–Giova–Leonetti [3] É Gao–Shan–

Ren [20]
¯�>�?

.¤?¥ Ñ?Ò�@ ± Â?Ã f
©?ª?«?¬??®

(1.2)
¯?±?«�# Â (1.1). Fuchs–Seregin

× ¥
[13]
Ö10 " 7�A ¯?�& . ¾ " ê?ë ��	?º?»?¼ ,

��� Ï (1.2)
Ö=¯

f i É gi ����B�C ¼ Æ?Ç . D?½ f i(x, ξ)¯ B�C�E Ú 7�A |ξ|p, gi(x, ξ)
¯ B�C�E Ú 7�A |ξ|q , 0 < q < p

n , í?Ó?Ô ¯ (1.4) É (1.5).
¤?¥�0

 ²=´?¶?·?¸?¯���	?º?»?¼?¯�F�G�H?ó % «�I�J Ð ¥ [5]. K�L�M ,
¥6Ö1N�O�0 =ç?Û?Ü «?´ u1¯?º?»?¼

,
Õ�P?«?´

ui, i = 2, . . . , n + 1, Ê?ê�7�A �Q .

½ 1 < p < n. D?½�R ×�S Ã 0 < q < p
n , T?Ã 0 < ν ≤ M < ∞, a ≥ 0 É?Â?Ã

b(x) ∈ Lσ
weak(Ω), σ > 1, (1.3)

U Ï�V ª?¯ ξ ∈ Rn, i = 1, 2, . . . , n + 1,
ª

ν|ξ|p − a ≤ f i(x, ξ) ≤ M |ξ|p + b(x), (1.4)

−ν|ξ|q − a ≤ gi(x, ξ) ≤ M |ξ|q + b(x). (1.5)

×
(1.3)

Ö
, Lσ

weak(Ω) Ø�W Lσ(Ω) X�Y�Z Marcinkiewicz X�Y , [�\?¾�V ª Ä?Å�]?Ó ¼�*?¯ Ê?Ë
Â?Ã f : Ω → R: R × T?Ã γ > 0,

U

|{x ∈ Ω : |f | > k}| ≤
γ

kσ
, ∀ k > 0. (1.6)

Â?Ã f ∈ Lσ
weak(Ω)

¯�^ Ã�[�\?¾
‖f‖σ

Lσ
weak(Ω) = inf{γ > 0 : (1.6) _�` }.

a V�b�c ( í ¥ [2, d�e 3.13]): ï b ∈ Lσ
weak(Ω), σ > 1,

» R × T?Ã c = c(‖f‖Lσ
weak(Ω), σ) > 0,U ê?Ï�V ª Ê?Ë�( E ⊂ Ω,

ª
∫

E

|b|dx ≤ c|E|1−
1
σ . (1.7)

f�g
1.2 ï?Ï�h�4 v ∈ W

1,p
0 (Ω; Rn+1),

ª

J (u, Ω) ≤ J (v, Ω), (1.8)

»�i Â?Ã u ∈ W
1,p
0 (Ω; Rn+1) ¾ J

¯ Û?Ü ²=´?¶?·?¸?¹ .¤?¥?�&�j Ó :
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1.3 ½ ±?«�# Â
J (u, Ω) =

∫

Ω

f(x, Du)dx =

∫

Ω

n+1∑

i=1

{
f i(x, Dui) + gi(x, (adjnDu)i)

}

Ö=¯ @ ± Â?Ã?Ä?Å?Æ?Ç (1.4) É (1.5). l
t = min

{
1

σ′
,
p − nq

p − q

}
. (1.9)

½ u Ø J
¯ Û?Ü ·?¸?¹ ,

»
(i) t > p

p∗ ⇒ u ∈ L∞(Ω);

(ii) t = p
p∗ ⇒ ∃λ = λ(n, q, p, ν, a, σ, ‖b‖Lσ

weak
(Ω), |Ω|) > 0,

U ê eλ|u| ∈ L1(Ω);

(iii) t < p
p∗ ⇒ u ∈ Lτ

weak(Ω), τ = np
n−p−nt .ì

1.4
¤?¥?§?¨?¯?±?«�# Â ·?¸?¹?¯ R × ¼ Ê�]6äm���¦Æ?Ç ξ → fi(x, ξ) É ξ → gi(x, ξ)

Ø :=¯ ê?ë : n ��o�p?¥�q [6]
Ö=¯�r Í?Î ¼?�& È?Ê ( í?ç 166 s ¯ [�t 2.4 É?ç 167 s ¯ î

ii), iv); u?í?ç 180 s ¯ R × ¼ [�t 2.9 É?ç 181 s ¯ î 1), 3)).

2 vxw 1.3 yxzx{
[�t 1.3

¯�0  Ö1|�U�p�}�~?¯ Stampacchia ��t , í ¥ [31, ��t 4.1].��k
2.1 ½ c, α, β Ø º T?Ã , k0 ∈ R. ½?Â?Ã ϕ : [k0, +∞) → [0, +∞) ��B , Ì?Ï�h�4 ¯

h > k ≥ k0,
ª

ϕ(h) ≤
c

(h − k)α
[ϕ(k)]β . (2.1)

(i) ï β > 1,
»

ϕ(k0 + d) = 0,
Õ6Ö
dα = c[ϕ(k0)]

β−12
αβ

β−1 ; (2.2)

(ii) ï β = 1,
» Ï�h�4 ¯ k ≥ k0,

ª
ϕ(k) ≤ ϕ(k0)e

1−(ce)−1/α(k−k0);

(iii) ï β < 1, k0 > 0,
» Ï�h�4 ¯ k ≥ k0,

ª

ϕ(k) ≤ 2
α

(1−β)2 {c
1

1−β + (2k0)
α

1−β ϕ(k0)}

(
1

k

) α
1−β

.

Gao–Leonetti–Wang
× ¥

[19]
Ö1� � "

Stampacchia ��t ¯ Û��?î�� . ��t 2.1
¯���p É���

, í ¥ [14–16, 21–24, 26, 27].��� Ï J
¯6²=´?¶?·?¸?¹

u = (u1, u2, . . . , un, un+1) ∈ W
1,p
0 (Ω; Rn+1),

×
(1.8)

Ö1�
v = (v1, v2, . . . , vn, vn+1) = (Tk(u1), u2, . . . , un, un+1) ∈ W

1,p
0 (Ω; Rn+1),Õ6Ö

Tk(u1) Ø u1
×

k (> 0) ����M ¯���� , È
Tk(u1) = max{−k, min{u1, k}} =

{
u1, |u1| ≤ k,

k · sgn(u), |u1| > k,»

Dvi =

{
Du1 · 1Ω\A1

k
, i = 1,

Dui, i = 2, . . . , n + 1,
(2.3)
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Õ6Ö
A1

k = {x ∈ Ω : |u1| > k} Ø u1
×

k (> 0) M ¯�� ����( , 1E Ø�(�� E M ¯ 8��?Â?Ã , È��
x ∈ E

�
1E(x) = 1, � » 1E(x) = 0. ä u

¯?·?¸?¼ É?Ó���K�L :

v = u, � ∀x ∈ Ω \ A1
k

�
,

ª
∫

A1
k

n+1∑

i=1

{f i(x, Dui) + gi(x, (adjnDu)i)}dx

≤

∫

A1
k

n+1∑

i=1

{f i(x, Dvi) + gi(x, (adjnDv)i)}dx. (2.4)

Ñ?Ò f
¯ 8�9 ?® (1.2), ä (2.3) ê

f i(x, Dui) = f i(x, Dvi), i = 2, . . . , n + 1 É (adjnDu)1 = (adjnDv)1,
â�� ä (2.4) ê

∫

A1
k

(
f1(x, Du1) +

n+1∑

i=2

gi(x, (adjnDu)i)

)
dx

≤

∫

A1
k

(
f1(x, Dv1) +

n+1∑

i=2

gi(x, (adjnDv)i)

)
dx. (2.5)

�?¾ × A1
k M�����-�-

ª
Dv1 = 0 , V�]6ä=Æ?Ç (1.4) É (1.5) ê

∫

A1
k

ν|Du1|pdx − ν

∫

A1
k

n+1∑

i=2

|(adjnDu)i|qdx

≤

∫

A1
k

(
f1(x, 0) + (n + 1)a

)
dx +

∫

A1
k

n+1∑

i=2

(
M |(adjnDv)i|q + b(x)

)
dx

≤ (n + 1)

∫

A1
k

(b(x) + a)dx + M

∫

A1
k

n+1∑

i=2

|(adjnDv)i|qdx. (2.6)

ä=Ð n × n Ý?Þ D̂vi
¯ ç?Û?è?Ø Dv1, � (2.3) Ê�c Dv1 = 0. î�4?ë�� x ∈ A1

k

�
,

(adjnDv)i = (−1)i+1 det D̂vi = 0,
Õ6Ö

i = 2, . . . , n + 1. V�]6ä (2.6) ê
∫

A1
k

|Du1|pdx ≤
n + 1

ν

∫

A1
k

(b(x) + a)dx +

∫

A1
k

n+1∑

i=2

(|(adjnDu)i|)qdx

≤
n + 1

ν
c|A1

k|
1

σ′ +

∫

A1
k

n+1∑

i=2

(|(adjnDu)i|)qdx, (2.7)

â?ã�U�p�"
(1.7), c = c(‖b(x) + a‖Lσ

weak(Ω), σ). �?¾
∣∣(adjnDu)i

∣∣ =
∣∣∣(−1)i+1 det D̂ui

∣∣∣ ≤ c(n)|Du1| · · · |D̂ui| · · · |Dun+1|,

V�] ∣∣(adjnDu)i
∣∣q ≤ c(n, q)|Du1|q · · · |D̂ui| · · · |Dun+1|q.



6 � � � � ����� 66 �

î�4?ë�� x ∈ A1
k, i = 2, . . . , n + 1

�
, ��� ¯�� Û�������� |Du1|q , Ð?Ø

n+1∑

i=2

|(adjnDu)i|q ≤ c(n, q)|Du1|q |Dû|(n−1)q ,

Õ6Ö
Dû Ø�� Du

Ö å?æ?ç?Û?è?ê?ë ¯ n × n Ý?Þ . �?¾ q < p
n , V�] (n−1)q

p−q < 1,
U�p S Ã?¾

p
q É p

p−q

¯
Young  �¡�¢�]�, S Ã?¾ p−q

(n−1)q É p−q
p−nq

¯
Hölder  �¡�¢ , ê

∫

A1
k

n+1∑

i=2

|(adjnDu)i|qdx ≤ c(n, q)

∫

A1
k

|Du1|q |Dû|(n−1)qdx

≤ ε

∫

A1
k

|Du1|pdx + c(n, q, ε)

∫

A1
k

|Dû|
p(n−1)q

p−q dx

≤ ε

∫

A1
k

|Du1|pdx + c(n, q, ε)

( ∫

Ω

|Dû|pdx

) (n−1)q
p−q

|A1
k|

p−nq
p−q . (2.8)

|
(2.8) £�¤?ë (2.7)

Ö
,
�

ε = 1
2 ,
ª

∫

A1
k

|Du1|pdx ≤ c(|A1
k |

1
σ′ + |A1

k|
p−nq
p−q ) ≤ c|A1

k|
t, (2.9)

Õ6Ö
c Ø�¥�¦�§?Ð n, q, p, ν, a, σ, ‖b‖Lσ

weak(Ω) É |Ω|
¯ T?Ã , t ä (1.9) [�\ .

Ï?Ð h > k > 0, M�¢ ¯�¨�© Ê�] p Sobolev  �¡�¢�ª�« j Ó :
∫

A1
k

|Du1|pdx =

∫

Ω

|D(u1 − Tk(u1))|pdx ≥ Sp

( ∫

Ω

|u1 − Tk(u1)|p
∗

dx

) p
p∗

≥ Sp

( ∫

A1
h

|u1 − Tk(u1)|p
∗

dx

) p
p∗

≥ Sp(h − k)p|A1
h|

p
p∗ , (2.10)

Õ6Ö
S Ø�¥�¦�§?Ð n, p

¯
Sobolev T?Ã .

|
(2.10) £�¤?ë (2.9)

Ö
, ê

|A1
h| ≤

c

(h − k)p∗ |A
1
k|

tp∗

p ,

Õ6Ö
c Ø�¥�¦�§?Ð n, q, p, ν, a, σ, ‖b‖Lσ

weak(Ω) É |Ω|
¯ T?Ã . ������t 2.1

Ö=¯ Æ?Ç (2.1) Ï
k0 = 0, ϕ(k) = |A1

k|, α = p∗, β =
tp∗

p

_�` . ¬ × U�p ��t 2.1 ê?ë :

(i) ï β > 1, È t > p
p∗ ,
» R × Ä?Å (2.2)

¯ T?Ã d > 0,
U ê |Ad| = 0.

â��
|u1(x)| ≤ d,

a.e. Ω.
o�p

f(x, ξ)
×

(1.2)
Ö=¯ Ï i??® Ê?ê Õ�P?«?´ u2, . . . , un, un+1

¯ 7�A �& . ��� , Ï
i = 2, . . . , n + 1,

ª
|ui(x)| ≤ d, a.e. Ω.

�?¾
|u(x)| ≤

n+1∑

i=1

|ui(x)| ≤ (n + 1)d, a.e. Ω,

V�] u Ø ª?¿?¯ .



5 � ÷�ø�ù � : ú�û�ü�û-ý/þ�ÿ�������������� 7

(ii) ï β = 1, È t = p
p∗ ,
» Ï�h�4 ¯ k ≥ 0,

ª

|{|u1| > k}| ≤ |{|u1| > 0}|e1−(ce)−1/αk ≤ |Ω|e1−(ce)−
1
α k = |Ω|ee−(ce)−1/αk.

½ (ce)−1/α = 2λ1,
»

|{|u1| > k}| ≤ ce−2λ1k,
Õ6Ö

c = |Ω|e. ���
|{eλ1|u

1| > eλ1k}| = |{|u1(x)| > k}| ≤ ce−2λ1k.

½ eλ1k = k̃, ê?ë
|{eλ1|u

1| > k̃}| ≤
c

k̃2
.

U�p?¥�q
[2, ��t 3.11]

Ö=¯
g ∈ Lr(Ω), r ≥ 1

¯��� Æ?Ç?Ø
∞∑

k=1

kr−1|{|g| > k}| < +∞.

M?Ô ¯ ��t Ö1� g = eλ1|u
1|, r = 1. �?¾

+∞∑

k̃=1

|{eλ1|u
1| > k̃}| ≤ c

+∞∑

k̃=1

1

k̃2
< +∞,

V�] eλ1|u
1| ∈ L1(Ω). ®�t , R × T?Ã λi, i = 2, . . . , n + 1,

U
eλi|u

i| ∈ L1(Ω), i = 2, . . . , n, n + 1.

½ λ̄ = min1≤i≤n+1 λi,
ª

∫

Ω

e
λ̄|u|
n+1 dx ≤

∫

Ω

e
λ̄(|u1|+···+|un+1|)

n+1 dx ≤

∫

Ω

e
λ1|u1|

n+1 × · · · × e
λn+1|un+1|

n+1 dx

≤

n+1∏

i=1

(∫

Ω

eλi|u
i|dx

) 1
n+1

< ∞,

È eλ|u| ∈ L1(Ω), λ = λ̄
n+1 .

(iii) ï β < 1, È t < p
p∗ ,
» Ï�h�4 ¯ k > 0,

ª

|A1
k| ≤ c

(
1

k

) α
1−β

= c

(
1

k

) np
n−p−nt

,

Õ6Ö
c Ø?Û?Ü�¥�¦�§?Ð n, q, p, ν, a, σ, ‖b‖Lσ

weak(Ω), σ É |Ω|
¯ T?Ã , Ð?Ø

u1 ∈ Lτ
w(Ω), τ =

np

n − p − nt
.

7�A�¯ , ui ∈ Lτ
weak(Ω), i = 2, . . . , n + 1. ��� u ∈ Lτ

weak(Ω; Rn+1). [�t 1.3
0�°

.

±�² ³�´�µ�¶�· ¯?ª�¸�¹�º
.

» ¼ ½ ¾
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3: 1–77.


