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Abstract: This paper deals with the problem
u e Ky, ,p(Q),

Vv e Ky, p(Q): J [ai(x, Du) — f1Di(u - v) dx < Jf(u —v)dx,
o=t Q

where
n
Ko p(Q) = {v eu, + WEP(Q) Y aitx, DuDv € LY(Q) and v > , ace. Q}
i=1

u, € WHP(Q), 0 =max{u,, P} € u, + WEP(Q),
fel®(@), flelFiQ),i=1,...,n,

and the Carathéodory functions a; : Q x R" — R,i=1,..., n, satisfy some coercivity condition. We assume note1:
Should we replace

that the function 6 = max{u.., ¥} makes a;(x, D) to be more integrable than LPzK(Q), i=1,...,n,and then ~by—inthe

blue-marked

we prove that the solution u enjoys higher integrability. formula?
Note 2:
Keywords: Global integrability, anisotropic problem, nonstandard growth %Eéﬂﬁg‘;fe“fgplace
y R?

MSC 2010: 49N60, 35]60

Communicated by: Frank Duzaar

1 Introduction

Throughout this paper, Q stands for a bounded domain in R", n > 2. For pq, ..., pn € (1, +00), we let Note 3:
Red ts indicat
. major changes.
pi Please check them

1
Z — and pl’ = — carefully.
i=1 pi pi - 1

1 1
p: “

S| =

be the harmonic mean of p1, ..., p, and the Hélder conjugate of p;, respectively. In this paper, we assume
P < n and we introduce the Sobolev exponent p* = %. The anisotropic Sobolev space W ®)(Q) is defined
as usual by

wt®)(Q) = {v e W-H(Q) : Dyv € LPi(Q) foreveryi=1,...,n},
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and Wé ‘?(Q) denotes the closure of C(Q) in the norm of W) (Q), where for every functionv € W®)(Q),

n L
Moy = [Mdx+ Y ( [ipwe ax)™.
Q Q

i=1

In this paper, we will need the anisotropic Sobolev Embedding Theorem, which can be found in [19]. Note 4:
Do you comply
with our proposed

Lemma 1.1. Let Q be a bounded open subsetof R",letp1, ..., pnbein[1, +oc0)andletw € Wé’(p")(Q).If[a < N, running title?
then w € LP"(Q) with

1

n
Wl @ < €. [ TIDwlino) |
i=1

and
n
"W"Liz*(Q) < Cy Z”DiW"LPi(Q),
i=1
where 1
Cy = max{l +[9*pl—}.

1<isn Di

Remark 1.2. A similar embedding, suitable for functions not vanishing on the boundary, is contained in
[1, Lemma 2.1].

Remark 1.3. Lemma 1.1 implies, for w € Wé’(pi)(Q) and p < n,
n

<J|Diw|p" dx)p%]% < c*[ . <Z le,-wlpf dx)p%]% = c*[ .

n n 1
) i=1 j=1 ) j=

J|Djw|Pf dx] .
Q

1

n
Wi o) < .
i=1

We will use this result in the proof of the main theorem.

For every k > 0, let Ty : R — R be the truncation function of level k, that is,

s if |s| < k,
Ti(s) = . i
k- sign(s) if[s| > k.

For every A > 0, the weak Lebesgue space, known also as the Marcinkiewicz space, cheak(Q)’ is defined
as the set of all measurable functions v : Q — R such that

sup s"l{lvl > s}| < +oo0,
s>0

where |E| is the Lebesgue measure of E. Note that if f € LAweak(Q) for some A > 1, then f € L7(Q) for every
1<7<A

Letaij(x,z) : QxR"— R,i=1,2,...,n, be measurable with respect to x and continuous with respect
to z, and let it satisfy the following coercivity condition: there exist a function g : Q — [0, +0c0) and a constant
v > 0 such that the inequality

v lzi - ZilP - g(0) < ) (ailx, 2) - ai(x, 2)(zi - Z) (1.1)
i=1 i=1

holds true for almost every x € Q and all z, Z € R™.
Letu € WH®)(Q). Let u., 1 be two functions such that u, € WH®)(Q), 8 = max{u., P} € u. + Wé’(p")(Q)
and
n
Y ai(x, Du)D;6 € L'(Q). (1.2)
i=1

We introduce the set

n
Ko, () = {v cu. + WrP(Q) 1 Y ai(x, DuD € LX(Q) and v > ), ace. Q}
i=1
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Letf € L®)'(Q)and fi € LPi(Q),i=1, ..., n. Consider the following problem:

u € Ky, »(Q), (1.3)
n

Z [ai(x, Du) - f|Di(u - v) dx < jf(u—v) dx. (1.4)

- Q

Vv e Ky, p(Q) :

‘——a

By assumption (1.3) and 6 € u, + Wé’(p")(Q), we have u-0c¢ Wé’(pi)(Q) for a solution of problem
(1.3)-(1.4); Lemma 1.1 shows that u — 8 € L?"(Q). Now we ask the following question: if § = max{u., ¥}
makes a;(x, DO) more integrable than LPi(Q) requires, does the solution u of problem (1.3)—(1.4) enjoy
higher integrability? The answer is positive and we prove the following result.

Theorem 1.4. Let o > 1. Assume that g € L°(Q), f € L?'9(Q) and fi € LOPi(Q) for every i=1,...,n. Let
0 = max{u., Y} be such that a;(x, D) € LPi%(Q),i=1,...,n. If u satisfies (1.3) and (1.4), then the following
assertions hold:

i) Ifo< %, then

npo

u-60eL™”(Q).

weak

(i) If o = 7, then there exists a > O such that e®u=0l ¢ L1(Q).
(iii) If 0 > %, thenu — 0 € L*°(Q).
In Theorem 1.4, we do not assume that the Carathéodory functions a;(x, z),i = 1, .. ., n, satisfy any control-

lable growth condition, which is standard to derive regularity results. Leonetti and Petricca [14] considered
the variational integral

Jf(x, Du(x)) dx (1.5)
Q
with nonstandard growth condition, and obtained a regularity result for minimizers of (1.5). Kovalevsky [12]
studied the variational problem (1.3)—(1.4) under some coercivity and growth conditions, and obtained some
regularity results. We should mention that Gorban and Kovalevsky [10] obtained some boundedness results
for a class of degenerate anisotropic elliptic second-order variational inequalities. For some other results
related to anisotropic elliptic equations, anisotropic integral functionals and anisotropic variational inequal-
ities, we refer to [6-9, 11, 13, 15, 16, 18].
In the present paper, we consider the variational problem (1.3)—(1.4), which is closely related to the
equation

- Z Di(ai(x, Du(x))) = Z Dif (%) + f(x).
Following the idea of [14], we derive Theorem 1.4, which shows that if 6 = max{u.., )} makes a;(x, D6) to be

more integrable than LP1' (Q) requires, then the solution of problem (1.3)—(1.4) is more integrable.
We now give some examples for which the control from below is different from the control from above.

Example 1.5. We start from functionals

Jf(x, Du(x)) dx

Q
and we take a;j(x, z) = g—é(x, z). An interesting choice is
frnax(2) = 1217 + [max{z; O}]%,
where 2 < g; see [17]. This gives the functional
Foax() = [ (IDul? + [max(Dyus 0}]%) dx.
Q

Minimizers make the energy Fmax(u) finite. Then

fmax(Du) € LY(Q). (1.6)

Note 5:

Do you agree with
the new phrasing
which improves the
line breaks?

Note 6:
Throughout, we
wrote problem
(1.3)-(1.4) in this
form with a dash.

Note 7:
Throughout, we
displayed some
formulas.

Note 8:
Throughout, we
deleted all unused
labels.
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When a;i(z) = %“:‘(z), we have

0 < 2fmax(2) < ). ai(2)2i < qfmax(2),
i=1

so (1.6) is equivalent to
n
Y a;(Du)D;u € L'(Q).
i=1
Example 1.6. Another interesting choice is
f2.q(6: 2) = |2I* + a(x)|2|?,

where 2 < g and O < a(x) < A; see [3-5, 20, 21]. This choice gives the functional

Fa,qu) = J(lDulz +a(x)|Dul?) dx.
Q

Minimizers make the energy 5, 4(u) finite. Then
f2,4(x, Du) € LY(Q). (1.7)

When a;(x, z) = ag;iq (x, z), we have

n
0<2f4(X,2) < Y ai(x, 2)zi < 4f2,4(X, 2),
i=1

so (1.7) is equivalent to

Z ai(x, Du)D;u € LY(Q).

i=1
Example 1.7. Finally, let us take
Fr0g(X, 2) = 1217 + a(0)lzI* In(e + |21),
where 0 < a(x) < A; see [2]. This choice gives the functional
- 10g(1) = J(IDulz + a()|Dul? In(e + |Dul)) dx.

Q

Minimizers make the energy 5 10¢(u) finite. Then
f2,10g(x, Du) € Ll(Q)- (1.8)

J
When a;(x, z) = %(x, z), we have

n
0 < 2f2,108(%, 2) < Y ai(X, 2)2i < 3f2,105(X, 2),
i=1
so (1.8) is equivalent to

n
Y ai(x, Du)Dju € L'(Q).
i=1

Remark 1.8. The solution u verifies (1.3) which requires
n
Y ai(x, Du)Diu € L'(Q). (1.9)
i=1
The test function v satisfies (1.4); the first part of (1.4) requires

Z ai(x, Du)D;v € LY(Q). (1.10)
i=1
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When a;(x, z) verifies the control from above
n n
21ai )PP < o ) lzifP + g2(x)
i=1 i=1

with g, € L1(Q), then the standard assumption u, v € W-®)(Q) guarantees both (1.9) and (1.10).

2 Proof of Theorem 1.4

In order to prove Theorem 1.4, we need a preliminary lemma, which can be found in [12].

Lemma 2.1. Letw € Wé’(pi)(Q), andlet M > 0,y > 0 and ko > 0. Let for every k > ko,

n

Y IDwlPt dx < M[{lwl > k}
{Iwizkp =1

pia
5%

Then the following assertions hold:
(i) Ify<1,then

*

T
welL, r (Q).

(ii) Ify = 1, then there exists a > O such that e®™! ¢ L1(Q).
(iii) Ify > 1, then w € L®(Q).

We want to use Lemma 2.1 with w = u — 6. To this end, we define a test function v as

O0+k ifu-6:=k,
v=0+Tu-0)=4u iflu-0| <k, (2.1)
0-k ifu-6<-k.

Foru e Xy, ,y(Q), we have to show thatv € K, (Q). In fact, itis obvious that v € WL-®)(Q). In order to prove
V€U, + Wé’(p")(Q),wenoticethatB = max{u., Y} = u, = uon oQ. This together with (2.1) impliesv = u = u.
on 0Q. In order to prove ZL ai(x, Du)D;v € L1(Q), we notice that Dv = Du on {|u — 6| < k} and Dv = D on
{lu- 6| > k}, thus Y1, ai(x, Du)D;v € L}(Q) is guaranteed by Y1 ; a;(x, Du)Dju € L*(Q) and (1.2). In order
to prove v > ) a.e., we notice that in the first case of (2.1), v =60+ k > 0 > i}, in the second case of (2.1),
v =u > i, and in the third case of (2.1),v=60-k > u > .
Substituting v into (1.4) and noticing

Di(u-v)=(Dju-D;0) 1jjy-gz1y and u-v=0in{lu-0|<k}, (2.2)
we arrive at .
Y [ai(x, Du) - f'](Dju - D;6) dx < J fu-v)dx,

{u-gi2k =1 {lu-B1>k}

which together with (1.1) implies

n
Y IDiu - Di6P' dx

{lu-01=k} =1
1 n
< ;[ Z(ai(x, Du) - a;(x, DO))(D;u — D;0) dx + J gdx]
{lu-8l=k) =1 (u-81=k}
1 n . n
< ;[ J Zf’(Diu—D,-G) dx + j flu—-v)dx - J Zai(x,DG)(Diu—DiG) dx + J gdx]
(lu-8i=ky =1 (lu-81k} (lu-8l=ky =1 (lu-81k}
1
= ;(Il +Iz +I3 +I4). (23)

Our nearest goal is to estimate |I;|,i =1, 2, 3, 4.
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For any ¢ > 0, the Young and Holder inequalities yield

mi=| [ Yrou-pe

{lu-B12k) =1
n L n
<c@ | Yidcee | YiDu-Dopdx
{lu-Blzky =1 llu-Bi=k} =1
1 P % 1-1 L
<c®Y ( j |f’|Pi”dx) -0 k"% +e j Y IDju - D;6]"" dx. (2.4)
=1 -1k {lu-B1=k} =1

Using Remark 1.3, the H6lder and Young inequalities and (2.2), we estimate |I,| as follows:

L] = | j fu—v) dx’

{lu—01=k}
o -
< ( J ik dx)(p ' <J|u I dx)p
{lu-6|=k} Q

o1 s ) 3
< .Ml ol - 81> K77 (Y [1Ditu - )P dx)
i:lO

n

o1 3
= Ml seyllu =01 K7 (Y | 1D -6 dx)’

= u-Bisky
® wue’ S .
< c*C(£)||ﬂ|L@*),0(Q)|{|u —0 > kY| @ +c.e Y IDiu - D;6}”" dx.
{lu-8l=k) =1
There exists ko > 0 such that for every k > ko,
{lu-6]> Kk} <1.
This together with the fact
() np-n+p o1

®*)  n@-1)

implies for k > ko,
(-1 -1
[{lu—6]=k}| <@ <|{lu-6]=k}| °.

Thus for k > ko,

Y/ _1 1 .
| < C*C(e)IIﬂI(LIf;*,,U(Q)|{Iu —Ol=k| T rce )y j ID;i(u - B)|P' dx. (2.5)
i=1
{lu—01=k}

Using the Young and Hoélder inequalities, we estimate |I5| and I, as follows:

n
Bi=|- | Y aitc DO)Du-D6)d
{lu-i=k} =

n n
<C@ )y j lai(x, DO)Pi dx + €y, j Diu — D;6IP' dx
=L u-1>k) =1 u-bisky
1 N n
<Ce)) ( J |ai(x, DO)P® dx)" Hlu-61>k|"o+e) J IDju-DibIPidx  (2.6)

=1 sk =l gisn

and

1
Iy = J’ gdx < ( J- g’ dx>0|{|u —0l= k. (2.7)
{lu-01=k} {lu-6|=k}
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Substituting (2.4)—(2.7) into (2.3), and taking € small enough such that
l(2 +Ccy)E<1,
%

we then derive for k > ko that

M=

j IDiu - D6 dx < Cl{ju - 0] > ki3,
{lu-81>k} =1

where C is a constant depending only on v, n, p1, . .., pn, If ||pl(a, Ifllz=y o lai(x, D6)||plg0 and |g]ls-
Now we define y by

1 _
1w
o p*
Sinceu -0 ¢ Wé’(p ")(Q), we can apply Lemma 2.1 with y = Zg:;g . This ends the proof of Theorem 1.4.
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