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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 22(9&10), 1629-1646 (1997)

BOUNDEDNESS OF SOLUTIONS TO
VARIATIONAL PROBLEMS UNDER GENERAL
GROWTH CONDITIONS

Andrea Cianchi

Istituto di Matematica, Facolta di Architettura,
Universita di Firenze
Via dell’ Agnolo 14, 50122 Firenze, Italy

1 Introduction and main results

The present paper deals with minimum problems of the calculus of variations
and quasilinear elliptic equations in divergence form.
The minimum problems we take into account have the form

(L.1) { minc{F(z,v, Dv) dz

v = Up on 9G.

Here G is an open subset of R", whose Lebesgue measure m((G) is finite; n > 2;
F is a Carathéodory function from G x R x R" into R; D stands for gradient;
ug is a prescribed boundary datum.

Our assumptions on integrand F amount to requiring that A, B and so exists
such that

(1.2) F(z,s,6) 2 A(l¢]) — B(ls])

(1.3) F(z,5,0) < B(|sl)

for |s| > so, € € R” and a.e. z € (G, where |£| denotes the euclidean norm
of £. Here, 3¢ is a nonnegative number, A is a Young function, i.e. a convex

increasing function from [0, o) into [0, o) vanishing at 0, and B is an increas-
ing function from {0, o) into [0, o).
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The boundary datum uo is assumed to be a bounded weakly differentiable
function on R” such that [ A(|Duol)dz < oo.
The competing functions v in problem (1.1) are taken from the class K3

defined as

(1.4) K:t = {v:vis a real-valued weakly differentiable function in G,

/A([Dvl) dx < oo and the continuation of v — ug by 0
G

outside G is a weakly differentiable function in R"}.

We are concerned with conditions on A and B ensuring that any minimizer
of problem (1.1) is bounded in G. Our result can be stated as follows.

Theorem 1 Let n > 2 and let A be a Young function such that

(1.5) 7(—/4—2—))"'#1 dt = oo,

where n' = n/(n — 1), the Holder’s conjugate of n. Let A, be the function

defined by
(1.6) A, = Ao H!,

where

(1.7 H.(r)= (]T (—A—ztj)n’_l dt) o forr >0.

0

(In (1.7) A is modified, if necessary, near 0 in such a way that the integral be
convergent). Assume that a positive constant c exists such that

(1.8) B(s) £ An(cs)
for large s. Then any minimizer u of problem (1.1) is bounded.

Remarks. 1. If the assumption (1.5) does not hold, then a theorem of (8]
(see also [3]) ensures that every function from the class K7} is bounded. Thus,
every minimizer is automatically bounded in this case.

2. The function A, defined by (1.6) plays the role of a Sobolev conjugate of
A — see Theorem 3, section 2. Observe that A, is, in fact, a Young function.
Actually, A, is the composition of A and H!, both of which are Young
functions, the former by assumption and the latter because H, is (strictly)
concave, increases and vanishes at 0.

3. Notice that assumption (1.8) of Theorem 1, which is required to hold for
some c and for large s, is not affected by the way A is (possibly) modified near
0 in definition (1.7).
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4. Let us point out that, unlike most results in the theory of calculus
of variations and of partial differential equations, the boundedness result of
Theorem 1 does not have a corresponding a priori estimate for the maximum.

5. Inthe special case where A and B are powers, Theorem 1 improves classical
results appearing in [6] and [7]. Indeed, choose A(s) = s* for some p € {1,7n]

(when p > n every u € K is bounded by Sobolev’s embedding theorem). If

p < n, then A,(s) = s”", where p* = nn—pp, the Sobolev conjugate of p. When
p = n, A,(s) is equivalent near infinity to the function e“",, in the sense that
constants ¢;, cp exist such that A,(cis) < e < Ag{cps) for large s. Thus,
Theorem 1 ensures that any minimizer of problem (1.1) is bounded provided
that either p < n and B(s) € ¢s”” or p = n and B(s) " for some ¢ > 0
and for large s. The houndedness of minimizers of (1.1) follows from Theorem
3.2, chap. 5 of [6] or Theorem 6.2 of {7] under the stronger assumption that
B(s) < es? for some ¢ < p* in case p < n and for any ¢ > 0 in case p = n.

The above example can be generalised on taking into account functions
A(s) having the form s”log?(e + s), where either p > 1 and g€ Rorp =1
and g > 0. Theorem 1 tells us that minimizers of (1.1) are bounded if

s (logs)/ =P if1<p<n

B(s)<{ e ifp=n, g<n~1

n'

e’ fp=mn, ¢g=n-1.
-When either p > n or p = n and ¢ > n — 1, then every u € K2 is bounded
(see Remark 1).

6. In [9] the question of boundedness of (1.1} was considered under the
assumptions {1.3) and

(1.9) F(z,s,8) 2 A(l¢]) — A(Msl)
for some A > 0. Theorem 2 of that paper states that the relevant minimizers

are bounded provided that the number é defined by

t>1 s+ logt

is strictly greater than 1 and there exists ¢ < é such that

(2]

ds
(111) /W=OO

Theorem 1 above improves this result in the following two directions. First,
assumption (1.9) is more stringent than (1.2)-(1.8), since sliin An(ks)/A(s)
— 400
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for every k > 0. Second, Theorem 2 of [9] cannot be applied if B grows
as fast as A, does. Actually, suppose that B(s) = A,(cs) for some positive
constant ¢ and for large s. Then A~Y(B(s)) = H;¥(cs) for large s. On the
other hand, assumption (1.10) ensures that for every ¢ > 0, A(s) > ¢
if s is large (see e.g. Lemma 2 of [9]). Hence, if § < n (the only case of
interest), [A}(B(s))]7/" = [H 1 (es)]7/"~* < Const. sC~/t=8+) for large
s. Choosing ¢ < § ~ ¢ shows that (1.11) cannot hold.

Now let us discuss the boundedness of solutions to boundary value problems
of the type

n 0 .
(1.12) { ;—a-za,-(z,u,Du) + b(z,u, Duy=0 inG

U= g on 0G.

Here, a;, i = 1,...n, and b are Carathéodory functions from G x R x R" into
R satisfying growth conditions of the form

L

(1.13) 2 adz,u, €)6 2 A(lE]) — Blsl)

i=l

(1.14) sign(s)b(z,s,£) < C(ls]) + D(|sE(I¢])

for |s| 2 so, € € R" and ae. z € G, where s¢ is a positive number, A
is a Young function and B,C, D, E are increasing functions from [0, co) into
10, 00).

We consider weak solutions to problem (1.12) from the class K7, where
uo is a function as above (in particular bounded). A function v € Kz will be

called a weak solution to (1.12) if
(1.15) /Za,-(x,u,uu)@- — b(z,u, Du)g(z)dz = 0
& i=1 9z

t

for all test functions ¢ € K§#. Here, K is defined as in (1.4) with ug = 0.
The next theorem gives conditions on the functions A, B,C, D, E ensuring

that every weak solution to (1.12) is bounded in G. The notation ®~ is used

throughout for the Young conjugate of a function @ : [0,00) — [0, 00). Recall

that
®~(s) = sup{rs — ®(r) : r > 0}.

Theorem 2 Let n, A and A, be as in Theorem I. Assume that:

i} Ao E~? is a Young function;

i) constants ¢ > 0 and k > 1 exist such that

(1.16) B(s) < A.{cs)

R T
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(1.17) C(s) & %An(cs)
(1.18) D(s) < %;(((A o E-)™) Y o A,)(cs)

for large s.

Then any weak solution to problem (1.12) is bounded.
Remark 6 When A, ..., E are powers (with positive exponents), A(s) = 7,

B(s) = 5%, C(s) = s?, D(s) = ", E(s) = 57, say, then Theorem 2 states that
weak solutions to problem (1.12) are bounded provided that

-1

t<p<n g<p-1+2 ac T2 g g 5 <nl2S

n n-—p n—p n—p

This result should be compared with Theorems 7.1, chap. 4, and 3.1, chap. 5
of [6], where equality is not allowed in the inequalities involving ¢, 8 and 7.

2 A Sobolev-type inequality

In this section we establish an extension of the classical Sobolev-Poincaré in-
equality which is a basic step in the proof of Theorems 1-2.

Theorem 3 Let n > 2 and let A be a Young function such that

(2.1) /(A—zt-5>n/_ldt < oo and /(ZZT))nl_ldt = o0,

0

Let A, be the Young function defined by (1.6). Then

lu(y)] N dz
22) / A"(sc;”"(nfn A(!Dul)dz)”"> dy SR[ A(DuDd

R"

for every weakly differentiable function uw on R™ such that m({z € R™ :
lu(z)] > t}) < oo for every t > 0 and such that [ A(|Du|)dr < co. Here,
Rn

Cn = 72T (1 + n/2), the measure of the n-dimensional unit ball.
Remark 7 Incidentally, let us sketch some consequences of Theorem 3 in the
framework of Orlicz-Sobolev spaces. Recall that the Orlicz space LA(R™) is

the Banach space of measurable functions f such that there exists A > 0 for
which [ A(|f(z)]/}A) dz < co. LA(R") is equipped with the Luxemburg norm
R"

Il - lLagrny defined as




1634 CIANCHI

Il La@mn) =inf{)\ >0 :JA(I—f—(A@—‘>dx < 1}.

The Orlicz-Sobolev space WVA(R™) is defined by WIA(R"™) = {u : u is a
weakly differentiable function on R™ such that u and |Du| € LA(R™)}.

The integral inequality (2.2) is equivalent to the following norm inequality
in Orlicz spaces:
(23) Hu“LAy.(Rn) S CODSt.“DU“LA(Rn)

for every weakly differentiable function v on R"™ such that m({z € R" :
Ju(z)] > t}) < oo for every ¢ > 0. Actually, (2.3) is a consequence of (2.2)
by the very definition of Luxemburg norm, whereas (2.2) follows on replacing
A(s) by A(s)/an A(|Dul) dz in (2.3).

Inequality (2.3) can in turn be shown to be equivalent to that established
{(with a different proof) in Theorem 1 of {4]. Thus, as a consequence of that
theorem, inequality (2.3) is sharp, in the sense that LA"(R") cannot be re-
placed by any smaller Orlicz space. In particular, (2.3) improves the Sobolev
inequality for Orlicz spaces contained in (3] (see also section 1 of [4]).

An obvious consequence of inequality (2.3) is the (continuous) embedding

WI,A(Rn) c LAn(RTL)‘

In fact, a stronger information can be derived from Theorem 3. Actually,
on exploiting inequality (2.2) as in the proof of Theorem 1 {Section 3) and
observing that lir%An(/\s)/A(s) = 0 for every A > 0, one can show that

{ A(lu(z)[/A)dz < oo for every A > 0 whenever u € WH4(R"). Moreover,
R"

the same argument as in the proof of Theorem 2.1 of {2] tells us that
. [f(il))‘ oo ny : An n
f 1 A, 5 dz < oo for every A > 0} C closure of L®(R") in L*"(R").
R"

Hence,

WUA(R™) ¢ closure of L2(R") in L4*(R"),

a space which, in general, is strictly contained in LA~(R™).

Our proof of Theorem 3 requires the following interpolation property.

Theorem 4 Let (M, 1) and (M, v;) be positive non-atomic measure spaces
and let T be a linear operator whose domain is some linear subspace of the set
of vi-measurable functions on My and whose range is contained in the set of v,-
measurable functions on M,. Let p € (1,00). Assume that T is bounded from
LY(M,) into LP(M,) with norm < N, and from the Lorentz space LPY(M;)
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into L=(M;) with norm < Ny. Let A be a Young function satisfying conditions
(2.1) with n replaced by p, and let A, be the Young function defined as in (1.6)
with n replaced by p. Then

) A I71(w)

1/r dy2(y)
i \sM{ 1 Al@D) dn(e)

<s(Rey JAusenant)

for every vy-measurable function f on My such that [ A(|f(z)]|)dn(z) < .
My

Recall that, given a positive measure space (M, v) and a real number p > 1,
LPY(M) is the space of those v-measurable functions on M; for which the
quantity

(=]

| fllzer(an = /V({Ifl > s})HPds

0

is finite. Henceforth, {|f| > s} stands for {z € M : |f(z)| > s}.

Proof of Theorem 3. Consider the linear operator T’ defined by

Tg(s) = / PV g(r)dr for s > 0

E)

on functions ¢ : [0,00) — R . Minkowski’s integral inequality yields

03 Wolwiom < J = lo00( [ )"t = [latrter

Thus, T is bounded from L(0,00) into L™(0,00) with norm < 1. On the

other hand, since r=%/* decreases on (0, 00), Hardy-Littlewood inequality tells
us that - -
(26) [rlgtriiar < [ g (ryar,

0 0

where g* denotes the decreasing rearrangement of ¢g. Recall that if (M, v) is
a positive measure space and f is a v-measurable function on M, then f* is
the decreasing function from (0, 00) into [0, co) equimeasurable with f. It is
easily verified that the right-hand side of (2.6) equals n|g|lpr1(0,00). Hence, T
is also bounded from L™!(0, o0) into L*=(0, co) with norm < n. Therefore, by
Theorem 4,
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| [retigtr)ar

(27) fAn o | < [ atgonds

sn( T Al ))ar)

for every g such that ofoA([g(s)[)ds < o0.
D

Now, let u be as in the statement. Then u* is locally absolutely continuous
and the following Polya-Szego type inequality holds

7 vdu*
. - 1n/n' 22 <
(2.8) O/A( nCH™s y )ds _R/" A(|Dul)dz

S

(see e.g. [1]). The equimeasurability of « and u* and inequality (2.8) ensure
that

(2.9) [ [u(y)] o |
; 8&?”(1Aunwm@
R'"
S /An 0o “ (S) d - 1/71 dS.
5 80?“([A(—n0¥%UWJL)w>
b dr

du*
dr
).

dr for s > 0, the conclusion follows from inequalities
0

Since u*(s) = :fo—
(2.7, (2.8) and (2.9

Proof of Theorem 4. We begin by showing that T'f is well defined whenever
(2.10) [ ais@D dniz) < oo.
My

To this purpose, it suffices to show that if we set f; = sign{f) min{¢,|f|} and
ft=f—fifort>0,then f* € L}(M,) and f; € LP(M;). Since A is a Young

function, then

(2.11) ési increases

and

(2.12) Als) 5‘%(3) <A2) oo
s s

Thus
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213 fn = / ({171 > s} ds <

"“l

7 [P > spas

A

t TdA
T[T Sn({Ifl > s})ds = mh{ A(lf(2)))di (=),

whence f' € L'(M;). On the other hand,

t

t

(/G

whence f, € LPY(M,).
Let us now prove inequality (2.4). Set

(2.1%) A,(s) = (%s)p for s > 0,

p/

il

(2.14) fllzra = / n({lf] > s))/7ds
< (/ (( )y )" (/A Lttis1 > spyas)”
< (Ja) ™) ([Somitn> w)”
)

ldr)w( Alf@) )

where H, is the function defined as in (1.7) with n replaced by p. Let f be
any function satisfying (2.10). Then, if k is any positive number, the following
chain of inequalities holds

(2.16) / A, (LN 4y, = %<t>u2<ﬂTﬂ>8kt}>dt

o
<]’°
0

vo({ITf| > 8kt})dt <p 7 £ Vg({{Tf( > 8kt})dt
7 p/t) : ( / 2({ITF] > 2ks})s ‘lds) dt.

Observe that the first inequality in (2.16) is due to (2.12) with A replaced by
A,, whereas the second inequality is a consequence of Lemma 1 below. An
integration by parts yields
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(2.17) —fzp(t)i( /ug({|Tfl>2ks})s” ’ds)dt

t=oc

[ oa{IT 11 > 2hs])s~ ‘ds)

=0

" 702‘1_ (ZL@> <p' 71/2({[Tf! > 2ks})s” ! ds) dt

dt\ tr
i

From (2.16) and (2.17) we get

(2.18) (le y)}) dry(y) € hrnsup p /ug({[Tf[ > 2ks})s?' " 1ds

+7dit( )( /ug({|Tf(>2ks})P ‘ds)dt

Now, since —%(Zp(t)/tp') > 0 and since vy ({|T'f| > 2ks}) = o ({{T(fr + )] >
2ks}) < v ({|T fof > ks}) + w({ITf*| > ks}) for every A > 0, then

(219)/ (‘Tf > ()<hmsup

o0

_/ {17 Hrwl > ks})s?tds

¢

>

Wy [oa(qi0) > kshyor s

t

( ><P 71/2 H{ITHxwl > ks})sp"1d5>dt
+7 (~ )(P 7V ({ITFOf > ks})s?~ 1d5>d

Here we have set

(2.20) Aty =H'(t)  fort >0,

Call 1, Ji, I3, J3, the terms on the right hand side of (2.19), respectively. First,
let us consider the terms J;, ¢ = 1,2. Owing to the fact that 7' is bounded
from LP! into L* with norm < Ny and to inequality (2.14) with ¢ replaced by
A(t) we get

(2.21) T faplice < Nl fawllzrn
< M0 ( [ Ausedne)” = v [ adseane)”
M, M;

+ hmsup
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Hence, v5({|T fa| > ks}) = 0 provided that s >t and

/p
(222) k= [ AUS@N) da(a)
M
Thus,
(2.23) L=1I=0

if k is given by (2.22).
Let us now take into account the terms J;, ¢ = 1,2. Since T is bounded
from L! into L¥" with norm < Ng, one has

(2.24)p’7u2({|Tf’\(‘)] > ks})sP Y ds < (]Z") ( 7ul({|f| > s}>ds)’°l.
t A1)

From (2.13) with t replaced by A(t) we get

(225 ZO( T ongaint> spas)”
At)
<% () ([ A0seanto) "= (] AfENn())

Clearly, (2.24) and (2.25) imply that

(2.26) ( )(/A[f )z )

Finally, let us estimate the term J,. On making use of (2.24), integrating
by parts and then making use of {2.25) one obtains

o ns () LED)( [us> e) @

Alr)
(8 (B a0 [
Apl)

A1)
pl

I

o]

n({lf] > s})ds) dt}
At)

V{( / A=)

+p'072t t)( [) n{{{fl > 3})ds> o n{lIf] > /\(t)})%(t)dt},

S
TN

2 e g

IA
TN
=
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We have

2 28)/ Alt) ( ({|f|>s})ds) U ERYONEO

S ntir > s})ds)” (ISl > r})dr

oy {lfl>s})ds) <- (/A 1f(2))dn ) |
From (2.27) and (2.28) we obtain
(2.29) tb<2( ) (/Aﬂf ng).

Combining (2.19), (2.23), (2.26) and (2.29) tells us that

[ (L ay ) <3(22)7( [ Ast@Ipan))'
M. A

2

provided that k is given by (2.22). Hence, the conclusion follows. 0

Lemma 1 Let p € (1,00) and let A be a Young function satisfying (2.1) with
n replaced by p. Let A, be the function defined as in (1.6) with n replaced by
p and let A, be the function defined by (2.15). Then

1 _
(2.30) ?&wmg&mgégm)ﬁmza
Proof. Consider the auxiliary function AAP defined by

(2.31) A(s) = jgp—r(lldr for s > 0.

0
Since A,(r)/r increases, we have
(2.32) A (s/2) < Ay(s) <A,(s) for s>0.

After the change of variable ¢ = H;”(r) on the right-hand side of (2.31) one
has
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H;ls
()A(t)

(2.33) /ip(s) = —t——dt for s > 0.

!
v
Inasmuch as A(t)/t increases, equation (2.33) implies that

1 _ - 1 -
(2.34) ;A(Hp Y(5)/2) < A,(s) < I7A(Hp '(s)) fors > 0.

Since H;' is a Young function (see Remark 2),
(2.35) cH;'(s) < H;'(cs) fors>0andc>1.
Inequalities (2.30) follow from (2.32), (2.34) and (2.35). o

3 Proofs of Theorems 1-2

Proof of Theorem 1. Assume, by contradiction, that sup |u| = co. Let
t > 0 and set v(x) = sign(v) min{¢,|u(z)|}. Clearly, v € K2 provided that
t > tg, where t5 = sup |ug|. Therefore,

(3.1) / F(z,u, Du)dz < / F(z,v, Dv) dz.
a @
Hence,
(3.2) / F(z,u, Du)da < / F(z,tsign(u),0) dz
{lul>t} {luf>}

if ¢ > #;. This is the point where assumption (1.8) plays its role. Without
loss of generality, we may suppose that (1.8) holds for s > sg. Moreover, for
simplicity, we assume that the integral in definition (1.7) is convergent, so that
there i3 no need to modify A near 0. Thus, from (3.2) one infers that

(3.3) / A(|Dul) dz < / An(cul) dz + An(ct)u(t)
{Jul>t} {lul>t}
if t > max{to, so}. Here, u(t) = m({|u] > t}), the distribution function of u.
1 ~1/n
Now, let us set k(t) = gC,?"( / A()Du)) dx) . Clearly, &(t) is an
{luf>¢}

increasing function of ¢ which tends to infinity as ¢ goes to infinity. Let ¢; be
such that

(3.4) kt)y>2c ift2t.
The convexity of A, and inequality (3.4) ensure that
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(35) / An(cluf)dz < % An(QC(Iu{—t))dz+%An(Qct),u(t)
{lul>t} {Jul>t)
< %H l/ A=)+ LA k((0)

if t > t;. On the other hand, by Theorem 3 we have

(3.6) [ Ak@(ul-t)de < [ A(Du)da
{luf>1t} {luf>t}

if #+ > to. Combining (3.3), (3.5) and (3.6) and using the fact that A, is a
Young function yield

(37) [ AUDul)dr < [Aa(k(t)t) + 24,(Ol(6) £ Au(kt)u(t)
{luf>t}

for t > t5, where k = 3max{k(t,), c} and ¢; = max{so, to, t1}.
Jensen’ s inequality tells us that

(3.8) A(u—(lt-)“uzt} [Du|dz) < ;(lt—){,u.[q A(|Dul) dx.

Moreover, the coarea formula and the standard isoperimetric inequality in R”
imply that
(3.9) nC/n / () dr < / \Du)dz

t {luf>t}

if ¢ > to (see e.g. the proof of Theorem 1 in [9]). From (3.7), (3.8) and (3.9)
we deduce that
#()

Cl/n
(3.10) " -
J () dr

t

A1 An(kt))

<

if t > t5. On raising both sides of (3.10) to the power 1/r’ and integrating the
resulting inequality between any number s > t; and oo, we obtain

(3-11) C: (7 [A'I(Aj(tkt))]‘/"'> E 7 et

This is already a contradiction in case the integral on the left-hand side of
(3.11) diverges. If, on the contrary, the relevant integral converges, one can
conclude as follows.
Inequalities (3.5)-(3.6) ensure that [ A,(A|u])dz < oo for every A > 0.
G
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Thus, for every A > 0 the function

@)= [ Adu)do

{lul>t}
is well-defined for t > 0 and
(3.12) thm wy(t) =0.

Obviously, wy(t) > An(At)u(t) for ¢ > 0. Hence,

(oY w/\(t)l/"’ fo ) ) ,
1 — dt > /n
(3 3) g An(At)1/71' tz !H(t) dt

for every A > 0 and s > 0. Notice that, since we are assuming that the integral
on the left-hand side of (3.11) converges, then the integral on the left-hand
side of (3.13) is a fortiori convergent. Equation (3.12) implies, via Hopital’ s
rule, that

3.1 lm [0, at)”

(3.14) s~ | AL (M) (/A NG ) =0

for every A > 0. Combining (3.11}, (3.13) and (3.14) leads to a contradiction
owing to Lemma 2 below. lj:l

Proof of Theorem 2. We argue by contradiction and suppose that u is
unbounded. Let us call ¢y the sup of jugl. On choosing ¢ = sign(w) max{|u| -
t,0}, with t > 1, as test function in (1.15) we have

(3.15) / Za x,u,Du)g — bz, u, Du)sign(u)(ju| — t)dz = 0.
{hui>ty =1

As in the proof of Theorem 1, we assume for simplicity that the integral in
definition (1.7) is convergent. Thanks to inequalities (1.16), (1.17) and (1.18),
which, without loss of generality, may be assumed to hold for s > sy, equation
(3.15) implies that

(3.16) / A(|Dul)dz
{lul>t}
<2 j An(clul)dz + / E(|Dul)((A 0 E7Y)) Y (An(clul)) dz
{lul>t} {lul>t}

for t > max{to, so}. We have
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1 —ly~y—
(317)  TEUDuD((40 E7)) o Aulela])
< Ao E7N(E(|Dul)/k)+ (Ao E™Y)~ o {{Ao E7H)™)" o A (clu])
1
< ZA(Du]) + A(elu).
Observe that the first inequality in (3.17) is a consequence of the very definition
of Young conjugate, and that the second one holds because Ao E~! is a Young

function and & > 1 by assumption. From inequalities (3.16)-(3.17), on using
the fact that A, is a Young function and 3k/(k¥ — 1) > 1, one obtains

3ck
(3.18) [ apu)ds < / An(k_llu[)dx
{lul>t} {{ul>t}

for t > max{#y, so}. Note that, apart from a missing term, inequality (3.18) is
analogous to inequality (3.3) appearing in the proof of Theorem 1. Therefore,
the conclusion follows in exactly the same way as Theorem 1 follows from
(3.3). The details are omitted for brevity. a

Lemma 2 Letp € (1,00) and let A be a Young function satisfying (2.1) with n
replaced by p. Let A, be the Young function defined as in (1.6) with n replaced
by p. If k > 2, then

(3.19) fﬂ%ﬁﬁ
< 2o () ([ i) fr >0

Proof. In the case where T[A‘I(Ap(t))]“l/’" dt = oo there is nothing to
prove. Thus, we may assume that the last mentioned integral is finite. Let A,
be the function defined by (2.15). By Lemma 1, it suffices to prove that

T dt
@) | T

< %(P’)rl(k_ﬁ?)rl(sf W)p for s > 0.

A change of variables shows that (3.20) can be written as

(3.20) 7 Hy(r)™ ( A;T)Y’dr

Hy (ks)2)
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] e () )

Hy'(s)

for s > 0, where H, is the function defined as in (1.7) with n replaced by

p. Owing to (2.35) with ¢ = k/2, inequality (3.20) will follow if we show

that an analogous inequality, with lower limits of integration H;*(ks/2) and

H'(s) replaced by kz/2 z%nd z, respectively, holds for every z > 0. Since the
, P

function H,(r)™? (A?r)) decreases on (0, 00), the inequality in question is a

consequence of Lemma 3 below. O

Lemma 3 Let p € {1,00) and let h > 1. If ¢ is any decreasing function from
(0,00) nto [0, 00), then

(3.21) Zg(r)dr < %(}l—h_—fy—l(jr“l/p'g(r)l/” dr)p for s > 0.

s

Proof. We shall show that

(3.22) (]ow(r)prp_ldr) v < (l)llp(%)l/pl 7¢(r)dr fors >0
hs s

P
for every decreasing function ¢ : (0,00) — [0,00). Clearly, (3.21) follows from

(3.22) on choosing ¢(r) = g(r)"/?r~/7" In order to establish (3.22), observe
that, since ¥ is nonnegative and decreasing, then

(3.23) (r = s)o(r) < /w(t)dt itr>s.
Thus, since we are assuming that b > 1,

(3.24) (7¢(T)Prp-1dr)”p
hs

N S A p—1 1/p
5(’{(r_s) <!w(t)dt) z/)(r)dr) for s > 0.

Inasmuch as r/(r — s) is a decreasing function of r in (hs, 00), the right-hand
side of (3.24) does not exceed

() (] (o)

hs
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The last expression equals

(%)”(z%—)”(( 7 b)) - (fw(t)dt)”)l/ g

Hence, (3.22) follows. O
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