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1 | INTRODUCTION

In this paper, we consider the
dissipation:

In this paper, we study the global well-posedness for the two-dimensional
nonlinear Boussinesq equations with horizontal dissipation. The method we
adopted is the smoothing effect in horizontal direction and the low-high decom-
position technique.
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two-dimensional incompressible nonlinear Boussinesq equations with horizontal

o+ u - Vu — voy u+ VI = F(0),
00 +u-V6—k0i0=0,
divu =0,

(U, 0)|=0 = (uo, Oo).

(1.1)

Here, u = (u;, uz)(t,x1,%;) denotes the velocity vector field, and 8 = 6(¢,x;,X;) is the temperature. The pressure I1 is

governed by the following:
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2 0y 0y, 2 9.
M= Y — i) = ¥ —(Fi(0) =: Ty +Tly. (12)

i,j=1 i=1

The function F(9) = (F1(0),F5(0)) is a vector-valued function such that F € C* and F(0) = 0. And the positive
parameters v and x denote the kinematic viscosity coefficient and the molecular diffusivity of the fluid, respectively.
Without loss of generality, we assume v = x = 1and denote d,, by 9; withi = 1, 2.

In Pedlosky,' the Boussinesq system model is used to describe atmospheric or oceanographic turbulence whenever rota-
tion and stratification play a key role. If we take F() = e, e, = (0,1), and Laplacian replaced of horizontal dissipation,
the syetem (1.1) is reduced to the classical one and has been intensively studied from a mathematical viewpoint due to
its physical significance. Most of the papers are devoted to studying the global well-posedness, one can refer to previous
works.> 16

If Laplacian is replaced by the horizontal dissipation or the vertical dissipation, this physical phenomenon is natural
and one can refer to Chemin et al.’” For the horizontal dissipation, Danchin and Paicu® firstly proved the global existence
for the two-dimensional Boussinesq system in only one equation. Then Miao and Zheng'° extended the above results to
three dimensions under the assumption that the initial data are axisymmetric without swirl. Recently, Adhikari, Cao, and
Wau also established some global results for the two-dimensional Boussinesq with vertical dissipation, see other works.*"*
In the paper,” Wu and Zheng also discussed the vertical case for the two-dimensional nonlinear Boussinesq equations
and obtained the global well-posedness result for the rough initial data. They established a growth estimate on vertical
component of velocity and improved the above results.

In the present paper, adopted the method from Wu and Zheng,** we extend and improve the result of Danchin and
Paicu'® to general source term F(6). Our main results are stated as follows:

Theorem 1.1. Assume F € C satisfies F(0) = 0. Suppose that u, € H'(R?) with d,w, € L*(R?), and 6, € L*(R?*) n
L®(R?), 0,00 € L*(R?), 03600 € L*(R?) and F(6p) € L*(R?). Then there is a unique global solution (u, 0) for system
(1.1) such that

u e CR*; HY(R?), 0 € C(RT; L2(R?) N L®(R?)), 3,0 € C(R*; L*(R?)),

(0,;030) € CR™; LX(R?)), (d1u; 010) € L, (R H'(R?)),

loc

(010:0,01030) € L} (R*; L*(R?))

loc

and

(Vu,0,0) € L* (R*; L®[R?)).

loc

Remark 1.1. Compared with Danchin and Paicu,'® we weaken the assumptions on initial data in horizontal direction
and obtain the continuity of higher regularity norm of (u, ).

Besides, we also have the following theorem.

Theorem 1.2. Assume F € C° satisfy F(0) = 0. Suppose that uy € H'(R?), 6, € L*(R?) nL2(R?), 0,0, € L*(R?)
and F(8y) € L*>(R?). Then there is a unique global solution (u, 6) for system (1.1) such that

0 € Co(R*; LP(R?)),Vp € [2,00), 6 € Cp(RT;L¥(R?)), 0,0 € Cy(RY; L*(R?)),

u e CyRY;HY(R?), owel? RYH(R?), 00,0 €L?

. T2(TR2

loc loc(R+’L (R ))

Notation

Throughout the paper, Rt = (0, o), C stands for a “generic" constant and C, depends only on the initial data. For p,q €
1

[1, o], the usual Lebesgue space is denoted by LP(IR?) and || - || L denotes the norm of < fot - ||Z dr) 5.
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2 | PRELIMINARIES

In this section, we are going to recall some basic facts on Littlewood-Paley theory, one may check Miao et al* for more
details. And then we give two useful lemmas.

Let S(R") be the Schwartz class of rapidly decreasing functions. Given f € S(R"), its Fourier transform Ff = fis
defined by the following:

f@& =00 [ e fd.

Rn
Choose two nonnegative radial functions y, ¢ € S(R") supported respectively in B = {£ € R", €] < ‘—3‘} and C = {¢ €

R", 7 < |¢] < ) such that

2©+ Y 0275 =1, ceR"

Jj=20

Set ¢;(§) = p(27¢) andlet h; = F~lp; and h=F"1 - Define the frequency localization operators:

Aju= @Dy = 2"j/l% h;(MWux—y)dy, for jeN,

and
Au= ,{’(D)u

We shall also use the following low-frequency cutoff:

Siu := y27/Du for jeN.
The formal equality
u= Z Aju.

j=-1
Formally, A; = S;j;1 — S;is a frequency projection into the annulus {[£] = 2}, and S; is a frequency projection into the
ball {|£] < 2/}. One easily verifies that with the above choice of ¢

ApAu=0 if |j'=jl=2 and A(S;qubu)=0 if | —j| =5
We now introduce the following definition of inhomogenous Besov spaces by means of Littlewood-Paley projection A;
and S;:

Definition 2.1. Lets € R,1 < p, g < oo, the inhomogenous Besov space B; ; is defined by the following:
Byg={/€S'®": |Iflls, <)

where

1
o0 .
(ZzﬂquA,-fnzp)  for q<oo,

j=1

A Nls,, =
sup 25||A; f e,  for g = co.

Jjz-1

Let us point out that B , is the usual Sobolev space H? and that B, , is the usual Holder space C° fors € R \ Z.

We now recall the para-differential calculus which enables us to define a generalized product between distribu-
tions, which is continuous in many functional spaces where the usual product does not make sense (see Bony*®). The
paraproduct between u and v is defined by the following:

T, .= Z S;_1uljv.
J
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Formally, we have the following Bony's decomposition:

uv =T+ Tyu+ R(u,v),
with

R(u,v) = Z Ajul v,

|/ =jl<1
and we also denote
T,v := T+ R(u,v).

Next, we introduce two important lemmas which will be useful throughout this paper.
Lemma 2.1. (Miao et al25)
Letl < a < b < oo. Assume thatf € L% then there exists a constant C independent of f, j such that

1

1_1
sup [10%Sqf 1 < C 229G 1Sy £ 1110,
lal=k 1.2)

CR25| Agf e < sup 110 Agfllze < CR29| Agfll1a.
la=k]|

Lemma 2.2. (Cao and Wu* and Wu and Zheng**)
Letp € [2, ). There holds that

1-1 1 1-1 1
/R F8hdx < Collf e 1811y 1102811 g 1Vl o 19811 @1
In particular,
1 1 1 1
/R Sghdx < CI1f o 1811 g 192811 o | 111 e 19U, g (22)

3 | APRIORI ESTIMATES

In this section, we give some estimates needed to prove Theorems 1.1 and 1.2. Let us begin with the following energy
estimates.

Proposition 3.1. Assume uy € L>(R?) and 8, € L>(R?) n L®(R?) with F(6,) € L*(R?). Suppose that (u, 8) is a smooth
solution of (1.1). Then

t
10112, +2 / 1010 Pade < 116011 (3.1)
0
t
IIF@)D)II2, +2 / [101F(6)(0)||2,dt < |[F(60)|2, + FyrFal|6ol17, (3.2)
0
and
t
u®)|1?, + 2 / lo1u(®)|17,dzr < 2|[uol|?, + 3E2(||F(B0)| |2, + FyFul|6o]12,). (3.3)
0

where Fyr,, and F;, and Fy, denote the maximum absolute value of F(-), F'(-), and F" () on interval [—|[6o] |, ||6o||=].

Proof. Recall the temperature equation as follows:
0:0 +u- Vo — 070 = 0.

Taking L*-inner product of the above equation with 6 yields (3.1).
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Now, we calculate the temperature equation by a simple way as follows:
0F(0) + u- VF(O) — 0;F(0) = F"(0)0:00,6. (34)
Multiplying (3.4) by F(6) and integrating in space, we have the following:

1d

> g/ IFOOIIL + I FO@II, = - /]R F(0)0100,0F (0)dx. (3.5)

Using Holder's inequality, the right hand side of (3.5) can be bounded by the following:
[F" @) |z [|FO)] 1111016117, < FyiFarl|010117,.
Plugging the above inequality into (3.5) and integrating with respect to time variable, we get

t t
IIF@O)®II7, +2 / [10:F(0)(?)||7.d7 < ||F(80)|17. + 2F 3 Fym / [10:0(2)|17.dz. (3.6)
0 0

(3.6) together with (3.1) gives (3.2).
Then, taking the L*-inner product with the first equation of (1.1) by u and using Hélder's inequality, we have

L8 @Iz, + llow 12, = / F@)udsx < ||FO)O) |2 1)1 3.7)
RZ

Consequently,
d
;14O < [IF@D] -

Inserting (3.2) into the above inequality and integrating with respect to time variable yield

Hu®llz> < lluollz> + t\/||F(90)||L22 + FyyFul|0o] 1122,

which together with (3.2) and (3.7) gives,

1d
Ed_t”u(t)”Lzz + ||ou(@®)||22

< \JIIF@0) 1222 + FyyFarl 1001122 ol 12 + £/ IF@0)122 + FyyFagl1 001122

Integrating the above inequality with respect to time variable, we have (3.3). O

Definition 3.1. (Taylor” and Yudovich?®®)

A modulus of continuity is any nondecreasing nonzero continuous function  on [0, co) such that (0) = 0, and
satisfying that Q does not vary too rapidly, ie, that Q(2h) < CQ(h),Yh € (0, ). The modulus of continuity Q is a
dual Osgood modulus of continuity if, in addition,

) 1 _

Proposition 3.2. Assume uy € H'(R?), 6, € L*(R?) n L®(R?), 0,6, € L*(R?), and F(6,) € L*(R?). Suppose that
(u, 0) is a smooth solution of (1.1). And we also suppose that

t Sqou1 ()] |2
/ sup 8@ 0, (3.9)
0 g2 Q(q)
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where Q(-) is a dual modulus of continuity. Then

t t
(@12, + 11000012, + / llo10(0)| %, dr + / 110:0:0()112,d < Co(0). (3.10)
0 0

Proof of Proposition. Taking the operator VX for the first equation of (1.1), we obtain
@i+ u- Vo — 0iw = 01(F2(0)) — 0,(F1(0)).

Multiplying the above equation with @ and integrating with respect to space yields

1d

L ol2, + 1012 = /R O~ /]R O (3.11)

Using the Cauchy-Schwarz inequality, we have

—/ 0,(F1(0))wdx = —/ F1(0)0,0wdx
R2 R2
< Fyl10:001112 o)1
1 1
< S(FRI0:01E + o] 2.

Integrating by parts gives

/01(Fz(9))wdx=— F5(0)01wdx
R R:

< IFO) 101001z
1 1
< SIROIIZ + 11O

It follows that
d
allw(t)llé + 01|12, < (Fy?110:0117, + [lw® 17, + [|F2(0)]17,. (3.12)

Then, taking the differential operator 9, for the temperature equation, we get
at020 +u- V020 - 0%620 = —02u1019 - 02u2620. (313)
Multiplying the above equation with 0,60 and integrating in space, we obtain

1d

||52‘9(t)||iz + ||02019(f)||i2 = —/ 02U10100,0dx — [ 0,u20,00,0.
2dt R2 R2

For the first term of the right hand of the above equation, integrating by parts and using Holder's inequality, we know

—/ 62u1610020dx= 6162u10620dx+/ 02u16’01020dx
2 R2 R2

<O L= 0102u1|[2110201 12 + [18()]| Lo ||02t1|112]101020] |12
< Cl0ollz= 1010112110201z + [|00] |z~ |w|]12|[01020] |12

1 1
< Cll6ol17 (11020117, + llool|2,) + §||01w||iz + Z||31029||iz,

where we use the following fact 0,0 = — /\ u, and

[[0102u1]]12 = || = 0202u3 |12 < Cl|010|]12.
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For the second term, from the incompressible condition, we obtain
—/ 62u2029620dx = 01u102002dx = —2/ u161026’629dx.
R2 R2 R2
By Littlewood-Paley theory, we decompose the integral term as follows:

2/ ulaldzﬁ()z&dx = 2/ SN+1M1()2001029dX + 2/ Z Ajul . 02001020dx
2 R2 R

2 i>N
11Squa |17 1
< 16Q(N + 1) sup ————[020||%, + —11010,0]|? (3.14)
< 16€)( )Zglz) Q) [10:2011;. 16|I 102011},
+2 ) 11 |[1110201 11211010262,

>N

where the positive integer N will be fixed later.
Using the interpolation theorem, Minkowsik's inequality and Holder's inequality, we get

1Al o < [|180 0 @ |

1
2

1
sHuA,-ulnz 104,

12, (R) 12 ®|| 15 ®
1 1
< [naulig @}, o [10rawlsw|, . -
<\ Jj 1”LXZ(]R) Lil(R) [[01 J 1”Lx2(R) L}CI(R)
Since
1 1
A w1 G, rge &) < A w1 xr, ')||L2§2(R>||02A1M1(x1,')||£§2(R)’
and

1 3 2
||01Aju1(x1s’)”L;;(R) < 101Ajur ()l (R)||A§231Aju1(x1")||3
X

where we use the fractional operators A :=/—(d; +03), A, :=4/—07 withi = 1,2. Then,

1 1 1 3 1
A ju Il < 1180115 10801 1018 15 AL 01 Al

2 Ry

1 5 3 1
< CllA w118 0] BIAL 0 A1,

By the Bernstein lemma, we have

1 5 3 1
2 ) 18wl < CllwllLlloll2 D) 1AL a Al
j>N j>N
l i J J 2 1
< Cllullf o2 Y 27 =R |AL 014 u||12)?
>N
N 1 ) 1 3 1
< C275 |lwllL ol 2110 AT AL w17,
N 1 ER 1
<2l ol 3ol

1.~ 1._»
SC||U1||L2+ZZ 9||a)||L2+§2 9 |[010]| 2.
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Inserting the above inequality into (3.14) and using Cauchy-Schwarz's inequality, we infer that
ISquallZe
2 [ 11010,00,0dx < 16Q(N + 1) sup —————1[020]|}, + C||u1]1211020]]12]|01020]| .2
R? 2 QQ)

1. 1%

+ Zz 9 ||o||1211020] 1121101020 |12 + §2 9 ||010][121[020] 1121101020 |12
1

+ E||01029||iz

[1Squr 17
<16Q(N +1 ——— 2" 110,0|12, + Cl|uzl|?,119:0]1?
< ( )21;1; ) [1020117, + Cllua |}, 11020117,

1, - 1. - 1
+ Zz v ol |7,11026112, + §2 v |01 1711920117, + Z||01029||iz-

N
Now we set a fixed positive integer N such that _ZT(l lo@®)][2, + [1026()]12,) < 1, namely,

> 9
2log2

log*(|l@(®)]12, + 110:00)117,)| + 1,

where log*(-) = log(e + -) and [-] is the rounding function.

Thus,
1d 1
5 10200115 + 51100100117,
9 [1Sq (117
< 16Q log* (llo®]12, + 1102002 1 —————10,00)||?
< ([ZIngog (leo®I1Z + 1102 ()||Lz>]+ >2‘;€ ag 12Ol

1 1
+ Cll6ol 7= (ol 17, + 11020117,) + Cllua (D117.119:0(0117, + lealw(t)llfz + lew(t)llir

This together with (3.12) yields

d 1
a(nw(t)niz +1102000112,) + E(Halw(t)lliz +110:2010(0)]12,)

< (Fy)*110200112, + |[F20)DI12, + Cl16o] |7 ()] 7, + 110:0(0)]17,)
|1Squil |2,
Q(q)

3,0(1)||?
3Tog2 110200117,

+ Cllw 17,1100 17, + 2[lo(®) 7.

+32Q ([ 2 log* ([lw®I2, + ||aze(t)||§z)] + 1) sup
q=

According to the properties of the dual Osgood modulus of continuity, we obtain

Q <[213g210g+ (@12, + ||620(t)||§2)] + 1) < cQlog* (llw(®| 12, + 110:00)]1,)).

Moreover,

Le+ oI + l10:00112)
||Squ1<t>||§w>
Q(q)
x Q(og*(||@(®)][7, + 110:0(0)][7,))(e + [lw(®)] |7, + 10:0(0)][7,)).

< c<1 +(Er? + 160011 + 111 + IEL@)O11: +sup
q=

We denote
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@ :=log"([lo@®)||7, + [1026(0)]17,),

g1 =1+ (F)* + 160l1 7 + UL, + IE20) O,

1152 2.
h(t) := sup —2 1L
=S 5w
then
%f(t) < C(h() + gB)QA £ (D).
IfMx) := /lx ﬁdr, we have
%M( £() < CCh(r) + g(0).

Consequently,

t
M(f(®) < M(f(0)) + C/ (h(7) + g(r)dr =: I(1).
0

So we can conclude that M is bijective mapping from [1, + o] to [0, + oo] by using the property of the dual Osgood

modulus of continuity that f1°° @dx = co0. Hence, there exists a unique inverse function M~1(-) of M(-) such that

f®) <M U@)).

This completes the proof of the desired result. O

Proposition 3.3. Assume uy, € L*(R?) n L*(R?) and 6, € L>(R?) N L*(R?) with F(6y) € L*(R?). Suppose that (u, 8) is
a smooth solution of (1.1). Then, we have

t
a2+ + / /R (e, 02101u(z, 0| dxdr < Coe ™", (3.15)
0 2
f 4
[ITL(0)] |22 + / [|VIL(7)||r2%dz < Coe*", (3.16)
0

Proof of Proposition. By the Equation 1.2, we have

010 010 0,0
I, = 2 (uuy) + 22 () + =2 (Ualhs)
-A -A -A
010 010 d (3.17)
= _1_A1(u1u1) + 2_1—A2(u1u2) - Zi(uzaluﬂ.
It follows that
10211 ||z < C(/R Iu|2|61uI2dX> . (3.18)
2
Multiplying the first equation of (1.1) by |u|?u and using (1.2), we obtain that
1illu(t)||L44 +/ lu|?|01ul?dx < —/ VI, - |u|2udx—/ VI - |u|*udx
4 dt R2 R2 R2 (3.19)

+ / F(0)|u|?udx,
Rz
where we have used the fact

- |u|2u~afudx2/ |u|?| 01 u)?dx.
RR2 R2
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For the first term of right hand of (3.19), we have
- / VI, - |u|udx = / I, |u|?0,urdx + 2/ MMuqu - dyudx — / 01T, |u|*u,dx. (3.20)
R2 R2 R2 R2
By (3.18), (2.2) of Lemma 2.2 and Young's inequality, we get

1 1 1 1
/ oI, [uPuzdx < C10aTy 2 w17, 1102w 12, 1 1ulP112, 1101 |1,
R2
1 1 1
< Clllulorullezluzll/ [1ovua ||, Hulls [ ullorulll
2 2 4 1 2
< Cllual I Horua Tz Mull, + 7 Hluflorul {17,

In a similar way, we have

1 1 1 1
/ I, |u|*0yuydx < Clloyuy |2 | |ul? (1222 1011wl |12 2 [Tyl 22 10200, || 22
R2
1 1
< Cllowun 2| Tul s Twllovul [ 7, 1wl s 1wl |01 ul || 22
1
< Cllovu|[z2? | ul|+* + Z|||u||a1u|||L22,

and

1
/ Myuiu - yudx < Clloyul ] [ul|* + lelullalulllmz-
For the last two integral terms of (3.19), using Holder's inequality and Young's inequality, we conclude
1 1
—/R VI |u|?udx + /IR F(0)|ul*udx < CFy(I1F(60)|17, + FyyFal160]17.)% |1ulls-
2 2

Summing up above estimates, we deduce that

d 2 2 2 H 2 243

2 14Oz < C(ulI7 191ul (7, + ol ) ullzs + CFy (HF@)]11, + FyFull6ol17,)%.

The Gronwall inequality gives

C(lull?

|| < iz Do 1O ds

(luollzs + CFZ(I[F(00)I12, + FyFal|6ol12,)%1).

Plugging this into (3.19) together with Proposition 3.1 yields (3.15).
Finally, by (1.2), (3.15) and the property of Calderén-Zygmund operator, we have (3.16). O

Proposition 3.4. Assume uy € L(R?) and 6, € L*(R*) n L®(R?) with F(6,) € L*(R?), where ||uo||L®: :=

SUP2<p<co %. Suppose that (u, 0) is a smooth solution of (1.1). Then, we have

Ol < WO |Lg2e®"  fori=1,2. (3.21)

Proof of Proposition. We only prove the result for u,. The estimates for u, can be obtained in a similar way.
Since

oy +u-Vuy — 0fu1 + o111 = F1(6).

For any p € (4, c0), multiplying the above equation by |u;|P~2u; and integrating with respect to the space variable,
we obtain
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1 _ _ _
I—J||u1||€p+(P—1)/R [u [P 2|01H1|2dx=—/R oillju, [P Zuldx+/RF1(€)|u1|P updx.

By Holder's inequality, we have
/R FOl P uds < TFOIll ;" < FO ol 15
Integrating by parts gives
—/ ouI|uy P~*uydx = (p — 1)/ Hu|ul|p_201u1dX—/ onIg|uy [P~ uy dx.
R2 R2 R2

Note that

oty == 3, - on(E(0),

i
Using the following fact
[lu] |LP(]R2)

p>2 P

< Cllullm w2

and Holder's inequality, we get

_ —1
/ orTTglus P~ 2usdix < [[01TTo| e s |
RZ

< C\/UIVaTIpl 12 + 10| )] |15,
< C\/pUIRFO)| 122 + [IFO) )| 25

Then, we deal with /Rznulul |P=20,uy dx. According to (3.23), we obtain

p=2 p=2
/ My luas P21 urdx < || alloe 112 1lr |5 Gyt |12
R2

) 1 p=2
< Cp([IVIL|17, + 12D |15, + Zl”ull > 012,

Inserting these estimates into (3.22), we have

(011 t t
S < CUFG iz A+ ClorF @011 + 110
+COIVILOIE, + IO
(o)1
< O+ CUIRFOOIE, + PO + PG .

+ [IVILOII2, + [T [7,).

Using the Gronwall inequality yields

|lur (]2 ||u1(0)]12 ‘
p—z” < et TL" +C / (11F@O)DI12, + |IFO)I12, + |[F 0017,/
0

+H | VIL@)I 7, + [T ()] 17,)d7) .

Taking the supermum over p and using Proposition 3.1 and Proposition 3.3 gives the desired result.

(3.23)
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Proposition 3.5. Assume uy € L>(R?) n L"(R?) for some r € (4, o), u1(0) € v/Llog L(R?), 8, € L2(R?) n L®(R?) with
F(6y) € L*(R?), where

O] sup [[u1(0)| o (r2)
1 v/LlogL (RZ) i ?
plogp

Suppose that (u, 6) is a smooth solution of (1.1). Then, we have

7 O17%:5)
[lui(®)] I\/LlogL .= sup

p22  4/plogp

<t O] rregpe™ ™" (3.24)

Proof of Proposition. Using Bony's paraproduct decomposition, we know

-2 -2
/ l_Iu|ul|p_2()1M1dx=/ I1, ZSk_1(|u1|pT)Ak(|u1|pTalu1)dx
R2 R2

k>1

+ /]R M, Y Seca(un]= o) Aelur| 7 )b

k>1

+/Rnu 2 Ak(|u1|%z)Ak(|u1|%zalu1)dx~

k>-1

By Holder's inequality, Young's inequality and H'(R?) < B° _(R?), we obtain

/R IT, 2 Sk—1(Jua| %)Ak(|u1|%01u1)dx

k>1

= 2/ AjnuZSk—l(|ul|%)Ak(lull%alul)dx
;IR k~j
—2 —2
<CY AT X 1Sea (] =) el Awun ] T g2
A £

pE-4)
< ClML| 1, ||L11|I”2 ually w5 o |12

4 4
P25 1 2
< CUM| 3 127 e, 77 ZIIIM1I > ol
where we have used the following interpolation inequality
4 p(—4
o> < uallS 3 llull > for 4<p<co. (3.25)

By the same way, the second integral term can be estimated as follows:

4 4
p=2 p=2 = p2-5 1 p=2

/ I, E Seo1(lur] = dyun) Aw(lun| 2 )dx < CT| 2 ua 157 [, 77 + Z”Iull 2 0|7,

R2

k>1

For the last integral term, we get

/ I, Z Ak(|u1|l%z)Ak(|M1|%201u1)dx

k>-1

= [ 2 A Al ) Al o

j>-1 k>j-3

= /]R ALY Adlml AT dudx

j<logR k>j-3
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WILEY——2
+/R Z yAN I ®% Z Ak(lull%z)Ak(lull‘%zalul)dx=: I + 1117,

? j>logR k>j—3

where the integer R is to be fixed later.
Using (3.25), Holder's inequality and Young's inequality, we have

2 % b2
I < Z AR (ur | )2 11 Ak(ur] 2 ovun)| |12 Z VAN IAITR

—1<k<logR

j<logR
p—2 ~ p-2 1
< D Aul Ol A(u ] = dud)ll=C Y, )z [y
k>-1 —1<k<logR

p(p—4)
< Cy/logR|IL, ||H1||u1| IlulllL“’ dlMiarre
4

= b2 )
< ClogR||Ty|17, 1wl Ilullle " +ZIIIM1I 2 o1 |l7,

By Lemma 2.2, for fixed g € (2, ), we obtain

X p-2 p-2 1-1 p-2 1
1 < Cy Y A5 du)l el Al I 1 Awdr (] I,

k>-1

1-1 1
D HAT gy 10221,

JzlogR (3.26)

®-2(g-1 1

bt
<Cylp - 20 [ll| a1u1IIL2|IM1II 2 Ml = ol

x Y ||A,—Hu||m:,1,||a2A,-nu||,;.

j>logR
Since

ot 2
Ml = a2 < ] = 61u1|| lovus[l)7

and for g € (2, ),

1-1 1
D AT g 0 T,

j=>logR

_1 1-2 L
<C Z VAN IS IILM D@ VAL [12) 1[0\ T,

J>logR

_2i 1-2
< ||, ||L2(q b Y 2T E VAL,

J>10gR

1-1
<Cq q(q 1) ||H ||Lz(q 1)||VHu||L2q
1 1

1-1
< CuR ™ [T, [ VILI],

L2@-1) |

Forp > 4and g > 2, plugging these estimates into (3.26) and using Young's inequality yields

1

1-1
1P < Cyp — DR 400 [T, VT ?
2g-D pp—4H@g-1) ()

X udl [ [l " ||31u1||w 2)|||141| 2 01u1|| w

< 24P -2 +p—) e 4P -2 —pt4
qp—-2) 2q(p-2)

)
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2en n an e S,
Cq -p (p- 2)q(p 2-p+4 (R - 1))q(p 2 p+4||H ||Lf12{q_l)p || VL, | q P
4g-1) PO=4)g=1) 4

- = - b2
X [ Ml 7y Noaua |5 Z”Iull 2 0|2,

1 42 242> 2p-2) _g=2 202 2p-2)
< Q1+ ) TEC T (p = 2T R T M|
2Ag=D(p-2) 4q-D pp-4)g-1) 1 -
X ||VHM| q(p-2)-p+4 ||u1| | q(p-2)-p+4 ”ull | q(p—-2)-p+4 | |alu1||q(p 2>—p+4 Z | | |u1|761u1| |i2’
where we have used the facts
2 -2 2
q(p —2) <24
qp-2)—p+4 qg-1

and

(Fae=2ep= ) =D gt (), 2)"F
q(p—-2) 2qp-2) :

-1
Setting R = (p — Z)ZTZ, we have

- 2(p=2) 2(q-D(P-2) 4g-1) p-2 2(p+29-4) 4
nrr < ¢ IHuIIEE‘E;ZEP“ VIS |77 [, 777 |oww|]y 7
—|||M1| 2 01u1||Lz,
and
qg-1
logR = 5 log(p —2) < Cylogp.
q —
Hence,
. 2(p-2) 2g-D(P-2) 4@g-1 o4 2p+2q=d
IIIa + III/i’ < C |H ”Lq(zf('qﬂ)l;pﬂ | |VHu| q(p—2)-p+4 ” 1| q(p—2)-p+4 ”alull | q(p— 2 —p+4) ” ” q(p—2)-p+4
P _ﬁ p2 2
+ Cq log pl|TL |17, | luall}> I|u1|| —|||u1| > o ||},
H Lr 2 L

Next, we suppose that ||u;||r» > 1. Collecting these estimates with (3.22), we get
1d
_E”ul(t)”ip < CIF@) DIz lur (Ol + C/pU101FO)OI 112 + [IFO)O| 1) |t (£)] |10

+ Cpl ()17, | Iul(t)ll + Cyplog p| [T, (0)] |H1||u1(t)||

" 2(p=2) 2(q D(p-2) 4(q 1) 4
+ Cpl [T 127 [ VIL 0|72 | fua (0)] 727 [[oyua (6)] |27
Then,
d [ 0]]? 1 lur ()] |2
< L < c——(IFO)||2n1= + ||alF(9)<t)||§z> +—=
dt plogp logp plogp

1 5
+C1_||Hu(t)” w117 +C IBAGIFAIAG] 2
ogp

1 - 2p-2) 4(g-1)
+ 1o Col MO, N 117
2(g—1)(p—2) 4

X VIO [Joyun (1) 277

Using Gronwall's inequality and taking supremum over p, we have

t
Ol gz < (O gy + | H )+ Glordee (3.27)
0
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where \

H(z) : = C(||F(®)||r2nr> + I|01F(9)(t)|| + [T a5

+ Cql |11, (t)IIHlllul(t)Ile ,
and
N 2(p—2) 4g-1) 2(g-1)(p-2) .
G(r) = CollMu 117577 N @157 VI 10w )]
Note that
2q-D(p-2) 4

qp-2)-p+4 qp-2)-p+4

By Holder's inequality and taking g = i + 1, we obtain

t 2(p-2) 4(q 1) 2q=1(p-2)
/ TN 2 s (1 [V 27 s (2] e
0

L2q-D
2(p-2) 4(g-1) 2g-D(p-2) 4
a(p-2-p+4 q(p-2)-p+4 q(p-2)-p+4 q(p-2)-p+4 3.28
ST e [ S (N A TR (3.28)
4(p=2) 4g-1) 2(q-DH(p-2) 4
q(p=2)-p+4 q(p-2)-p+4 q(p-2)—p+4 9p-2)-p+4
S ”uHL[""L"(‘?’l)”ul”Lf"Lz ”VHu”leLz ”a ullleLz .

Finally, we can infer that H(f) and G(¢) are locally integrable on R* by Propositions 3.3 and 3.4. This completes the
proof. O

Proposition 3.6. Assume uy € H'(R?), 0,0y € L*>(R?),0, € L*(R?) n L®(R?),0,0, € L*(R?),026, € L*(R?), and
F(6y) € L?>(R?). Suppose that (u, ) is a smooth solution of (1.1). Then we have

t t
1211, + 120011, + / 10:0200(0)| 2, + / 10:02000)] 12, d < Colt). (3.29)
0 0
t t
[ vuoittade+ [ io.0ii.de < oo (3:30)
0 0

Proof of Proposition. Taking the operator d, to the vorticity equality, we get
()t()zw +u- V()zco - a%azw = 6102(F2(0)) — 6§(F1(0)) - 02u101w — 62u2()2w.

Multiplying the above equality with 0, and integrating in space yields

—d—||5260(f)|| +||51(3260(T)||iz=/ 0102(F2(9))5260d9€—/ 05(F1(6))0,c0dx
2dt R2 R2 (3.31)

—/ 62u101a)02wdx— dzuzdza)aza)dx.
R2 R2

As for the first integral, we have

/ 6102(F2(9))02a)dx = —/ Fg(@)dzeal()zcodx
R2 R2

1
<2(F 100117, + §||alazw||iz

For the second integral term, using Cauchy-Schwarz's inequality together with Lemma 2.2 yields
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- /R 20§F1(0)62wdx =- / (F}(0))0200,dx — /R 2F{'(9)azeazeazwdx
< LB (100l + ||a§9||iz)+F1’\’4/Rz|929||329||52w|dx
< LB 102011, + 11830112 + CE 10,0112, 10210:011, 10300111020 1
< T3 1050112 + 11020112 + CF;V',uazm|§2||a§9||i||azw||i||alazw||§2
< €+ Fy1z0ll + 18301 + CEDH 100115 + L1 dsol 2.
where we have used the following fact that

10210:01| < |056], [01|0:00|| < 01|0,0] for ae xe&R>

Similarly, we obtain

1 1 1
g0l },110:010]| 7,

- | anirnods < cliowalil ozl ool
2

1 1
< Clloolll|@l| 101012 ]|0201011

1
< Clloll7, + Cllgl 7 1010l 7, + E”aZaleiz
The last term of the right hand side with (3.31) can be estimated as follows:

—/ azuzazwaza)dx = alulazwazwdx
2 RZ

2 1 1 1

< Cl10:0l1 2, 101w |17, 11920011, | 818201 |,
2 2
2 2 1

< Cllowull}, 1102001}, 1102001 17, + gllfh@zwllfz

2 2 1
< Cllol1},l1010]1 ), 10,0l 17, + §|I0162wllfz
Then, applying the operator 9, to (3.13) gives
0,020 + u - V020 — 020260 = —20,u,0%0 — 20,11010,0 — 02u10,6 — 02U20,0.

In the same way, we get
> dt||aze(t)||L2 + (101050017, = —2/R 0,U2020930dx — 2/R 0,U1010,0030dx (3.32)
- / 02u1010050dx — / 02U0,0930dx.
R2 R2
Using Lemma 2.2 and Young's inequality, we have

-2 / 0,U2050050dx = 2 / 0111050930dx
R2 R2

3 1 1 1
< C11020112, 19va |12, 101051 112,110,261 |2,
2 2
2 2 1
< Cliauull11010am 1103011, + S lloro3e1 1,

2 2
: : 1
< Cllwll}, o]l 11030117, + §|I015§9|I22
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Similarly, we obtain

1 1 1 1
-2 /R 05141010,0050dx < C||030]|12110,141| |7, 11010211 117, 1101020112, 1101036,
5 1 1 1 5 1
< Cl10361 12|, 101l 1}, 110102011 111019301 |,
1
< Cllollizl10101112]10;0117; +11010,0117 + 21191030117,
and
- / 03u10,0030dx = / 01021,0030dx + / 02u100,030dx
R2 R2 R2

< 11611z 110105u1 | 122110361 |12 + 110112 | 1051 1121191930 | 2
< 160l 1=11010,@112119561 112 + 1160| |1~ || 02001 | 2| | 01036 | .2

1 1
< Cll6ol 7« (1020117, + 11036112,) + R”alaZCa”iz + §||010229||L2-

As for the last integral term of (3.32), we have

—/ aguzdzﬂdgedxz/ 0261u10296229dx
R2 R2

< C110201u1[122110:011%, 110261112110, 0201 |,
1 1
< Cllorol12110:0113,110201 1121100261,
1
< Cllarol 111030112 + 10,0117, + 51101020112

Summing up the above estimates, we get

d

E(”azw(t)”iz +110300117,) + [101020(D)| 2, + (1010300112,
< CA+ Fy + 116017« + llo®]17, + 11010012, 020D 7, + 11050(D)]17,)
+ C(Fy)*10:20(0)118, + CA + (Fy))10:00]12, + Cllw(®)|[2, + 11010:0(0)] |7,

By Gronwall's inequality, we obtain

Ho20(DI12, + 11020112, < e AP (| 0,0(0) 2, + [1200)| 2, + C /0 ' B(edo),
where
A®) 1= 1+ Fy +1160lI7« + llo®II7, + 1010017,
and

B(t) 1= (FJ*10:6011%, + (1 + (FypA18:00112 + @12, + 11010001 2.

Since A(f) and B(¢) are both locally integrable on R*, we have the desired result (3.29).
It remains to prove (3.30). By virtue of the interpolation theorem, we get

1
4

1 1 1
IVu®lle@e) < Cllo®Il}, ga) 1020011}, g, 110D, o) 101020011, -

L2(R2) L2(R2) L2(R?)

Taking L*-norm on interval [0, {] in time, we obtain

t t
/ VU] ey d7 < € / Clla(®)r2r2) 102000 [ 12Rz) [ |010(D) | 22 |01 0200(D) || 2Ry AT
0 0

< Cllol|zer2[|020] | o2 [|01@] |22 [010200] [ 212
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The same process yields

t
/ 1020 o @7 < C110201 1522110201 |z121102011 | 2121101026 2.
0

This completes the proof of Proposition 3.6. O

4 | PROOFOF THEOREM1.1

Before proving Theorem 1.1, we give a useful Proposition as follows:

Proposition 4.1. Assume (ug, 6y) € H>(R?) x H*(R?) and F € C*(R?) satisfies F(0) = 0. Then there is a unique global
solution (u, 0) for system (1.1) such that

u(t,x),0(t,x) € CR*,H*(R?) and ou(t,x),010(t,x) € L? (R*, H*(R?)).

loc
Proof of Proposition. We construct an approximate system to (1.1) as follows:
atun,k + Sndiv(snun,k ® Snun,k) - afsnun,k = _vnn,k + Sn(F(Skgn,k))’

aIgn,k + Sndiv(snun,ksnen,k) - afsnen,k =0,
diviu, i =0,

4.1)

(Onde> Uni) =0 = Sk(bo, Uo),
where S, is a low-frequency cutoff operator defined in Section 2.
Following Leray, we eliminate the pressure I, by projecting the first equation of the above system onto Banach
space V2(R?) with
V2(R?) := {u € H*(R?*)|divu = 0} .

If k is fixed, then problem (4.1) reduce to an ODE in the Banach space V?(R?):

d
— i, = Fy(lly),
dt n n(ln) (4.2)
an|t=0 = Sy,
where
~ Un k PN PSn(F(Skan,k)) - 7)SndiV(Snu-n,k ® Snun,k) + dfsnun,k
= <9n,k> and - Fy(iln) = < —SudiV(SnltnkSnbhi) + 02SnOni :
Step 1:

If an initial (u, 8y) € VZ(R?) x H*(R?), then the system (4.2) has a unique solution (i, 0,x) € C'(R*; V3(R?) x
H2(R?)) for all time.
By the standard process,? we obtain that F,, is locally Lipschitz continuous on open set:

2
oM :={aeV? | |li|l;z <M} and 172:=<Z12>.

Hence, the Picard theorem of ODESs on Banach spaces ensures that for every (uo, 6y) € H*(R?) x H*(R?) and F €
W2 (IR?) satisfying F(0) = 0, there exists a unique solution (i, x, 0, x) € ([0, T,,); O™) for some T, > 0 being the
maximal existence time.
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Now, we are left to show that T, = 0. Using F(0) = 0, the Bernstein lemma and commutator estimates, we have
t
100018 42 [ 10180, < 6011,
0

t
tni(OI2, + 2 / 101Snttni(DI12,dz < 2 uo] |2, + [|F(SkOn)| |7’
0

< 2l[uollZ + IF'(1StOnl ) *F
< 2l{uol 2, + |F'(C2"]160|[2)*,

and
d
7p/ 1@k 0 )OIl < C(J1 o, 00122, [F"(C2¥]160]112)1, [FY' (C2¥]160]112)], . k, )
X | I(un,k’ Hn,k)l |H27

which implies that ||(unk, 0nx)(®)|lrz < €. Thus, solutions can be continued for all time by invoking the
continuation property of ODEs on a Banach space.”
Step 2:
Local existence.
Opuk + div(uy ® uy) — ofuy = — VI + F(Skbk),
0:0) + div(u6y) — afé)k =0,
divuy, = 0,
(Ok, u) ¢ = Sk(uo, 0o).

(4.3)

Using Lemma 2.2, we get

d
271k OO < C(IE'(C25116o][22)1, |1F7 (C2¥(100] 112D ) Nttnel L2 + 10kl 2D | Ui O i) (O] |22
< Cll(Wn ke, On i) |12qz

Therefore, for all n € N*, we have

[1(uo, 60)|| 2
sup || (Unser Ons) Ol |22 < .
oy MO = CT | (uo, 00) |2

Moreover, by system (4.1), we can conclude that (9, k, 00, x) is uniformly bounded in L?.
Next, we prove that the solutions i, form a Cauchy sequence in C([0, T]; L?). Specifically, given any n, m € N* and a
constant C depending only on ||(ug, 6p)||n2 and T, we get

1 1
S Uy — 1 > < Cmax(—, —).
0<l;1£)T | | nk m,kl |L = (2" 2m)
Then, (tnx, Onx) converges strongly to a pair (i, 6x) in C([0, T]; L*). From the Fatou lemma, we infer (u,x, 6,x) is
uniformly bounded in L ([0, T], H?). Using the following interpolation inequality

)z, for s €(0,2),

- o1
lNall < Gollall), 1lall,.

we know that the sequence (u,x, 6,x) converges strongly to a pair (u, 6x) in C([0, T]; H®) for any s € (0,2), when n
tends to co. And (ug, 0) is a solution of (4.3).
Step 3:
Global existence to (4.3).
As the same process of Propositions 3.1, 3.2, 3.5, and 3.6, we readily get that

sup (|[ur(®)lm + [10c(O]12) < C(1),
tefo,1]

and (ug, 0y) is global-in-time solution to (4.3).
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Step 4:
Global existence to (1.1).
By (4.3), we can conclude that

t
||9k<t>||§2+2/ 1016()|17,d7 < [160]17,- 110c(Dl> < 160||Ls. for p € [1, 0],
0

and

t
ur(O12, + 2/ 101 (D)2, d7 < 2||uol|2, + || F(Sk0)| [ 1,
0
< 2[[uol |2, + [F'(C||6ol]=)1*E.

Similarly, we know that (uy, 8;) converges strongly to a pair (u, #) in C(R*; L?) and (u, 8y) is uniformly bounded in
L®(R*; H?). Furthermore, we know that the sequence (u, ;) converges strongly to a pair (u, 8) in C(R*; H®) for any
s € (0,2), when k tends to co. And (u, 6) satisfies (1.1).
Finally, we can get continuity || - ||z norm and uniqueness of the solution using the argument in Majda and
Bertozzi.” O

Now, we prove Theorem 1.1. We first create inductively approximation solution (u,, 6,,) for solving (1.1) as follows:

Oty + div(u, ® up) — 0fu, = —VII, + F(0y),
010y, + div(u,,) — 926, = 0,

divu, =0,

(O, un)|e = Sn(uo, 0o).

(4.4)

By virtue of Proposition 4.1, we infer that there is a unique solution (u, 8) € C(R*, H?) for system (4.4). Therefore, by
Propositions 3.1, 3.2, 3.5, and 3.6, we can get that (u,, 8,) is uniformly bounded in following work spaces,

0, € L°(R*;L* N L™)
(un’ en) (S L?SC(R_'—’HI) and (dluns alen) € leoc(R+aH1);

(03Up, 056,) € L (R*,L?*) and (0105u,, 01050,) € L} (RY,L?);

loc loc

Vu, € L*

loc

(R*,L®) and 0,0, € L} (R*,L™). (4.5)

It follows that du, € L7 (R*,L?) and 9,6, € L} (R*,H™"). Since the embeddings H' < [?and L?> < H! are locally
compact, the classical Aubin-Lions argument and Cantor's diagonal process enables us to conclude that, up to extration,
sequence (6, Uy),eN has a limit (6, u) satisfying the system (1.1) and that

6 € L°(R*:L> N L™);

(u,0) e L (R*;HY) and (o1u,0:0) € L> (R*;HY);

loc loc

(03Un, 036,) € L (R*,L*) and (0105u,0:030) € L? (R*;L?);

loc loc

VueL; (R*;L®) and 0,0 € L} (R*;L*). (4.6)

For the time continuity of (6, u), the proof is standard and one can refer to Wu and Zheng.*
Next, we prove the uniqueness of solution (6, u, IT). Assume (0, u, IT) and (0, ii, IT) satisfy (1.1) with the same initial data.
Let the difference éu = &t — u, 80 =  — 6 and 611 = I1 — IT solve the following equations:

(Su); + aVéu — 0féu + VolIl, = —éu - Vu + F(0) — F(0),
(80); + V50 — 9260 = —5u - V0, 4.7)
(6u, 60)|; = (0,0).
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Then, we have

lilléu(t)llzz + ||016u®)||?, = —/ Su - Vuéudx+/ (F(0) — F(0))éudx
2dt L L Rz R2
o 4.8
< 1Y@ = 11581, + @) — FO)D)]12116u(®)] |12 (“48)
< ”Vu(t)”L“’”éu(t)”iz + Fy,1160(0)]| | 2| |6u(t)] | 2,
and
=—=1160||5, + ||0160(D||7, = — | 6u10,0560dx — S5u,0,050dx.
2dt L L R2 R2
Using Holder's inequality, we get
—/ ou,10,060dx = 615u1050dx+/ ou,00,60dx
2 RZ 2
< 0|2 1160112 |016ua|[r2 + 1] ||6ur|[12]10160] |2
1 1 1
< EIIHoIIfm(HéGIIiz + [l6ull?,) + 5I|615MIIiz + §||0159|Iiz-
Similarly, we obtain
1
—/R 0U20,060dx < ||020||r=||oul|12]160]]r2 < 5”020”L°°(||5u||iz +1180112,).
Therefore,
d
d—tII59(t)Iliz + 1101800112, < (1102611 + 1160]17)(| 18017, + [|su()]|7,) + [|016ul|?,. (4.9)

Collecting (4.8) and (4.9) yields

d
a(llﬁﬁ’(t)lliz +16u®dll7.) < @lVulles + Fpy + 102600112 + 11601 17)( 180117, + 116ull7,).

The Gronwall inequality gives that (6u, 66) = 0.

5 | PROOFOF THEOREM 1.2

A similar process of proving Theorem 1.1, we know that (,, u,) is uniformly bounded in the following work spaces,

0, € L2°(RY;L>NL®), 0,0, € L®

loc

(R*; L% and 01020n€L120C(R+;L2);

u, € L°(R*;HY) and ou, €L?

loc loc

(R*; HY).

Then, using Aubin-Lions compactness and Cantor's diagonal process, up to extraction, sequence (6, u,),cN convergence
strongly to a limit (6, u) satisfying the system (1.1) and that

(R*;L?) and 0,0,0 € L> (R*;L?);

loc

0 e L°RYLPNL®), 0,0 €L®

loc

(R*;H'Y) and ou e L? (R HY). (5.1)

(o]
uelL loc

loc

In addition, the time continuity of (0, u) can be proved in a similar way as in Wu and Zheng.**
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As for the uniqueness, by (4.7), we have

1d
2dt

=—/ Suq 0 ududx —

(18u()1Z, +1186(D)]17,) + |1018u(®)||2, + [10166(D)] |2,

Suxd,ududx + / (F(@) — F(0))sudx
R2 R2

—/ 5“161959(1)(?— 5“20296961)(3
R2 R2

By Lemma 2.2 and Young's inequality, we obtain

1

1 1 1
—/ Suro usudx < C||sul 2|16 |1}, 11018 |7, |01ul ]}, 10:00ul |,
¥ 3 1 1 1
< Cllsull}, l1016ull 2, llwl|}, 1010]1},
2 2 1
< lloll Lol L 18ullg, + 2 11015ull,.
In a similar way,

1 1 1 1
—/ Susdpubudx < ||5ullz1|5uzl |2, 110:6ual1, 110ull 2, 110195ul |,
]RZ

3 1 1 1
< Cllsul|%, l10y5ul % ||l 1%, ool

3 3 1
< Cllol1} ol ), l16ull7, + ZII015uIIi2-
By virtue of Taylor's formula and Cauchy-Schwarz's inequality, we conclude
[ (F @~ Fopsuds < B ool dull

Using Lemma 2.2 yields

—/R 8120,050dx < |(86]|12 16Uz || },11028u2 |7, 11020117, 11010261 |,
2

< C11661152118ul 12, 1015t ]12,110:6112,110,0:01 1,
1
< Cl1026111211010:01 1121186117, + ll6ull7, + lealéullfr
By Holder's inequality, we infer that

—/ 5u161059dx: 615u1060dx+/ 51119()150(1)(5
R2 R2 R2

< 1161151101601 111211601112 + 110111 [15us 1121101501
1 1
<1160l o (UIBullZ, +116011%,) + 311015l 2, + 71101301 2.

Summing up these estimates, we have

1d
2 dt
2 2
< C(L+ (Fyp? + o], 01001}, + 1026001 12211010:0(0) |12 + [16o]13.)
X ([16u®| 2, + [130(0)]2,).

(6u®I7, + 1180117.) + [1016u®| 17, + 110160017,

The Gronwall inequality gives that (6u, 66) = 0.
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