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Morrey spaces and local regularity

of minimizers of variational integrals

G. CUPINI - R. PETTI

RIASSUNTO: Si studia la regolarita (holderianita, BMO, maggiore sommabilita)
dei minimi locali di funzionali integrali del Calcolo delle Variazioni nel caso scalare. Si
assume che la funzione integranda soddisfi una condizione di crescita in cui € presente
una funzione che appartiene a un certo spazio di Morrey. Non si fanno ipotesi di
differenziabilita. Risultati analoghi sono dimostrati per soluzioni deboli di equazioni
ellittiche non lineart del tipo del p-laplaciano.

ABSTRACT: We study the regularity (Holder continuity, BM O, higher summability)
of local minimizers of integral functionals of the Calculus of Variations in the scalar
case. We assume that the integrand satisfies a growth condition involving a function
which belongs to a certain Morrey space. No differentiability assumption is required.
Analogous results are proved for weak solutions of nonlinear elliptic equations of p-
Laplacian type.

1 — Introduction

We consider an integral functional of the type
(1.1) F(v; Q) = / F(x,v(x),Dv(zx))dzx,
Q

where F: Q x R x RY — R is a Carathéodory function satisfying the
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following growth assumption:
(1.2) 2" < F(z,v,2) < L(|2[" + [v]") + ¢(2)

with N > p > 1, L > 1. We are concerned with the regularity of local
minimizers in WP (Q) of such functional.

It is well known that if p isin L], .(Q) with r > & then a minimizer (or
even a Q-minimizer) of F is locally Holder continuous (see [6] and [11]).
On the other hand, if r < % simple examples show that the minimizer

r
loc

needs not to be either continuous or locally bounded. In the case r = &,
and under slightly more restrictive assumptions on F', in [8] it is proved
that any minimizer u is locally in VMO(Q). If 1 < r < % summability
results are stated in [4] for solutions of elliptic equations and in [9] for
the case of minimizers; more precisely in [9] the authors prove that if

2P < F(x,v,2) < Ll2l” + ¢()

and o € L7 (), then a local minimizer v is in L\"" ) () (see also Remark
3.5 below).

As a further step in the study of regularity one can investigate the
case when ¢ belongs to intermediate spaces with respect to the LP spaces.

In the framework of Lorentz spaces the problem has been studied in [8]. In
N 1

particular it is proved that if ¢ is in the Lorentz space L”.? (2) then u is
continuous (see Theorem 3.3 below); this result is sharp in the sense that
examples exist proving that the continuity of a minimizer u is no more
guaranteed if ¢ € Lﬁc’%ﬁ(Q) \ L%C’%(Q), for any € > 0. Summability
results for solutions of elliptic equations in this framework are stated
in [2].

In this paper we study the regularity and the summability properties
of local minimizers of a functional F satisfying assumptions (1.1) and
(1.2) as ¢ varies in a Morrey space M7 (£2) (see Definition 2.1 below),

with 1 <r < %. Our first result deals with the case when v > N — pr.

THEOREM 1.1. Let u € W'P(Q) be a local minimizer of a functional
F of the type (1.1) satisfying (1.2) with ¢ € M7(Q2), where 1 < 1 < %
and 0 <y < N.
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(i) If N —pr <~ < N, then u is locally Hélder continuous in §;
(ii) if v = N — pr, then wu is locally in BMO(S).

In other words this result states that, differently from what hap-
pens when v = 0 (in this case the Morrey space M, 2(2) reduces to the
Lebesgue space L], .(€2)), we still have locally Hélder continuous minimiz-

loc

ers when ¢ € Li () with r < %, provided that the decay of the integral

loc

of |¢|" in a cube @, is of order p” with 7 large enough. Moreover, in view
of the Sobolev imbedding Theorem 2.5 (ii) (which is sharp), also the con-

clusion (ii) is sharp. In order to compare this result with what is proved
N1 N
in [8], notice also that if r < % then L7 7 (Q) C L. (Q) € M:N7P7(Q).
In the case 0 < v < N — pr we may only expect, in the same spirit of
[4], [2] and [9], to improve the summability properties of the minimizer

g(N—v)

u. To state the result let us set ¢, = Ny

N—-—~v—-q>0.

whenever ¢, v > 0 and

THEOREM 1.2. Let u and F be as in Theorem 1.1 above. If ¢ €
M2I(Q), with 1 < r < % and 0 < v < N — pr, then u is locally in

loc

M P A=0)7+6N=9(Q) for any § > 0 such that (pr),(1 — &) > 1.

We cannot expect u to be in a Morrey space M2 (Q) with ¢ >

loc

(pr), or with ¢ = (pr), and A > 7. In fact, in Section 4 we give an

example showing that u is neither in the Lebesgue space Le T)”JFE(Q) nor

(o) i loc
NP tE
loc

in the Morrey space (Q), for any € > 0. However, the question

whether u may belong or not to the borderline Morrey space MI(OT)”’W(Q)
remains open. As far as we know the only case in which this inclusion
holds is the special case v = 0, proved in [9], in which the borderline
Morrey space reduces to L") ().

All the results which are proved here have a natural and almost
straightforward counterpart in the case of nonlinear elliptic equations

of p-Laplacian type. These results are stated at the end of Section 3.

2 — Notations and preliminaries

In the sequel Q denotes a bounded open set in RY, Q r(x) is the
N-dimensional cube centered in x with sides of length 2R parallel to the
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axes, that is {y € RY : ly; — ;] < R, for any 1 < ¢ < N}. We write
Q(xo, R) instead of QN Qr(zo).
If f is an integrable function we set

1

oo = Fror =, Jayde=on [ j) de

We omit zq if no confusion may arise. If a < N then we set a* = ]\J,V_aa.

In the sequel the letter ¢ stands for a generic constant which may
vary from line to line.
We recall now the definition of some functional spaces.

DEFINITION 2.1. Let us consider a measurable function f : 2 — IR.
For any p > 1, A > 0 and g > 0 we say that
(i) f is in the Lorentz space LP*(Q) if

[fliony = { / o (£(s)s7)" ﬁ} <0,

S

where f*:[0,4+00) — [0,400) is the decreasing rearrangement of f
in €, that is

[H(s) :=sup{t 2 0: [{z € Q: [f(2)] > t}] > s}

(i) f is in the Campanato space LP*(Q) if f € LP(Q) and

ey = supe™ [ 1= fol? dy < oo
x,0

zeQ
>0

(iii) f is in the Morrey space MP*(Q) if f € LP(Q) and

P = su *’\/ Pdy < oo
HfHMp,A(Q) meg 0 Qz.0) ‘f‘ Yy

0>0

(iv) f is in the Sobolev-Morrey space WH®N(Q) if f € WP(Q) and

||f”€yl,(p,/\)(g) = Hf”%l’,)\(ﬂ) + HDsz]j\/[p,)\(Q) < S o
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(v) fisin BMO(R), where Q is a cube in RY, if f € L'(Q2) and
oo = sup . |f — foldy < oo,
QeA

where A is the family of cubes included in © with sides parallel to
those of €.

In particular we recall the following lemma (see [12], [13]) which will
be used in the sequel.

LEMMA 2.2.  Let Q be a bounded open set of RY and let Q be a
cube in RY with sides parallel to the coordinate axzes. Then
(I) f e MPQ) if and only if there exists & > 0 such that

sup @A/Q( )!f!pdy<00;
x,0

TEQ
0<p<é

(II) HfHMM(Q s equivalent to

sup Q_A/ [fIPdy.
Qo(x)

Qe(z)CQ

In the following proposition we briefly recall some properties of these
spaces (see [1], [12], [13] for proofs and more details).

PROPOSITION 2.3. Let Q2 and @ be as in Lemma 2.2. Then for any

p=>1

(a) MP2(Q) = LP(2);

(b) MPA(Q) C LPA(Q) and MPA(Q) = L2MQ) f 0 < A< N;

(c) MPN(Q) = L>(Q);

@) £7(0) = IO

() LPNQ)=C"F (@) if N <A< N +p;

(f) L™(Q) C LPMQ) C LPP(Q) = LP(Q) C LPH(Q) C LY(Q) if 1 < ¢ <
p<rand0<A<p<u;

(g) MP*Q )CM‘“‘( ) if and only if 1 < ¢ <p, 0 < A\,p < N and
MR < Ak,

q
where the symbol = means that the spaces coincide and have equivalent
norms.
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We will also make use of the following theorem, due to F. Riesz (see
[15] and [16]).

THEOREM 2.4. Let Q be a cube inIRY, f € L*(Q) and p > 1. Then

i

(2.1) /Q|f|de:slép Z [|QZ|(1%)/Q

p
|f] dy] ;
QieP (@)
where P = {Q;} is any decomposition of Q in a finite number of subcubes
with pairwise disjoint interiors and sides parallel to those of Q.

Finally we prove an imbedding theorem for Sobolev-Morrey spaces.
See also [5], [16], [13] and [12] for related results. In the sequel if p, A > 0
and N — A —p >0, we set

p(N — A

THEOREM 2.5. Let Q = Qg(xy) be a cube in RY. Let f €
WLEN(Q) withp >1,0< A< N.

A—(N—p)

(i) If \> N —pthen f€C¥ 7 (Q);
(i) if A\ = N — p then f € BMO(Q);
(iii) if A < N —p then f € MP»*Q).

PROOF. Poincaré inequality implies that for any Q,(z) ¢ RY

1
Qp QNQ,(

: If = fanq,@ | dy < C/

IDfIPdy < co*

QNQp(z)
with ¢ not depending on x or g, so that f € £P*?(Q). Using (e) and (d)
of Proposition 2.3, we respectively obtain (i) and (ii).

Let us finally consider the case A < N — p.

Let P = {Q;} be a decomposition of a cube Q,(z) C @ in a finite
number of subcubes having pairwise disjoint interiors and sides parallel to
those of Q,(z). Let us denote by S the family of such decompositions P of
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Q,(x). Using Theorem 2.4, Holder inequality and the Sobolev imbedding
theorem, we have

Loy = 3 (@0 [ ] <

Qo(x pes Q,EP

< sup > l\Qz |75 </ 17 dy)j <

PES o =p

<esup 3 b@ B ( /Q (pfir+ rf\wy)%r

QEP

where py, is defined as in (2.2). Since f € WH®N(Q,(z)), it follows that

PA_y

/QQ( | f dy<csup Z [\Q |—— /Qi(|Df|p+’f‘p) dy} Ty

PeES g ep

x [ DSy 157 dy <

i

<Al B f, (PSP +17P) d
From this inequality we have

—_2
sup (QF [ Iy <

Qo(x)CQ Qo)

_ _A
<c sup Hf’ 5&1,(pp,x>(Qg(z)) [|QQ| N /Q o) (‘Df‘p + ‘f‘p) dy| <

Qo(z)CQ oz

S C’ ‘f‘ ‘]‘;[//'\1,(1;,)\)(@)

and the theorem is proved because of (II) of Lemma 2.2. 0
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3 — Proof of the main results

In this section we give the proof of the regularity results Theorems 1.1
and 1.2 stated in the introduction. Before that let us recall the following
definition.

DEFINITION 3.1. We say that u € WL?(Q) is a Q-minimizer of F if
there exists a constant () such that

F(u; K) < QF (v; K)

for any v € WL?(Q), with K = spt(u —v) CC Q.
In particular if Q = 1 we say that u is a local minimizer of F.

As we deal with local results it is not restrictive to assume global
regularity assumptions on ¢ (see (1.2)), instead of the corresponding local
assumptions. Hence, from now on we will assume that ¢ is in L"(2),

M (Q), L**(Q) etc. instead of LI, (Q), M2 (Q), L (Q).

loc loc

Let us state an a priori estimate that will be crucial in the proofs.

PROPOSITION 3.2.  Let u € WHP(Q) be a local minimizer of the
functional (1.1) with the integrand function F satisfying (1.2).

If p € L"(Q), with 1 < r < %, then for any € > 0 and for any
Q,(z) C Qr(z) C Q, with R <1,

0 N—p+po
/ (|DulP+|ul?)dy < ¢ (—) +e+ RP
Qo(x) R

[ (Dul + Jup) dy+
Qr(z)

1
T

+ e RNO-D) [/ \SOITdy] 7
QRr(z)

for some 0 <o <1 and ¢,c. > 0 not depending on x, o0 or R.

PROOF. The proof of the result closely follows the one of Proposition
3.6 in [8] . Henceforth we shall only indicate the necessary changes.
Define Fy, F; : @ x R x RY — IR,

Fo( . 2) o= min{F(z,u, ), L{|2? + ful?)}
Fi(z,u,z) = F(z,u,z) — Fo(x,u,z) .
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By (1.2) it follows that

‘z‘p S FQ(.’IJ,’U,, )

z) <
0< Fi(z,u,2) <

L(|2[" + |ul?)
o().

Fixed Qr(20) C Q, with R <1, we set V = u+ W' (Qr(x0)). We define
the functional Fy : V — R U {+o0}, by

Fo(w) ::/ Fy(z,w, Dw) dx .
QRr(zo)
For any 6 > 0 there exists us € V' such that
This inequality, together with the minimality of u, implies

Fo(u) = F(u) —/ Fi(xz,u, Du)dx <
Qr(z0)

< Folus) + [F (z,us, Dug) — Fy(z,u, Du)] dx <
QRr(z0)

< inf Fo(w) + RN + H(R),

with
H(R) ::/ o(z)dx .
Qr(zo)

From now on, the proof goes as in [8] with obvious variations. 0

Using Proposition 3.2 instead of Proposition 3.6 of [8] , we can restate
Theorems 3.9 and 3.1 of [8] under slightly more general assumptions.
More precisely:

THEOREM 3.3. Letu € WHP(Q) be a local minimizer of a functional
F of the type (1.1) satisfying (1.2), with 1 <p < N.
() If o € L7 (Q) then u € VMOy0e(Q);
(ii) if p € L%%(Q) then w is continuous in 2.
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We are in position to prove Theorem 1.1, that is if o € M"™7(Q2), with
v € (N — pr,N), then a local minimizer u of the functional (1.1) is in
C2*(Q); if instead ¥ = N — pr, then u € BMO,.(Q).

loc

PrROOF OF THEOREM 1.1. Let Qsg,(x¢) C . Proposition 3.2 im-

plies that for any ¢ > 0, x € Qg,(z0) and Q,(z) C Qr(x) C Q2r,(x0),
with R <1,

N —p+po
/ (|Du|?+|u|?>dy§c[(ﬁ) +5+va (1DuP +]up) dy+
Qo) R Qr(@)
+ Rl

where ¢ and ¢, are constants not depending on x or R. By an iteration
argument (see e.g. [8] , Proposition 3.7) it follows that there exists Ry <
min{1, Ry} such that for any x € Qg,(zo) and o < R < R,

0 N—p+po’
[ upupsapyaye(2) [ (Dul+ ful) dy
Qo() Qr(z)
N,
+co™ T ol laraey

with 0 < ¢/ < ¢ and ¢ not depending on x or p. In particular for any
o< Ry

N—p+po’
|oaoup sy <e(£) [ (DuP ) dy
(3.2) JQo) 1 Q2Rrg (20)

_ N,
+ oV Tl ) -

If v > N — pr, taking a = %min{po/,]\f — 4+ 32— (N —p)}, from (3.2)

we have that 1

QN—p+poc

[ a4 ) dy < e
Qo(z)

for any z € Qg,(x9) and 0 < p < Ry, with ¢ not depending on = or p.
This implies u € WHEN=Pa)(Qp (24)). By Theorem 2.5 (i) we have
u € CO(Qpy (20).

If y =N — pr, from (3.2) we analogously have

1
o

[ Du 4 jul) dy < .
Qo(x)
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that implies u € WH®N=P)(Qp (z0)). Theorem 2.5 (ii) yields that u is
in BMO(QRO(LL’())) 0

We turn now to the proof of Theorem 1.2. As a starting point we

state some preliminary result.

LEMMA 3.4.  Let u € W'P(Q) be a Q-minimizer of F, with F
satisfying assumptions (1.1) and (1.2). If ¢ € L"(Q), with 1 < r < %,

then
/ Dufrdy < c | ol dy+
Qr (z)N{|u|=k} Q¢ (x)N{|ul=k}

+ c/ ’u‘p
Qu(@)n{|ul>k} (t—T)P

holds for any 0 < 7 < t < Ry, Qgr,(x) C Q and k > 0, where ¢ is a
constant not depending on x or Ry.

A proof of this lemma for local minimizers of F with F' satisfying the
growth condition

2" < F(z,v,2) < LIz|" + ¢

can be found e.g. in [9]. The same proof actually holds for @-minimizers
of F with F satisfying the growth condition (1.2).

REMARK 3.5. We notice that, using Lemma 3.4 above in place of
Theorem 4.1 of [9], the regularity result stated in Theorem 2.1 of [9] can
be extended, with no other changes in the proof, also to (J-minimizers.
More precisely we have that if u is a Q-minimizer of a functional F with
F satisfying (1.2) and o € L"(Q), then u is locally in L»")" ().

The next lemma is proved following an idea contained in [4].

LEMMA 3.6. Letp € L"(Qgr(z)) andu € WHP(Qgr(z))NLPY(Qr(x)),
with ¢ > 1, be two functions such that for any k > 0

p
(3.3) / |Dul? dy < c/ (\go! + M) dy
Qo(x)N{lul>k} Qao(2)N{|ul>k} or

with0<9§§.
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(i) If g < r then

[ aptuly +Jup) dy <

oz

1 1—1
T q
<cov T </ IsOI’”dy> </ (lul +1)% dy) +
QZQ(T) Q2Q($)

teo [ (ul+ 1 dys
Q2g(-7“')
(ii) if ¢ > r then

L (Dl #p upo#40) dy <
Qo(=)

L -
SC</ \@nm) (/ ﬂm+4vww> *
Q2o (x) QQQ(I)

1-14
+eoT T (/ (Ju| + 1)P dy)
Q2g(r)

where ¢ is a constant not depending on x, o or R.

Sl

Q=

PROOF. Let us write Qr instead of Qr(z) and let Q(n) = {z € Qg :
n < |u| <n+1}. Let m be a positive number to be chosen later.
By (3.3) it follows that

Zk+ yprm= 12/ | Dul? dy <
k=0

QoNQ(n)

oo u‘p
<ec) (k+1)mt / (!go|+’—)dy]
kz:: Z [ Q2,NQ(n) or

Exchanging the summation order we get

22/‘ Dul? Yk + 1) dy <
QeNQ(n) k=

0

= CZ Vngmmm <|¢| - %) i(k T dy] ’

k=0
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Since m > 0, there exist two positive constants c;, co not depending on
n such that

1(n+ 1P <> (k+ 1P < ep(n+ 1)
k=0

so that the previous inequality yields

| Dy <c |
Qo Q2

Adding [, |u|P(™+Y) dy to both sides we get

el + 17 dy + o [ Jup(ful + 1y dy.
2

4 4

[ D™ fumtyrdy < c [ e dy+
Qe

e

ro [ el + 1 dy+eo [ (ul + 17 dy <
Q2

e 20

Sc/ ‘¢’(‘“\+1)pmdy+ca‘p/ (Jul + 1)+ dy
2

4 Q20
Since ¢ € L"(Qr), using Holder inequality we obtain that

1
T

7 1-
/ <|D|urm+1|+|u|m+1>pdy§c(/ lerdy> (/ <|u|+1>%zy) n
Qo Q20 Q2

(3.4) 0
+ CQ_p/ (Jul + )P+ gy .
Q?Q
If ¢ < r we choose m such that m + 1 = ¢, thus m-*5 = rd=1
Holder inequality in (3.4), we get (i).
Analogously, if ¢ > r we choose m such that m—"5 = ¢ and so
m+1=gq—2+1 < q Holder inequality again gives (ii). 0

The following proposition gives a first information on the summability
of u.

PROPOSITION 3.7.  Let u € W'P(Q) be a local minimizer of a
functional F of the type (1.1) satisfying (1.2) where ¢ € M"™7(Q) with
l<r< % and 0 <y < N —pr. Then u is locally in M7+ (Q)).
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PROOF. As in the proof of Theorem 1.1, (3.2) holds; since vy < N —pr
we have

—

—% (|Dul” + [ul?) dy < c
oN T /qu)

where ¢ is a constant not depending on x or . This implies that u is
locally in Wh®N=5+3)(Q) with N — N +2 < N —p. By Theorem 2.5
(iii) we have that w is locally in MP%-*0(Q), with A\ = N — & 4+ 2 and
N-X
qo = N_)\ng‘
If gqo = r the thesis is proved. If gy > r Proposition 2.3 (g) implies

that w € MEZTTP7(Q). If gy < 7 let us define

Ai = Ao —ip,

N =\
4=
N—X—p

for any ¢ € IN. Let n € INU {0} be such that ¢, < r < ¢,41. By Lemma
3.4 and Lemma 3.6 (i) if u € MP%(Q) and i < n then

loc

/ (|D|u|qi|1? + |u’pqi) dy < cgqﬂi_%"’_%_‘_)‘i(l_qli) + CQAi—p < CQ>\i+1 ,
Qo(x)

so that |u|% is locally in WheAis) (). Theorem 2.5 (iii) implies that

i1y o
lu|% is in M, " () and henceforth u € M %+ +(Q). Iterating
this argument we get u € PP+ 1 AL Q).

loc

As before, if ¢,.1 = r we have the result; if ¢, ; > r we use Proposi-
tion 2.3 (g). 0

We are now in position to prove Theorem 1.2.

PROOF OF THEOREM 1.2. For any i € INU {0} let

1\
Vi :=7+pr(1——) )
r
N—’}/Z'
g =T .
q N —~v—pr

The sequence 7; is decreasing and converging to v and the sequence ¢; is
increasing and converging to r%.

We will prove by induction that v € MP% 7 () for any i € IN.
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As v9 = v+ pr and gy = r, by Proposition 3.7 u € M%7°(Q) and
the first step of the induction is proved.
Suppose now that w € MP™ 7™ (Q). Since g, > r we can apply

Lemma 3.6 (ii) with ¢ = ¢,,. Noting that N/r — N/q, — p +7v./q. = /7
and v/r + v,(1 —1/r) = 4,41, we have

/ (\D|U|q”7q7"+1’p + |U|p(q"7q7n“)) dy <
Qo(@)

< CQ¥+’M(1—%) + CQ%—%—IJ-F’MO—%-F#) < ot

that is [u= %+ € WLP)(Q). Since

n N —
qn_q_+1zr
r

Theorem 2.5 (iii) implies u € M7+ (Q).

loc

For any € > 0 let n € IN such that ¢, > r%. Aswu e MY (Q),

Proposition 2.3 (g) implies u € M(pr)W(lfé)’w(s(Nﬂ)(Q) where 6 = = [

loc

As in [8] and [9] analogous regularity results can be proved in the
case of weak solutions of nonlinear partial differential equations.
Let us consider the equation

(3.5) div(A(x,u, Du)) + H(xz,u) = divf

where 4 : @ x R x RY — R and H : Q x R — IR are Carathéodory
functions satisfying the following assumptions:

(1) [Aw.n, Ol < LA+ [P ¥(w,n,€) € @ x R x RY;

(IT) For all (z,n) € Q x Rand&;, & € RY

<A(.’I},7’],£1) - A(wﬁna§2)7£1 - §2> Z V‘gl - 52‘17 1fp 2 2
<A(1},7],£1) - A(I)na€2)7£1 - €2> >
>vlg - &GP (Gl + 16T ifl<p<2;

(III) [H(z,n)| < LA+ [n"~) V(z,m) € xR,
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THEOREM 3.8. Letu € W'P(Q), 1 <p < N, be a weak solution of
(3.5) with A and H satisfying assumptions (1), (II), (III) and \f|1% €
M™(Q), with 1 <r < % and 0 <~y < N.

(i) If N —pr <~ < N then u is locally Hélder continuous in €2;
(ii) if v = N — pr then u is locally in BMO(2);
(iii) if 0 < v < N —pr then u is locally in M®PI+A=0)1F6N=0(Q) for any

6 > 0 such that (pr),(1 —6) > 1.

PrOOF. Under the assumptions of the theorem an analogous result
to Proposition 3.2 is proved in [8] with (3.1) replaced by

N—p+po
(%) +e€
—i—cg/ (171757 +1) dy.

Qr(z)

On the other hand it is easy to prove that Lemma 3.4 still holds (see the

proof of Theorem 5.1 in [9]). Arguing as in the proofs of Theorems 1.1
P

and 1.2 with ¢ = |f|?-T, the thesis follows. 0

[ apup +fup) dy < c | (Dl + ful?) dy+
Qo(x) Qr(z)

A different approach has been used in [14] (see also [7]) to prove
analogous regularity results for weak solutions of linear elliptic differential
equations in the case p =2 and r = 1.

4 — Example

We now give the example mentioned in the introduction. This ex-
ample is inspired by the one given in Section 10 of [13].
In the sequel N = 3, p = 2, 1<r<%and0<’y<3—2r. Let

3
a1 = r 1 1\
n= ()7, di= () 7T %:Kﬁﬁﬁ)]’

where ¢ € IN and [-] stands for the integer part. Let S; = {(z,y,2) €
Q- (0) : r41 < z < r;}. In each S; let us consider v, cubes D;; =
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Qg4,/2(ci;) where the centers ¢;; = (cij, s Cijy, Cijy) are defined as follows:

dz . 27'7;—(11‘
Cijl:_ri—i_ 2 —’_.711/}1/3_17
dl . 27"1—(17
Cijy = —Ti + — 5 +]2W>
_ d; T — T — d;
Cijg —Ti—E—]:zwa

for ji, 2,73 =0,1,... ,wil/g — 1. Let

¥’ -1

K3

i — Tiy1 — d;
iozmin{iG]N : LZQ(L}.

We notice that if 7 > iy the cubes D;; are disjoint.
We divide each D;; into six pyramids. In particular we define

={(z,y,2) € Dij : x —cij, > |y — g5 |2 — i}
={(z,9,2) € Dij : cijy = > [y — cijp|s |2 = cijy |}
={(z,y,2) € Dij 1y — cij, > & — 5|, [z — cigg|},
={(z,y,2) € Dij 1 cij, —y > & — iy, |, |2 — i}
={(z,y,2) € Dij : 2 — cijy > |v — ciyy |, [y — cipnl}
={(z,y,2) € Dyj : cijy — 2 > |w — cijy |, |y — cigp| } -

Let 2 = @Q,, (0). Let us now define the function u : @ — IR, such that
i 1/21" . + _
e? ) — |z —ciy, ) if (z,y,2) € Dfy UD;

i\ 1/2r
€2> (d; — |y — cijp|) i (2, v, )GDy u DY,

0

(
’LL(%, Y, Z) =

(

(

i 1/2r . + _
62) (di — |z —cis]) if (w,9y,2) € D, UD}; .
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Let f: Q — IR® be the vector valued function (fy, f2, f3) such that
(0, O, 0) if ([I?, Y, Z) SRy \ Ui,jDij

i\ 1/2r
<:F () 0, 0> if (z,y,2) € DI

i\ 1/2r
<0, F (62 ) ,0> if (x,y,2) € fo

i\ 1/2r
(0,0, ¥ (62 ) ) if (z,y,2) € iji )

f(x7y7 Z) =

We have that u is a W?(Q2) solution of Au = divf. Hence u is a local
minimizer of the integral functional

.7:(21;(2):/

Q

Setting ¢ = | f|?, that is

0 if (z,y,2) € Q\ U;; Dy
(€)Y if (x,y,2) € Dy,

SO('T7 y? Z) - {

we prove that
1) ¢ isin M™7(Q), but neither in L™"¢(2) nor in M™7*(Q).
2) wisin M(QT)"’W(Q), but neither in L(QT)”H(Q) nor in M(ZT)V’WS(Q).

loc loc loc

1) i) Let us prove that ¢ is in L"(£2), but neither in L"*¢(€2) nor in
Mr+e(Q).
For any ¢ > 79 is

K\ 1+5 11 K\ 5
el =5 [t =S wdt ()T~ Y e ()
/Q” (0) k:ZZZ Sy, kZZZ ( ) k;ZZZ 2k k? ( )
So, for any € > 0, ¢ is not in L""¢(Q2). Observing that for any u > 0
1 11 1
T E

Ty k>

(2%

we have that ¢ is not in M™*#(Q) if > 0.
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i1) Let us prove that ¢ is in M"™7(Q).
Denote by Q a cube Q,(z,y, z). We will consider three different cases:

Case L. Q C S; for some i.

If o < d,;/2, Q intersecates at most one of the cubes D;; and we have:

L e [ el = et e < e
07 JGnpy, 07 JQo(eis)

If o > d;/2, the number of cubes D;; intersecated by Q is less than cf—zwi,
so that '

1 I N A
E/QM <c ;= Vid;je ~CEE R

2

as o < r;.

CasEIL QNS #0, QNS #0,QNS; =0 for j #i,i+ 1.
If 0 < (rig1—rit2)/2

1 s 1 T T
7/|¢\57</ lool” + !w\)é
0" JQ 1 Qo(z,y,rit1t0) Qolzy,rit1—0)

3 3
c (o 3 00 0 3 i+l c
o (rf’wl ! Tf’uwlﬂ i N

1

1
If 0 > (ri41 — Tis2)/2 we have g > (%)IJr

el s ([ relr+ [ 1el) <
- s = ¥ 12 =
0" JG o7 S Si+1

C 3 22 3 2i+1 C
<= ('L/}idie + Yiady, e ) < 2

T

2
—
—
|
—~
N =
S~—

2=
[E—1
3
N
Q
]
(oW

with ¢ depending only on 7.
Case IT1. QN S; # 0, for j =d,i+1,... i +n with n > 2.
1 1
It follows again that o > (r;41 — ri42)/2 > (%)H"’ [1 — (%)w] r; and
1/ 1 1 3 o r)
el < el e Y pdte < <o
SIS G T W s e S <o

with ¢ depending only on ~.
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2) Let us prove that w is in MI(QT)”’V(Q), but not in L(QT)”’H(Q) nor in
M(QT)%’Y"‘E 0
! ().

ocC

oc loc

Simple calculations show that

Loy
/ ‘u|(2r)v =c <€22> 37 (2r)y d?Jr(?T)v
D

ij

where ¢ does not depend on i. By definition of d; we have that

J,

@ = e dd =c [ ol
D,.

ij ij

and the thesis follows arguing as in 1).

1]
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