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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 16(6&7), 1155-1182 (1991)

QUASILINEAR EQUATIONS AND SPACES OF CAMPANATO-MORREY TYPE

J.-M. Rakotoson
Université de Poitiers
40, Avenue du Recteur Pineau

86022 — POITIERS Cedex — FRANCE

0. Introduction

In recent papers [R], [R-Z], we studied some optimal conditions
relating the solution u of Pu = Au + F(u,Vu) = T and the choice of
the right hand side T.

Namely in [R-Z], for a class of quasilinear operator P, for
T = p a non negative Radon measure of W'l’q(ﬂ), we have shown the
following equivalence u e C(l)(’)‘z(Q) if and only if vQ' e Q,
3¢(Q’) > 0, 3 > 0 such that :

u(B(x,r) < e/ P R % +==1

0| -

for any ball of radius r > 0 : B(x,2r) ¢ Q' ¢ RY.

1155
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A simple and direct consequence of this equivalence is : that we
get easily the Wi;i(ﬂ)-regularity for variational inequality with
irregular obstacle.

Notice that the first result on the proof of this equivalence was
obtained by [L-S] in the case where Pu = Au.

In [R], we extend such result by enlarging the class of operator
P and also the class of right hand side T. We were lead to introduce
new spaces in W'l’q(Q) that we call Morrey space and denote M;'q(cz),
A=0, which is roughly speaking the set of all distributions T in
W'l’q(Q) such that the restriction on any ball of its norm
T grows like qu.

ws)
T

Such space contains not only the class of measure quoted above

but also any distribution T which has a decomposition
N 3f, A
T-= fo - ¥ 5}'1 where fi belong to Campanato-Morrey space 2 ).

17

Such distributions have been also used by Campanato, we will denote
this class C;l'q(ﬂ). One of the new results of this paper is that
C M@ = M "%@), N-paxN  and ;%@ = M "*@), N<sN+2. This
makes complete the results of [R]. We have shown that for a large
class of strongly quasilinear equations Au + F(u,Vu) = T, if the so-
lution u is locally bounded, then we have the following optimal con-
dition

.l,q
T e Mx,loc(Q) for A > N-p,

| —

if and only if

VO e Qc RY, 3¢(@)>0, €>0 such that
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N-
J [Vu‘pdy s oo P for all XeQ, o such that
B(x,r)

B(x,2r) ¢ Q.
Such result extend Campanato’s results for linear operator (see [C]).

In particular, this result implies that u e C(I)C')Z(Q) (as a con-
sequence of the Dirichlet growth of Morrey).

Since we invoked here the fact that the solution has to be lo-
cally bounded, we will show that for T e M;igc(Q), A > N-p and a
class of quasilinear equation P, the solution of Pu =T is locally
bounded. A lot of methods has been developped for getting L”-estimate
(see for instance ([S], [H-S], [S-E], [R], [R-T], [D-T], [R-Z] and
reference therein). The method, we introduce here is a combination of
an idea used in [R] and a method used by [L-U] (see also [D-T] and
[R-Z]).

Thanks to the decompositions of T, we can associate a measure m
to T, which will allow us to use Adams’ inequality.

We will end this paragraph by a remark completing the results of
Boccardo-Giachetti [B-G] for L”-estimate.

The last paragraph will be devoted to Ci(’)‘;-results for quasili-
near equations. In similar way, we will study the optimality of the
choice of the right hand side T in order to have the solution
ue che

loc

The organization of our paper will be

I — Preliminary results

II — A decomposition of an element T e M;‘l’q(Q), N>A>N-p
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III — Local L™-estimate for the solution u of Pu = T, where

.]'q
T € MA‘IOC(Q), N-p<a

1« .
IV — On Cloc-regulanty.

I. Preliminary results — Notation

Q will denote a  subset of IRN, Qp = B(x,p) n Q,

B = B(x,p) = B(p) ball of center x and radius p > 0, ]Qp] is the
o

measure of Qp.
I.1.— Classical Campanato-Morrey in L), l=q=+o.

DEFINITION 1.— Morrey-spaces Lq‘A(Q), Az0.

LPQ) = {u e LY9Q), Sup p'Mq fiull is ﬁm'te}.
p>0 LY@ )
XEQ P
P

DEFINITION 2.— Campanato-Spaces £3(Q).

Let us denote the average :
1

YT TaT f u(y)dy =4J.- u(y)dy
) Qp Qp

£ Q) = {u e LY%Q), Sup pMu - u is ﬁnite}.
X€Q ? Lig)
p>0 P

For more details on those spaces see [Mo], [C], [Da P}]. In parti-

cular, we will use the :
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PROPOSITION 1.— We have, for smooth bounded domain Q :

A-N
9, —

23MQ) is isomorphic to the Hélder-space. C ¢ (@), N<A=N+q.
Eq'A(Q) is isomorphic to Lq‘A(Q), 0=A<N.

Lq’N(Q) is isomorphic to L°°($‘2) .

1.2.— Morrey-spaces in W'l'q(Q).

In [R], we define :

DEFINITION 3.— We define in W %) (dual space of w(‘)'p(cz),

% + —Cli = l) the space M;l’q(Q) by
M;l'q(Q) = {T e W@, Sup o™ uTH . is ﬁm’te}.
>0 W)
X€EN e
Properties of this space can be found in [R], in particular, we
have :

PROPOSITION 2.— If we set :
N afi an
E: a—x— ’ fi e ¥ (Q)}

c;"“(cz) = {T ewhi) : T-= £ -
1 i

i

then c;"q(cz) c M;l’q(rz).

It is not known whether C %) = M '@ for all A=0. One
of our results will show : C}:l’q(Q) = M;l'q(Q), —~ + — =1, Q bounded

for N-p<A<N and C;I'Z(Q) = M;‘l’z({}), Va>N-2.
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1.3.— Notations

From now on, we deal with a solution u € W;(‘)‘Z(Q), l<p<+w of the

equation :

Au + F(u,Vu) = T (1.1
The Leray-Lions operator A can be written :

N 5
Au = - .Z 3% ai(x,u,Vu)
i=1 i

where,

N

T ai(x,u,z)zl_ = v0(|u|)|z|p - vl(x) (1.2)

i=1
for almost all x e Q, all z in IR’N, all u e R, Vo is a conti-
nuous function such that vy > 0 and :

N 2\1/2 -1

(r Ja@xuo)" = aup(jz)”" + am) (1.3)

i=1
where : a is an increasing from R to R , 1 + 1 =1

+ + p q
|Fw,2)| = |Fxu)| = afu))(gm + 12|°) (1.4)
_1,q
T e Wloc ().
We will precise the class of function where v, 3, 8, will

be and also the value of s.

DEFINITION 4.— We will say that the operator A is strongly monoto-
nic if the coefficients a, satisfy, one of the following inequali-
ties : there exist constants ¢ > 0, n =0 such that, for almost all

xeQ all ueR all zin [RN,z’e[RN:



Downloaded by [Northwestern University] at 08:58 26 December 2014

EQUATIONS OF CAMPANATO-MORREY TYPE 1161

E) I=p=2
N 2
lz - 2']
Y, l[a(xu,z)-a(xu,2’)]fz, - z] = ¢ -
i=1 ! v ("7+|Z|+lzll)2p
or
(E) p=2

N
v [a(x,u,2)-2(x,u,2’ )][zi -Z)zc |z - 2 |P
i=1

We have shown (see R}, [R-Z]).

THEOREM 0.— dssume that u € LT (@ n w:;‘c’(n) is solution of (1.1)

with the structure (1.2) to (1.4) with s = p-e (Ve>0), v and g

1 0

on L;;Z(Q), a, is in Lcllc’)z(Q), A>N-p. If A is strongly monotonic in

the sense stated above then :
.l,q
T e MA‘loc(Q), A>N-p
if and only if for every relatively compact open set Q' in Q, there

exist ¢c(Q’) > 0, >0 such that

J' |Vu| Pay = . VP
B(x,r)

all x, r such that B(x,2r) ¢ Q.

The following theorem is a direct consequence of a result due to

Adams D. For more details, see [M, p.54] or [Z, p.213].

THEOREM 0.1 (4dams’ inequality [A]).— Let m be a positive Radon mea-

sure supported in  Q such that there exists a constant M > 0, for all

N
X € R, O<r<io, we have
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m(B(x,r)) =M, a-= s(% -l)

l<p<s<+w, p<N. If u € W(l)’p(Q), then :

s
U |ugsdm] = ¢ M"* wour
o L°(@)

C = C(p,s,N).

(This version is the one given in (Z])

II. A decomposition of an element T« M %@, >Np

In this paragraph, we want to show :

THEOREM 1.— Let T € M:'q (Q) for N>a>N-p, % + = = 1. Then there

1
,loc q
exist f e Lq’h(Q), N>A>N-p such that
i loc N of

Proof.— Consider T in M;L}Zc(m and &’ a relatively compact

open set of Q. Define :

L
div( (1+lval®»?  vu) =T in @
1 1 2.1
ue Wo'p(Q’)

and v such that :
LA
div((1+1vviH)?  wv) =0 in B(x3p)
4 Lp (2.2)
Lu -Vve WO’ (B(x,3r))

where B(x,3r) ¢ . We will denote by c¢>0 different constants inde-

pendant of X and r. The following properties are easy to check.
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PROPOSITION 2.— There exist constant ¢>0 such that

a)-JL

[vv|P dy = ¢ + c.—f‘ |vul? dy )
B(x,3r)

B(x,3r)
b) There exists a constant q>p depending only N and p such that :

1/q 1/p
-f- {uv|? dy = c. —J- [vv|® dy +c.
B(x,r) B(x,2r)

Proof of proposition 2.
a) It suffices to multiply equation (2.2) by v-u.
b) While for the statement b) M is a classical result due to Meyer

(see Giaquinta [G]). The proof relies on wusing as test function

(1) J denotes an average.

¢P(v - v, P) where 0<20=5/2r, ¢ € C°;(B(x,2p)), e =1 or

Bx,p), O=¢=l, vxp is the average over the ball of radius p. ]

The following computations and results are due to Lewis (see [L])

and easy to derive :
LA
. 2,2
div((1+]ov[H?  wv) = a v"i"j =0 2.3)
where repeated indices denote summation from | to N and
2,
2,2 2,-1
3, = (1+]9v]D) [(p-2)vxi vx.(1+|Vv] )+ aij]
P j
22" b 1
= = -
(1+[9v|9) i | ij| p-1.

If we set v = (1+|Vv|2)p/2, then v satisfies

lv=(_.,v ) =pa, v v =gz 0 2.4)
i ox.x, ij xkx‘i xkxi

and L is a strongly linear operator, indeed :
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Allzlz =b z z = 7\2|z|2 where
v 2.5)

7‘1 = min(p-1,1), A2 = max(p-1,1).
Relation (2.4) implies that v is a supersolution for the opera-
tor L. Hence we can apply the following result on linear equation

with bounded coefficients (that can be found in [G-TI).

LEMMA 1.— For all y>1, there exists a constant c(y) > 0 independant

of t and x such that :

Sup v(y) = ¢ {-f-
B

17
vy dy| .
yeBr(x)

r(X)
2,p/2 . .
Here, v = (1+[Vv( ) is a supersolution of L.

A simple combination of Proposition 2 and lemma 1, leads to :

PROPOSITION 3.— There are constants c¢>0 :

1/p
Max |vv(y)| = c+c —f— ]Vulp dy| .
y EBr(X) B(x,3r)

1y
Proof.— Max [Vv(y)|p = Max v = ¢ ‘J“ IVV]W dy + c.
B r(x) B(3r)

Choosing ¥ such that q = py (where gq is define in proposi-
tion 2) we then have :

Max [Vv| = ¢ {—

B B

1/p
|Vv}p] +c
r

I/p
Max |Vv| = ¢ —f— |Vu|p dy + C. n
B B(x,3r)

T

1/q
}Vvlq dy] +csc¢ [«j—

(3r) B(3n)
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LEMMA 2.— There exist c>0, €>0, such that for all X, r

B(x,3r) ¢ @’ and all O<p<r :

I [vu|P dy = c(?)N J |vu|P dy + c.avPre

B(x,3p) B(x,3r)

Proof.— Case p=z2

Let us substract equation (2.2) by (2.1), then :
p
1

P
L 2
% w) + div(ae|wv)H?  w)=T (2.6)

- div((1+vu|?

Multipliying by u-v, equation(2.6) gives :

P p
2 L
[ (s v ovd? T wvven)ds = <Tuvs @.7).
B(x,3r)

One can check that there exist c¢>0 :

p p
4 L
I ((1+[Vu|2)2 Vu-(l+‘Vv|2)2 Vv,V(u-v))dy?.cI |V(u-v)|pdy
B(x,3r) B(x,3r)
and
[<T,u-v>| = UTH NV (u-i .
W 9(B(x,30) LP(B(x,30)

Assuming that T e M;li:c(ﬂ) for A>N-p we derive the existence
of ¢>0, >0 :

I [V(u-v)]p dy s c.rPre
B(x,3r)

Thus if 0O=p=1/3 (The case p>r/3 is obviuos) :

j |Vu[p dy = cJ |\7(u-v)|p dy+cJ~ |Vv|p dy
B(3p) B{x,3r) B(x,3p)
s eV P 4 ¢ pN Max |uv|P
B
r
= el VP c(%)N I |\7u|p dy + ¢ pN
B(x,3r)
‘[ |vu|P dy = c(g)N J [Vul? dy + e P 2.89)
B(x,3p) B(x,3r)
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End of the proof of theorem 1 for p=2

We use need the following whose proof can be found in [G] see

also [C],

LEMMA 3.— Let ¢ be a non negative and non decreasing function. Sup-
pose that there are constants A>0, B>0, O<B<a, £>0

#(p) = A(?)“ [¢(r)+e] + B
Jor all  psr<diam(Q). Then, there exist ¢>0 and €, depending on

(A,«,B) if0<5:580 , we have :

) = (&) [s+Be].

Applying this lemma with lemma 2 and setting :

olp) = ‘[ qu]p dy, B = N-p+e, « = N.
B(x,3p)
P,
We conclude that (1+|Vulz)2 Yu is in (L?(’m(ﬂ))N for A>N-p,
P
2
1 + 1 = 1 thus if we set f = (1+}Vu}2)2 gy, , we have
p q i 58X,
N af, . !
T= -.z 5;(—1 fi € Lloc(Q)' -

i=1
P

= -1
If 1Isp<2, the operator Au = -div((l+]Vu}2)2 Vu) is still stron-
gly monotonic and we have instead of (2.7) the following inequality,

whose proof is simple :

P L)
((14—|\7u|2)2 \7u-(1+|Vv]2)2 Vv,V(u-v))dy?.
B(x,3r)

of LICED TR,
B30 (1+|Vu|+|vv])*P

Using the reverse Holder inequality as in [R] we deduce :
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2 p-2

p

P
J |V(u-v)|p dy I (|Vu]+|Vv[+l)p dy = |<T,w>|.
B(3r) B(3r)

Thus, using young inequality and relation a) of proposition 2 :

J

Forall >0

J

B(3r)

2-p

2

P
V(u-v) P dy = |<T,w> 2 (|vu|+|vv]+1)P dy
|

B(3r) B(3r)

P
=
IV(u-v)]p dy = r'"]<T,w>| + 2P [J

([Vu|+|\7v|+1)|p dyl.
B(3r)

Since T e M;ligc(n), A>N-p, we deduce there exist c>0, £>0, 7>0

J‘ |V@v)|P dy = " J. |vu|P dy + c.cNP*e 2.9)
B(3r) B(3r)

As before for any O=p=r :
j !V(u-v)]p dy+c J- [Vv[p dy (2.10)
B(p) B(3r) Blp)

From (2.9), (2.10) and proposition 3, we get easily

f [VulP dy = ¢ [(?—)N + rn] J [vu|P dy + c.r VP,
B(3r)

]Vu]p dyscj

B(3p)
P,
Applying lemma 3, we get that (1+|Vu|2)2 Vu is in (L?;z(ﬂ))N for
25‘1 du N afi
A>N-p. Setting again fi = (1+|Vu|9 a—xi, we have T = -iz_jl 8—Xi ,
q,A |
fi € Lloc(Q)' [ |

III. An L~-local estimate for the solution

Au + FuVu) = T e M;‘izc(ﬂ), N-p < A .

In this paragraph, we consider u e W;(’)i(Q) solution of Au+F(u,vu) = T,
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where A, F satisfies the structure (1.2) to (1.4) with :

1,2
e, ° vo([u() = constant v , v € LIOC(Q), A>N-p
) _ 9,2 }
e, a({u|) = constant a, a e LIOC(Q), A>N-p
e, ! F has the following decomposition

F(x,u,z) = Fl(x,u,z) + Fz(x,u,z)
{uFl(x,u,z) =z 0

|F,xu,2)]| = (g 0+2|"")

with g, € L?:;(Q), A > N-p

. -l.q
e, Te Mh,loc(ﬂ), N-p<a=N.

THEOREM 2.— Let u < wi;‘;(n), 1<p=N, be a weak solution of :

Au + F(u,vu) = T .11
with the structure (1.2} to (1.4), (eo) to (e3). Then, u is locally
bounded. Moreover, there is a non negative Radon measure m such that :

for all Q' relatively compact open set in K, there is ¢>0, >0 :

m(B(x,r)) = el PE ,  B(x,2r) ¢ @
and :
l/p
Sup Ju| = - J‘ ]ufpdm +C
B(x,or) (l-c)“ar”‘l B(x,1)

Jor all 0O<o<l and c, «, B are absolute constants.

Proof— Let Q' e Q. For a value of k that will determined Ilater,
we set

k = k(I - 7Y, i=0,1,2,...
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and

[
[}

- - 1
or + 2 r(l-o), =5 (ri +r

N

r or + % 2‘1 r(l‘o‘), i=0)l)27"' '

We consider the corresponding balls
B. = B(r), B = B(x,r) = B(r).
1 1 1 1 1
We denote by 2 the cut-off function whose support is contained in

Ei such that :

and

'Vq’i; = r{1-o)

" i+1 — 9i+2
(Observe that : (r, - r )" = Iy 2nd (r-r1) = m‘_?))

Let ¢ = w‘;(]u] - ki+1)+sign u. Multiplying (2.11) by y, we get :

f aj(y,u,Vu)g—;,:— dy + J F(u,Vu)y = <T,y> (2.12)
Q i Q

By theorem 1, we have the existence of fie L?(’)z(Q), A € ]N-p,N]

N afi N 1/2
such that : T = -.Z a—xl , we set f = (~21 f?) ,
i=

1=

Ai = B(ri) N {(]ul-km)+ > 0. Using the structure of A, F and the
decomposition of T, we get the following inequalities :

for all % > 0 :

B.
i B, i
i

ip
) . P Pdy.c2 k)P
7 L |v(I ul ki+1)+| ¢, dy - ¢ LoyPr? J:(lul kM)+ dy
B, B,

8
* [ aj(y,u,VU)(-f,,%j dyzv, f- IV(IUI-kM)Jp wfdy- IA [vl(y)+ag(y)]dy
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* L Fu,Vu)y dy = L F (u,9u)y dy
B B

i i

ip
o [ IFwTumay s e 2 [ (ulk )Py
. 2 (I_G)prp . i+17+
B. B,
1 1
p P q p
+ 7 L [vOul-k ) |7 o) dy + .[A g,y dy + ¢ K[A]
B, i
1
with |Aii = Lebesgue measure of Ai
ip
o [<Tupfze —2—— [ (ulk )P dy +
(l-o_)prp é 1+

i
w [ 10 ay | Juauik ) |7 o] ay
A, -
i B,
1
We define the following measure m by setting :
dm = [1+ v (y) + ajy) + ga) + Lldy.

A simple choice of 7m and a combination of these last inequali-

ties lead to the fundamental energy estimate :

[ IV(‘UI -ki+1)+lpdy = J., Iv(lu)-ki+l)|p(p?dy =

Bi+1 B,
1
ip
s o —2—— [ Jaulk ) [Pay + c(P+DmA) (2.13)
(}_O.)Prp ~
i
Using assumption on v .3, 8 and T, one can check that for

any ball, B(x,2r) ¢ Q’

N-
r P for some >0, €>0.

m(B(x,r)) = c.

So if we define s by %(N~p) = N-p+e, then the previous result of
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Adams (see theorem 0.1), Y e Ls(dm). Now :

[ aui )P am = [ jquik ) 6P dm
B 17+ . 17+ T
i+l Bi

1B

pls
= U l(luf—kﬂl)+ goils dm] -m(A) °

B.
i

From Adams’ inequality, we have :
[ qui )P am
i+17+
B.
i+
1. 2
P p p p s
=c [j~ ]V(Iul-kM)J o, dx + J.~(!uI-ki+l)+ ]Vgoil dx} x m(Ai)

B, B,
i i

using (2.13), we get :

2'P
(Jul-k_)Pdm = ¢ ———— | (Ju]-k, )Pdy + c(kP+D)m(A)| x
[Bi+1 ' i+17+ [ (l_m)prp J~ ' ' i+l + i

1-

P
x m(A) s

Defining, Yi = kP f (|u|-ki)fdm, we have :
B
m(Al) < 2(i+1)P k'p J (‘U‘ _kl)idy - 2(i+])p Yi
B,

1

and then observing, ki+1 > ki , we deduce :

A 2ip R 12
kP j (lulk Pdm s e 2 v @Pv) * 4
B i+17+ (I_G)prp i i

i+l
p
“(kP+1) ,ip ip o s
» o 2D QP vyP vy *

k

Choosing, k=1, we deduce
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p

ip(2- =) p
2 S ES
Y, fcf———Y, (2.14)
" (1-o)PrP !
p(2- %)
We set b = 2 > 1, a=1- % > 0. Then (2.14) yields
c bi 1
Y. = &% Y™ Choosing k such that
)P
-1
B N Y
Y, = Kk° J julPdm = ¢ (1.o)* 1 b* , kel
B(x,r)
Lemma (4.7) of [L-U], yields :

Yi———>0 as i —— 4o, ]

Thus we get the desired result.

COROLLARY 1.— Under the same assumptions as in theorem 2, if further-
more, A is strongly monotonic and s = p-e (Ve>0) for the growth of
F. Then u satisfles the Dirichlet growth in Q and in particular u

.. 0,a
is in CIOC(Q).
Proof.— Combine theorem 0 with theorem 2. ]

COROLLARY 2.— Under the same assumptions as in theorem 2. If u is a
signed Radon measure, such that the total variation m satisfies
the following growth

lul(B(x,r)) < e VP op any ball.

B(x,2r) ¢ Q' e Q

then, u Iis Co‘a(Q).
loc
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This results is more general than one we get in [R-Z] since the
monotoni- city of A is weaker and u is a signed measure.

Remark on Lm-global estimate

In their paper ([B-G], Boccardo-Giachetti studied the following

Dirichlet problem :
{Au + F(u,Vu)=TinQ

u ondf2

=0
N s
where Au = -} X ai(x,u,Vu) - div(¢(u)), with the structure (1.2),

i=1 i

v, = constant, v = 0, a(|u}) = constant, a, is in LY.

uF(u,Vu) = 0 and has a p-growth with respect to the gradient.

¢ is continuous function such that : [¢(u)| = c.]u[7 for some ¥ = 0.
They showed similar results as we did in [R 2}, [R-T], [R 1]. One of
the novelties in their paper is the additionnal term div(¢(u)). In
particular they showed if T e W'l’r(Q), r>N/Ap-1). Then u is boun-
ded.

In fact, their results can be extended to degenerate operators A
as we did in [R 1], [R 2], [R-T]. We just have to observe the follo-
wing lemma :

LEMMA 4.— Let Se,h be the following lipchitz function : Se,h(t) =0
if |t} =0, h>0. Se,h(t) =signt of |t| = 6+h  and affine else-
where. Let u € W (@), such that ¢(u) € LYQ). Then

<div(p), s, (W> = 0.

Proof of lemma 1.— For €>0, define S°_ by s: W0 = et + S ().

6,h h
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Then one can check that S:h is invertible from R to R, S:h

1,00

remains in a bounded set of W ' (R) and for any u € W(l)'p(Q),

SZ h(u) converge to Se h(u) in W(l)‘p(Q) strong when ¢ goes to zero.
One has, for u e C(‘)(ﬁ) :

<div gw), S (W> = - J p(w) div(sS (w)dx
, . .

if we define

S, pW0)
F(x) = JO (S5 )\ w)dr, F e Wi'@.

Then, one has from Green formula :

JQ o div(sg  w))dx j ) aiv(F_(0)dx = 0.

it

0. Letting e go to zero and then

Then : <div ¢(u}, S: h(u)>

using density, we get the desired result. u

IV. On c*-regularity

The aim of this paragraph is to derive results similar to those
obtained for the CO’“-regularity. Again, our results will extend those
obtained by Lewy-Stampacchia [L-S], Campanato [C] (see also [G])' The
arguments that we use here is analogous to those that Campanato intro-
duced. In this paragraph, « will denote different holder exponents.

We consider the following operators :
N
Au = - %

[a cw 23] @.1)
i, j=1 i 3

X,
1

0.8,
a e Cloc\Q x R) 4.2)
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vz € IRN, vu € R, for almost all x € Q :

N
2
12':1 aij(x,u)zizj z v(ju])|z], vEC®), v>0 4.3)
1=
|Fu,2)] = |Fxu,2)] s a(u|Xl + |z]%) (4.4)
with : a : ER+ — (R+ increasing.
Let ue H1 Q) n L” (Q), solution of :
toc loc
-1
Au + F(u,vu) = T € Hloc(Q).
We have the following optimal condition.
THEOREM 3.
l,« -1,2
a) If ue Cloc(m then T € Mk.loc Jor some A e JN,N+2].
. -1,2 l,a
b) Conversely, if T € MA' foc’ N<A=N+2 then u € CIOC(Q).
Proof.— a) Let Q be a relatively compact open set, let
— , 1
Bixyp) ¢ 2, ¢ e H(BGx,p), define
N ou _ 0
f® = L axwgreC "“(Q’). Using the structure of F,
j=1 j
we have :
e s [ 1@ (55|
B(x ) 0 i
2
+cf |Vu| |¢|dx+cj
B(xo,p) B(xo,p)

where (fi)x . is the average over the ball
o

inequality, and Poincaré’s inequality :

oy = [c.p"‘.pN/2 + c.lez.p] x Vol

1 (B(o)

1175

>0,

8,

| o] dx.

using Schwartz’s

1X(B))
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Thus, there exist c¢>0 and A>N such that for all ball B(xo,p)

AT | s —TeM @ .
H (B()) '

b) Conversely, we want to show that u is Ci(‘):('.z) if

T ¢ M;;;Z(Q). For this, we need the following decomposition.

LEMMA 5.— Let T ¢ M"2 @, N<sN+2. Then there exist f, & C'*®)

such that :

and conversely,

Proof of lemma 5.— Consider, Q@' € Q and define u e H(l)(Q) solution of
Au =T in Q. For >0 such that : E'(xo,r) < @', dencte by
ve H(B) such that :

Av = 0 B(r)

v=u on c'BBr .
We want to show that u e C;(’)‘:. For this, we divide the proof into two
steps.

st =]
" step. |Vu| e Lloc(ﬂ), we have :

-Au-v) = T in B(r).

-1,2
A,loc

Multiplying by u-v, we derive : (using the fact Te M (Q))

J W(u-v)[zdx = caim? £ c.rh, A>N.

B(xo,r) H-I(B(l‘))

Let O=p=r, from Caccioppoli-estimate (see [G]), we derive :
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f ov)%ax = c.()N f |vu|%dx.
B(Xopp) B(xo,r)
Thus :
J ]Vu]zdx < c J. |V(u-v)|2dx +c J |Vv|2dx
B(XO,p) B(x,.1) B(xo,p)
s o+ c(?)N J IVu[de, A>N
B(xo.r)

. 2,N Al
applying lemma 3, we get |Vu| € Lloc(Q) ~ Lloc(Q)'

I,
Step 2. u e CIOC(Q).

Using Campanato’s result ([C], corollary 7.11), we have

J

On the other hand, a simple decomposition leads to :

J

]VV-(VV)XO‘plzdx = c.(B)N? f ,VV-(VV)XO,rlde.

B(p) B()

‘V(u-v)|2dx +C j KAZA2) }2
B() B(p) 0P

scr + c(?)NJ'2 J.
B(r)

|Vu-(Vu)x0'p | Zdxzc J dx

B(p)

2
| Vv-(\7v)x0‘r [ “dx.

Since (Vv)x L= (Vu)x . (by Green formula) we deduce
, o

j | Vu-(Vu) lzdx = c(?)N+2 f | Vu-(Vu) |2dx+c.rA.
B(o) *oP B(® ot
Using Campanato’s lemma (lemma 6.11 [C]), we derive that Vu e .‘Zf;z(ﬂ),

for some A>N, then, u € C;;:(Q). [

Proof of theorem 3 (comverse).— Let u be in LY (@ n Hioc(rz)

solution of - 5?( [aij(x,u)g—l;] + Fuvu) = T with the structure
i j
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4.1) to (44), if T e M;lizc(Q) from the decomposition (lemma 5), we

N 3f,
can write : T = -% g)—(—l, fi € C‘;(’Jz(ﬂ), let v be solution of :
i=1 i
a av
- a—xl [aij(x,u).ﬁ—j] =0 on B(xo,r)
u-v= 0 on 4B(r)

with E(xo,r) cQ e Q.
By the preceeding result on CO’“-regularity, we have that
0,a .. 0,
ue Cloc and thus aij(x,u(x)) is in Cloc(Q).
From here, the proof is similar to the proof of lemma 5. We divi-
de it into two steps.
st [o2]
" step. |Vu| € LIOC(Q)

Multiply by u-v the following equation :

a8 a3
- B—X—l [aij(x,u) S—X—J (u-v)] + Fu,vu) = T.

Then :

J‘ |V |®dx s 0TH vl
B(D) H (B(r) H(B(®)

+cC J [u-v| [Vu‘zdx +C J |u-v|dx 4.5)
B(r) B(r)

A simple application of maximum’s principle leads :

. . &
infu=vssupu=— |uv| =supu-infus=cr.
B B B B

r r T T

Equation (4.5) becomes :

J. ]V(u-v)]zdx <c Il’n|2_ s J [Vu]zdx + e
B(r) H (B() B(r)
e 4o ® j ]Vu]zdx (4.6)

B(r)
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Using lemma 8.1 of Campanato’s [C] and using the fact that

0, -
a, € C*, we dirive : O<p=r

f [Vv[zdx =c [(%)N + ra] f ,Vv|2dx

B(p) B(r)
= c.[(g)N + r“] j |vu | %dx. 4.7
B(r)
We deduce
J. [Vu]zdx =c f [V(u-v)[zdx +cC I [Vv{zdx 4.8)
B(p) B(r) B(p)

So from (4.5) to (4.8), we derive :

I {Vu[zdx = c [(?)N + r“] J‘ |Vu{2dx + e,
B(e) B(r)

From lemma 3, we deduce that

2,N L1
|Vu| € LIOC(Q) o Lloc(Q). n

Step 2. u e ¥
=t loc

Using Campanato’s lemma, (lemma 8.11, [C]) we derive for O<p<r :

J

| V(9)-(WV) 2dx =c (3)N+2 Vv - (Vv) 2dx
B(o) xo”Dl r J.xs(r)l Xo"‘

+ o1’ I |Vv]2dx

B(r)
As in relation (4.5), on has easily
N
2
f [vuv)|%dy = c. T f If, - @) |%dy
B(r) i=1 Y B(r) 0
+ c.r” I qu‘Z dy + e 4.9)
B(r)
N afi 0
where T = - ) 3% ° fl € Cl(’): . A simple decomposition of :

i=1 i
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J‘ ‘Vu-(Vu)x l Zax
B(p) 0P
0, |

analogous to step two of lemma 5 lead to : (using (4.9), fi e Cloc :

j ]Vu-(Vu)X ,plzdx <c (%)N+2 J.

|vu - (Vu) ]de
B(p) 0 B(r) o'

+ cr” J }Vu[zdx tore,
B(r)

. =]
Since |Vu| € LLoc(Q)

J [u-(Vu) ‘zdx < ¢ (g)Nd J
B(p) of

|[vu - (Vu) lzdx + e
Xo,r

B(r)

From lemma 6.1 of Campanato’s [C], we deduce that |Vu| € ff;’;(n).

l,a
Thus, u e CIOC(Q). n

COROLLARY OF THEOREM 3.— Let p be a signed Radon measure whose to-

tal variation grows as follows :

lu|(Bx,D) = c.r ¥ (4.10)

for all x, r: B2 c @ e @, 0, &>0.

-1,2
Then, p € MMoc Jor N<a=N+2.

In particular, under the same assumptions as in theorem 3, the

. -] 1 . 1,«
solution u of Au + Fu,vVu) =, ue LIOC(Q) n H‘OC(Q) is in CloC(Q).

Proof.— Applying the result of Lewy-Stampacchia [L-S], we know that

. Av=pn . . l,a -l
the solution v  of {v: o imin C’. Thus, p e M Q).

Applying theorem 3, we get that u € C,'*@).
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