J. Math. Anal. Appl. 465 (2018) 885-902

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Smallness and cancellation in some elliptic systems with measure
data

L))

Check for
Updates

Francesco Leonetti®, Eugénio Rocha ", Vasile Staicu”

& Dipartimento di Ingegneria e Scienze dell’Informazione e Matematica, Universita di L’Aquila, 67100
L’Aquila, Italy

b CIDMA - Center for Research and Development in Mathematics and Applications, Department of
Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal

ARTICLE INFO ABSTRACT
Article history: In a bounded open subset 2 C R™, we study Dirichlet problems with elliptic systems,
Received 28 February 2018 involving a finite Radon measure p on R™ with values into R", defined by

Available online 15 May 2018
Submitted by A. Cianchi

{ —div A(z,u(z), Du(z)) =p in Q,

Keywords: u=0 on 092,

Elliptic

System N n

Existence where A% (z,y,&) = > > az’-ﬁ (x,y)ff with @« € {1,...,N} the equation
Solution B=1j=1

Measure index. We prove the existence of a (distributional) solution u : Q — RN,

obtained as the limit of approximations, by assuming: (i) that coefficients a%ﬁ are
bounded Carathéodory functions; (ii) ellipticity of the diagonal coefficients a;""; and

4,3 0
(iii) smallness of the quadratic form associated to the off-diagonal coefficients af‘f

(i.e. a # B) verifying a r-staircase support condition with » > 0. Such a smallness
condition is satisfied, for instance, in each one of these cases: (a) aio‘f = —aff
(skew-symmetry); (b) |a?ﬁ’jﬁ| is small; (c) a?”jﬁ may be decomposed into two parts,
the first enjoying skew-symmetry and the second being small in absolute value.
We give an example that satisfies our hypotheses but does not satisfy assumptions
introduced in previous works. A Brezis’s type nonexistence result is also given for
general (smooth) elliptic-hyperbolic systems.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let us consider the Dirichlet elliptic problem

—div [A(z,u(x), Du(z))] = p in €, (1.1)
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u=0 on 0f, (1.2)

where u : Q@ C R® — RV, 11 is a measure on R” with values into RV and A satisfies suitable coercivity and
growth conditions. We note that (1.1) is a system of N equations.

First consider the case N =1, i.e. (1.1) is only one single equation. Existence of distributional solutions
u: Q C R™ — R has been deeply studied, starting from [11], see [16], [25], [12], [61], [7] and the survey
[8]. Uniqueness seems to be a delicate matter, e.g. see [62], [5], [32] and the introduction of [24]. Regularity
results are contained in [56], [57], [59], [17], [18], [58], [35], [40], [3], [2], [14] and the survey [60] (see also [9]
and [10]). Note that existence of solutions is usually obtained by a truncation argument, which shows why
the vectorial case N > 2 is difficult and only few contributions are available in the literature. In fact, for
systems N > 2, the p-Laplacian A(x,y, &) = |£|P~2¢ is treated in [31] and [26], and the anisotropic case, in
which each component of the gradient D;u may have a possibly different exponent p;, is dealt in [50] and
[51]. Let us mention [41] for pointwise potential estimates in the framework of vectorial p-Laplacian. Let us
write (1.1) using components, that is,

- Z aii [A¥(z,u(x), Du(z))] = p~ forae{l,...,N}. (1.3)

030 ) AL g (T~ bx b)E)? (1.4)

for every b € RN with |b| < 1; see also [42], [6], [20] where (1.4) has been used. In [63], the author assumes
the componentwise sign condition

0< > A @,y €8 (15)
=1

for every o € {1,...,N}. When N = 2, (1.4) implies (1.5), since it is enough to take first b = (1,0) and
then b = (0,1). In [52], the authors consider that A is independent of y and satisfies the componentwise
coercivity condition

VP M <Y AN (@, €)E7 (1.6)

i=1

for every o € {1,..., N}, for some constants v € (0, +00) and M € [0, +00). In [28], they relax (1.4) to some
extent

n

N
—cl¢]? = g(z) <) AN (w,y,€)((Id — b x b)E)? (1.7)

a=1i=1

for some ¢ € [0, +0), g € L' (Q) and ¢q € [1,n) where £ — A(z,y,&) is n-coercive.

We note that in [32], [30] and [53] the authors do not truncate u. They modify Du and then adjust
via Hodge decomposition; such a procedure requires the dimension n to be the exponent in the coercivity
condition for A. The authors use nice estimates for Hodge decomposition, which have been studied in [33]
(see also appendix A, in [34]).
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Fig. 1. (left) Support contained in a staircase set; (right) Support contained in a r-staircase set.

In [54], the authors consider quasilinear systems, i.e. systems (1.3) with

N n
A (,y,8) =Y alf (2,9) €], (QL)
B=1j=1
where the bounded coefficients a; f (z,y) are measurable with respect to z and continuous with respect to

y. Moreover, they assume ellipticity for the diagonal coefficients a;"*

n
m|A|? < Z ag (g NN (1.8)
i,j=1
for every a = 1,--- , N, for some constant m € (0,+00); assume that off-diagonal coefficients a ’ﬁ (with
a # ) are small
1/2

N n
Y2 > eyl ) <L<m (1.9)

a=1 Bai,j=1

and require that off-diagonal coefficients have support contained in a staircase set, along the diagonals of
the y® — y” plane, defined as

(1.10)

a# P, a”(l‘y)#O = yGU{h<|y|<h+1}

h<|y?|<h+1

see Fig. 1 (left). However, smallness condition (1.9) does not take into account cancellations that might
occur and condition (1.10) does not allow (general) compact supported off-diagonal coefficients.

In the present paper, we also deal with quasilinear systems (()L), assuming that coefficients aff are
bounded Carathéodory functions and satisfy the ellipticity condition (1.8). Nevertheless, instead of (1.9),

we require

N n
SNl (myere > 92 Z al (2, y)ERES (1.11)

a=1fB#ai,j=1 a=14,j5=1
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for some constant 6 € (0, 1). This allows to deal with skew-symmetric off-diagonal coefficients a; f f o,

independently of their magnitude. Indeed, in such situation, the left hand side of (1.11) is zero and the
right hand side is negative because of (1.8). Further, condition (1.11) covers condition (1.9), where it is
imposed that off-diagonal coefficients are small, by choosing § = L/m and using (1.8). The linearity of

the condition (1 11) with respect to a; ’ﬁ implies that it also holds when off-diagonal coefficients split as
f‘f =ag) P as J , with a skew- symmetrlc part a; ’5 af i and a part a;" % that verifies (1.9). Regarding

condltlon (1 10), the staircase with step size 1, we let the step size to be any fixed » > 0 by define the
r-staircase condition

a# B aP(ey) £0 — yeU{Z:z:zﬁ:ig IBZ} (1.12)

see Fig. 1 (right). Now coefficients with any compact support are allowed.

We prove existence of distributional solutions to (1.1)—(1.2), where precise assumptions and state-
ments of the results are written in Section 2, giving an example of a quasilinear system that fits our
conditions but none of the conditions in the above cited works. The proof is based on componentwise
truncation arguments in strips and approximation techniques. The a priori estimate required to prove
existence is contained in Lemma 1. Theorem 1 is the main result of this work, which shows the exis-
tence of a distributional solution u € VVO1 o (Q,RN ) for any 1 < ¢ < 7 and finite Radon measure p
on R” with values in RY, under suitable conditions on the coefficients of the operator. In Corollary 1,
we give a nonexistence result of a (very) weak solution u € L(Q,RYN) N Wy ?(Q,RY), with n > 2,
t> 25, q > n”Tt;,? for general (smooth) elliptic-hyperbolic systems when it is involved a Dirac mea-
sure u® = §,, for some o € {1,...,N}, where ¢’ is the Holder conjugate of ¢. Proofs are given in
Section 3. Let us end this introduction by mentioning regularity results for systems with some special
measures p: [19], [46]. Parabolic equations and systems have been studied in [47], [36], [37], [38], [39], [44],
[48]. Special higher order equations are contained in [22]. Singular equations have been considered in [15],
[23].

2. Assumptions and main result

Assume () is an open bounded subset of R™, with n > 3; N is an integer greater or equal than two. For
x € R™ and p > 0, we denote by B (z, p) and B (z, p) the open and the closed ball with center 2 and radius p,
respectively. For convenience, we define B; = B(0,1), By = B(0,1) and [N] denotes the set {1,.., N}.
Consider the elliptic Dirichlet problem with measure data

-T2 (z > atf (@ >%uﬁ)=w in 0, o)

i€[n] BE[N]j€ln]
*=0 on 02,

for each a € [N]. For any yu that is a finite Radon measure on R™ with values in RY, we say that a function
u: 2 — RY is a solution of the problem (2.1), if u € VVol’1 (Q,RN) and

> Y [afwue)Du’ @) D@ = Y [ e @t (22)

a,B€[N]i,5€[n] a€[N] g

for all ¢ € C5° (Q,RY).
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We consider the following set of general assumptions on the functions a ’B .

(A): Foralli,j € [ ] and «, 8 € [N], we require that aajﬁ Q x RN — R satisfy the following conditions:
(Ag) x> a (:r y) is measurable and y — a;’ (x y) is continuous;
(Ay) ( boundedness of all the coefficients) for some positive constant ¢ > 0, we have

ja (z,y) | < ¢

for almost all x € Q and for all y € RY;
(As) (ellipticity of the diagonal coefficients) for some positive constant m > 0, we have

Z a; i (z,y) Nidj > m| A2

i,j€[n]

for almost all x € Q, for all y € RY, and for all A € R";
(As) (r-staircase support of the off-diagonal) there exists r € (0,+00) such that when a # 3,

+oo
af (w,y) £0=ye | {hr <1y < (h+ D, hr < |y°] < (h+ 1)},

h=0

see Fig. 1 (right);
(A4) (smallness of the quadratic form associated to off-diagonal) for some constant 6 € (0, 1), we have

2. 2. D <ry€‘*€6>9ZZ &

a€[N] Be[N\{a} i,j€[n] E[N]ij€[n
for almost every = € €, for all y € RY and any ¢ € RV*",

Remark 1. Assumption (A3) may be replaced by a stronger condition, which states that off-diagonal elements
a, . . .
Yy a;; (z,y) have bounded support uniformly in z, i.e.

p = sup{|y| eER : afff(x,y) # 0 for some x € Q} < +oo.
Hence, (Aj3) is satisfied by choosing r = p + 1 because
ai;ﬁ¢0:>|y| <p<p+l=r=|y* <rand [y’ <r
Remark 2. When a # 3, assume the skew-symmetry condition

af = —aP (2.3)

7] 75

then it results

Yoo Y ey =0 (2.4)
o€V

] BeIN\{a} éj€(n]

for every ¢ € RV, Hence (A,) is satisfied for any 6 > 0, provided the ellipticity condition (Az) is in force.
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Remark 3. The smallness condition (1.9) guarantees that

> Y Y et < L = Zmiep

a€[N] #a i,j€[n]
<—Z > Al (@ )€, (2.5)

a€[N]i,j€[n]
so (Aq4) is satisfied with § = £, provided the ellipticity condition (As) holds.
Remark 4. Assume that off-diagonal coefficients split as

a B 0475 o,
a; a;; +a;; (2.6)

,3

where a; verify the skew-symmetry condition (2.3) and a satlsfy the smallness condition (1.9). Using

(2.4) for @ ”Iﬁ and (2.5) for a ~°"ﬁ , we get (Ag) with 6 = £, prov1ded again that the ellipticity condition (Asz)
holds.

Remark 5. The smallness quadratic form condition (A4) implies that

S Y afeyge=a-0 > Y a @y (2.7)

a€[N] Be[N]i,j€[n] a€[N]i,j€(n]

so, (A2) and (A4) give

3N af@yeler = (1-0)mlel? (2.8)

a€[N] BE[N]i,5€[n]
for every & € RNV*", Moreover, assumption (A;) implies

N n
ZZA? z,y, &) €} < en®N? I3k (2.9)

a=1i=1

for every ¢ € RYX". When n > 3, (2.9) says that & — A(z,y,&), defined in (QL), is not n-coercive.
Therefore, assumptions (A) are not contained in the assumptions of [28], [32], [30] and [53].

A key point in our scheme of proof is that there exists a constant C,, ¢ > 0 such that for every f €
L2(Q;RY) the corresponding solution u € Wy *(€2, RY), of problem (2.1), satisfies

3 / IDu de < Conro 3 15N 120 (Ev)

ae[N]F%,"' a€[N]
for every integer h € Ny, where
hr = ir e Qs hr < |u(x)] < (h+ 1)r}

and r > 0 is given in (Aj3). We point out that the right-hand side of (F) contains the L' norm of f, even
if fisin L2.
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Lemma 1. The estimate (Ey) is valid under conditions (A) with Cp, 0 = 1/[(1 — 0)m)].

Proof. For fixed integers h € Ny and r € (0, +00), we consider the truncation function T}, :

as
-1 if —(h+1)r,
is+h if —(h+1)r<s<—hr
Trn(s):=40 if —hr <s<hn,
%s—h if hr<s<(h+1)r,
1 if s> (h+1)r,

which verifies

—1<T,p(s) <1 forevery s € R.

Suppose u € W, ?(Q,RY) is a solution for u = f € L?(Q, RY). Choose ¢ = (¢!, o™) in

() = Trp (u (@),

so that
Dip®(z) = 1rg  (2) rDju(z),
where 1g () :=1if z € F and 1g (z) := 0 if ¢ E. The inequality (2.11) gives
> [rears Y [1mlde= Y 1),
a€[N] g a€[N] g a€[N]
For convenience, we define C and D as

Z Z /aiofijUﬁlrngiuadx

a,BE[N]i,j€ln] o

= Z Z /a%aDjuo‘lp;;rDiuadx

a€[N]i,je[n] g

i Z 22 /aﬁ}ﬂDa‘“Ble,rDiuudw —:C+D

N] Be[NN\{a}ijeln] g

where a;’ ’6 =aq; ;5 (z,u(z)). Applying (2.12) in equation (2.2), we obtain
C+D=r Z /fagoadx.
(Nl q

The ellipticity condition (As) for diagonal coefficients a;' i * implies that

C>m Y |Du®|? da.
aE[N]F;:,T

(2.2) as

R —R defined

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Now, we use the assumption (Aj3), about the support for off-diagonal coefficients a;" J , obtaining
Irs aff =1ps Apg af i (2.17)
Then, from (2.17), we have
D= /Z Z Zaa’BDuﬁlpuDu dz
Q «€[N]Be[N\{a}ijeln]
/ S 3wy (1 ) (1, Do) da
a€[N] BE[N\{a} i,j€[n]
Using (A4) and (2.7) with &' = 1ry D;u®, we get
C+D>(1-6)C. (2.18)

Note that (2.18) is due to both (Asz) and (A4), namely, (2.7) can be used because of the r-staircase support
that implies (2.17). Using 1 — 6 > 0, equality (2.15), inequalities (2.14) and (2.16), we obtain the estimate

Z /|Du(’|2 dx <

aE[N]Fg

(1 —rﬂ)m Z 17l L ) - (2.19)

a€[N]

T

Hence, the claim is proved. O

Lemma 2. Assume feL?2(QRY) and u € W(}’Z(Q,RN) verify the estimate (E,) with ||f|2 < C. Then,
for 1 < q < 5, we have

lullyaa < C (2.20)
where C' depends only on C, Cmro, 7, ¢, 7, N and Q.
Lemma 2 is a version of Lemma 1 in Boccardo—Gallouét [11] adapted to our situation, where we decompose
Q into strips of size r € (0, +00) instead of size one (i.e. r = 1). The proof goes along the same line and it
is included in the appendix for the convenience of the reader and proof completeness.

Our main result is the following.

Theorem 1. Suppose that conditions (A) hold. For every finite Radon measure u on R™ with values in RY,

there exists u € ﬂ Wo? (Q,RN) such that
1s¢<yZy

> Y [ @u@) Dt @)Dt @de= Y [ @duc @)

a,B€[N]i,5€[n] o a€[N] g
for every p € C§° (Q,RN).

In what follows, we give an example which satisfies the hypotheses of the Theorem 1.
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Example 1. Let §; ; denote the usual Kronecker delta function

1 if =y,
0i5 i= e s .
0 if i#j.
For N = 2, any n > 3, and continuous bounded functions b; : RY — R having the same r-staircase
support for some r € (0, +00), with b1(0) > 1, set

=0, ;bi(y) if B<a,
afjf(x,y) =< 0i if f=aq,
6z,jbz(y) if 5 > .

For n = 3, the matrices are the following

100 b (y) 0
a'=a*?*=10 1 0| and a"* = —a*' = 0 ba(y) O
00 1 0 0 by

as

—Aul = Y 821_ (bi (ut, u?) 82/_ u2) =u' in Q,

i€[n]
—Au? + _EZ[:] 8(;21; (bi (u', u?) 8‘?”111) =u? in Q, (2.21)
w=u2=0 on Jf).

Then, Theorem 1 ensures the existence of a solution of the problem (2.21). Our example does not satisfy
the assumptions of previous works, cited in the introduction. Indeed, when y = 0, we have

PP IS

a€[N] Be[N\{a} i,j€[n]

n
a2 (2,0) ‘ =21, (0)]2 + 2 |b; (0)
=2

so, there is no constant L with 0 < L < m = 1 satisfying the condition (1.9) that was required in the set
of assumptions (A) of [54]. Note that the function by verifies the r-staircase support condition so b(y) = 0
outside the support, e.g. for y = (0,3r/2). On the other hand, we have b;(0) > 1, thus b; is not constant
everywhere. Hence, it is not possible to find a constant r; € R satisfying

lez (z,y) = 6i;bi(y) = 11635 = Tla2 (z,9)

then the set of assumptions (A*) of [54] is also not satisfied by the present example. Moreover, for £ € RYV*"

and o = 1, we have

> AN 0,8 =D > Z Pelee

i€[n) i€[n] BE[N] j
= 2 asga+ X ai,’fé?&%
1,j€[n] i,j€[n]

= Y GG+ Y 8ibi(0)E3E]

i,j€[n] i,j€[n]
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=€)+ ) bi(0)ge] = A(9).
i€[n] i€[n]

Choosing
&i=1land & =& =0 fori>2,
we have that

A(6) =1+b1(0)6] — —o0 as & — —oc.
Therefore, condition (1.5) is not valid, implying that condition (1.4) is also not valid. The example is
concluded.

_n_
n—17

set of Radon measures are compactly embedded in W‘l’ql(Q, RY) and the unique set with zero harmonic

The existence result of Theorem 1 applies for any finite Radon measure, when 1 < g < since the
capacity (i.e. capy2.) is the empty set. However, in Brezis’s seminar [13] there is a nonexistence result
involving the delta measure. In fact, when the integrability of v and Du is high enough, we may apply the
same idea to the system (2.1). For that, we will consider the notion of a very weak solution and a new set
of assumptions, where afff are more regular.
(A*): For all i,5,s € [n] and «, 3,7 € [N], we assume that afff 1 Q x RY — R satisfy the following

conditions:

(Ap) aff e CL(Q x RY);

(A}) for some positive constant ¢ > 0, we have

@ ()| < e, B0 ()| < and |87 (2,y)] < c

for all z € Q and for all y € RY, where v (z,y) = -2a®’(z,y) and 77 (2,y) =

5 1,358 Oxs 1] 5]
a__a,
Ay Vi (z,y).

Let p be a finite Radon measure on R" with values in RY. We say that u € L'(Q,R") is a very weak
solution of problem (2.1) if it holds

- > > /ai}ﬁuﬁDa‘Dﬁﬁadﬂ?

a,BE[N]4,j€[n] ¢

— Z Z /uﬁDja%ﬁDigo“dxz Z /gpo‘dua (2.22)

a,BE[N]i,j€[n] o a€[N]q
for every ¢ € C5° (Q,RY), where a?f = a?f (x,u(z)). Under assumptions (\A*), the nonexistence of very

weak solutions imply the nonexistence of weak solutions.

Lemma 3. If n >2,t > -5 ¢ > n”_t;, and u € LYQ,RN) N W, 4(Q,RN) is a (very) weak solution, then

n—27
p{y}) =0 vye. (2.23)

The previous Lemma allows us to get the following nonexistence result.
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Corollary 1. If n > 2, t > - ¢ > 2 and p® = dy for some o € [N] and y € Q, then there is no (very)

n—27 n—t’

weak solution u € L*(L,RN) N W, 4(Q,RN) of (2.22).

In the previous nonexistence result, no ellipticity condition was required so it may be applied to elliptic-
hyperbolic systems. See also [49], [21], [45], [43] for very weak solutions of elliptic systems.
As a final remark, we point out that Theorem 1 guarantees existence of solutions u € WO1 (Q,RY) with

any ¢ < —-: Sobolev embedding gives u € L*(Q, RY) for every t < (ﬁ) = —5: the nonexistence result

n—1’ n

in Corollary 1 requires ¢ > —"5; see also [4].
3. Proof of the main result

For any f € L! (Q,RN ), we say that a function u : Q — R¥ is a (distributional) solution with respect
to f,ifu € T/VOI’2 (Q,]RN) and

N n N
[ 30 3 @)D () D w)ds = [ 3 £ () (3.1

for all ¢ € Wy (Q,RY) N L= (Q,RY).

Theorem 1 deals with existence of a distributional solution to the Dirichlet problem (1.1)—(1.2). The
following proof shows that we are dealing with a Solution Obtained as Limit of Approximations (SOLA),
see [25] and Section 2.2 in [35]. Entropy solutions have been considered in [5]; see the introduction of [24]
for renormalized solutions.

Proof of Theorem 1. Let i : B(R") — RY be a finite Radon measure on R” with values in R and let ||

denote its total variation. Let (pe),~ be a family of mollifiers, that is p. () = e~ "p (£), where p € C° (R™)
satisfies

p(2) >0, p(—x) = p(x), supp(p) C By and /p<x>dm=1.

Recall that the convolution u * p. defined by

(1 pe) () = /pe@c—y)dmy)

B(x,e)

is a regular function, that is pu % p. € C> (R",R").
Let (en),,en be such that 0 < e, <1 and e, — 0 as h — co. Then p * p., € C* (R™,RY) and

/\u*psh| (z) de < |u[ (I, (2)) < |p (R") < 400, (3-2)

where I (©2) denotes the open e-neighborhood of © (see [1], Theorem 2.2, p. 42). We define
fo=mn*pe, € L* (QRY).

By assumptions (A) and (2.8), the conditions of Leray-Lions Theorem (see [55]) are satisfied, so for each
h € N we obtain
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1,2 N
up € W2 (Q,RY)

and, for all ¢ € I/Vol’2 (Q,RN),

N n
Sy / a2 (&, un () Dyl () Dip® (@)

a,f=1ij=1}

!

Applying Lemmas 1 and 2 we have that, for 1 < g

N N
IVCEEIEDS / oy, (3.3)

a=1

||UZZ||W01*Q(Q) <C.
So, passing to a subsequence if needed, we may assume that there exists ug, € VVO1 “1(Q) such that

uf Bl in WH(Q)  and  uf — uS in L7(Q), (3.4)

oo

where = denotes weak convergence. Again passing to a subsequence if needed, we may assume that
up (x) = uS (z)  for almost all x € Q,

and, by the continuity of y — a7 (x y) (see (Ap)), it follows that

aq’»ﬁ(x,uh (z)) — ao‘

5
1,7 (

T, U (z))  for almost all z € Q.

For prebentatlon convenience, we set a; ”6 (up) =a ’6 (z,un (x)) and af ’8 (Uso) = a ”8 (2, U0 (2)). For every

v € CF° (Q,R™), we have

n N B 3
Jo 2 X ai (un)Djuy, Dip™dx
1,j=1a,f=1

n N a.p
—Jo .Zl ﬂz la” (too) Djul, Dyp™dx
ij=1a,B=

n N
= o 3 % [a8) (n) - ol (uac)| Dyuy Digtde
i,j=1 a,f=1

n N
+ o X 2 af (us)Djuy Dipda (3.5)
ij=1a,f=1

n N
— a” (Uoo D; uﬁ D;p%dx
fQ Z Z z] ( ) @

t,j=1a,p=1

n N 0B
<3y [fg 4
ij=1 a,f=1

U B 8 o
,Zl %:1 [ 0 @i (too)Dip® Djuy, — [q a5’} (“OO)DWQDJ'U@O} '
i,j=1a,p=

1
7

q N N
) at )| D | (o D]

+

Using the dominated convergence theorem, we obtain

[

Q

a, q/ o ’
Plun) = aff (uso)| 1Dl 0 (3.6)

a;
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and, by the weak convergence in (3.4), it follows that

/aﬁf (uoo)DiQOaDjug — /a%ﬁ (Uoo) Dip®Djul. .
Q Q

From (3.5), (3.6) and (3.7), it follows that

On the other hand,

[t @t @an= [ooaus, — [
Q

Q Q

897

(3.7)

Therefore, for each q € [1, #) there exists too,q € T/VO1 a (Q,RN ) and a subsequence, again denoted by

(un),,, such that
up B ooy in Wyt (Q,RY)

and

i.e. Uso,q is a (distributional) solution of our problem.
We claim that u 4 does not depend on a fixed g. Indeed, if ¢ < ¢ < "5 then

6000y < Cs (@
and, passing to a subsequence of (uy), satisfying (3.9), we can assume that
Up > Usog I Wol"7 (Q,RN) .
By (3.9), (3.10) and the fact that ¢ < ¢, we obtain
Uso,q = Uoo, -
Therefore,
Uso,q € WOI’& (Q,RN) for all ¢ € [1, %) ,

and the proof is concluded. O

(3.9)

(3.10)
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4. Proofs of the lemmas

Proof of Lemma 2. Suppose u € WOI’Q(Q,]RN) satisfies the estimate (E;) for all h € Ny. Applying the
Holder’s inequality when 1 < ¢ < 2, we have

“+ o0
/|Duo‘|qdmzz / |Du®|? dx
Q

=l
q
2
+oo 2 g
SZ / |Du®*dz | (meas( he)?
h=1 \ra

Since meas(I'¢ ) < (hr)~7 [.. |u®|? dz, we may continue by applying the estimate () and the discrete
’ h,r
Holder’s inequality so

g 2-g
=X *(2-q)
/\Du"‘|qd$§C’OZh_q Ea / |Du®|? dx / |u|? dx
Q h=1 F%,’V‘ F%W
2—q
q 2
= " (2—q) R R *
<o (S Z/mq da
h=1 h=1p
2—¢q
2
< Cy /|u°‘|q* dx . (4.1)
Q
For 1 < ¢q < 25, Sobolev embedding gives
. . (2—211)11*
q
lu g < Cs (uollz:) ™ = Jule < O

Apply the above result in inequality (4.1), obtaining
|Dull, < G5 ©

Proof of Lemma 3. Suppose u € L'(Q,R") is a very weak solution. Let ¢ € C§° (B1(0),R"Y), ¢p(z) :=
o(k(x —y)) for all k € N, where y € 2. We claim that, when k — 400,

> [er@dn @) o (42)

a€[N] g

Indeed, we start noting that By/x(y) CC Q when k > [dist(y,0Q)]~!. Moreover p(k(z —y)) = 0 when
x ¢ Bi(y). Then ¢ € C§°(Q,RY) when k > [dist(y, 0Q)]7!. We use ¢y, as a test function in (2.17).
Define, for presentation clarification, the following

2= 3 Y [afufD;Digpdn + / WP D0l Digpda
OC’BG[N}Z‘JG["}Q Q
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Z Z a%ﬁuﬁDjDigogdz Jr/ blo‘j’BJnga}:dx
a,BE[N] i’je[n] Q Q

+ Z Z Z /uﬁcZ}ﬁ’iju“’Digogd:c.

a,BE[N]i,jeln] vE[N] G

Then using (A*) and the support of ¢y, there exists a constant Cj > 0 such that

cllel< > > / WD;Digf|de+ > Y / |u® Dipf| da

o BENTiG€g, " (y) a,BE[N]ijElnlp, © ()
DD / |u” Dju" Digft| da
afAelNl i€l " o)
=: 9 + Oy + 3.
By Hoélder’s inequality with ¢ € (1,400) and o € (1,+00), the chain rule that gives D;pi(z) =

kD;p(k(x — y)) and DjD;pi(x) = k*D;D;o(k(z — y)), the change of variables z = k(z — y), there ex-
ist positive constants Ag, Be, Ce such that

Z Z / |uBDjDigog‘ dx

a,BE[N] iJe[n]Bl/k(Z/)

o+
o+

<> > / | da / |D;Dig|" da

aBeN] iieln] \g, () B1jk ()

|~

1
t

o~

S S| [ wra| | [ ionette -

wBENILIEM] \p, | (1) B1/k(v)

[

1
t

s s ([ wta] ([ wosore

a.BEINT i€ \g, " (4) B10)

~+

<K Z TSI SN iy ey

a€[N]éj€[n] \p (o)

< Aek® 7 Y [l
BE[N]

Z Z / |uﬁDi<pg dzx

a,BE[N] iaje[n]Bl/k(y)

=
Y=

< Z / |u5‘td$ Z Z / \Digag\t/ dx

PENT \g, /() €N LIE) \gy i (v)
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Y=

=k | [ Z S| [ e te-pl e
BEIN] B1/k(y) Nlij€ln] B1/k(y)

1
¢’

= kv Z / ’u5|tdx Z Z /|Dig0a(z)|t,dz

o
-

BEIN] B1/x () ag[N] i€l \g; (o)
< Bak'™¥ Z [P
BE[N]

O3 = Z Z / ’uﬁDju'yDigoﬂ dz

a,B,7€[N] i,jG["}Bl/k(y)

=
|~

o+

e A N
a,B,v€[N] i,5€[n] Bk (y) Bi/k(y)

< Y Y WD | [ D da
o,B,v7€[N] i,j€[n] B1/k(y)

g Z Z ”uﬁHt”Dqu”at’ / |Di<,0a (k(.r*y))|07:'l dr

a,B,7€[N]i,j€[n] B1/k(y)

_n(o 1) t/o'
=K > WD | [ 1D () e

a,B,7€[N]i,j€[n] B1(0)
_n(e-1)
< Cok'™ a7 Z Z [u? ][]l Dy oo
B.vE[N] j€E[n]
Suppose that v € L*(Q,RY) N WO “9(Q,RY) for t > " and ¢ > L. Then, by choosing o = ¢/t’, we have
o > 4 and there exists a constant C > 0 such that

9| < C (k:Q__ R R
Note that ¢ > —"5 implies 2 — 7 < 0 and 1 — 7 < 0. Moreover ¢ > - implies 1 — ”(Zt_,l)
® — 0 as k — 400, which proves (4.2).
Now we fix a € [N] and we take ¢* € C§°(B1(0)) such that 0 < ¢* <1 and ¢*(0) = 1. Then, for every
x € §2, we have

< 0. Hence,

0% (k(z = y)) = Ly (x) (4.3)
when k£ — +00. We can use Lebesgue convergence theorem in order to get

/ o (k(z — y))duc (z) = / Ly (@)d® (2) = 1 () (4.4)
Q

Q

Putting together (4.4) and (4.2) gives (2.23). O
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