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1 Introduction

In this paper we are interested in the study of the following elliptic problem:

—div(a(z,u)Vu) = f in ,
(1.1)
u=">0 on 0f),

Here Q is a bounded, open subset of R, with N > 2, and a(z, s) : QxR — R
is a Carathéodory function (that is, measurable with respect to z for every
s € R, and continuous with respect to s for almost every x € Q) satisfying
the following conditions:

«Q
—— < a(x,s) < [, 1.2
AT S <8 (12)
for some real number 8 such that
0<f<1, (1.3)

!Dipartimento di Matematica, Universita di Roma I, Piazzale A. Moro 2, 00185, Roma,
Ttalia

2Dipartimento di Matematica, Universitdh di Firenze, Viale Morgagni 67a, 50134,
Firenze, Italia



for almost every x € €2, for every s € R, where o and 3 are positive constants.

As far as the datum f is concerned, we will assume that it belongs to the
Lebesgue space L™(£2), for some m > 1.

The main problem in dealing with problem (1.1) is the fact that, due to
hypothesis (1.2), the differential operator A(u) = —div(a(z,u)Vu), though
well defined between Hj () and its dual H~1(£2), is not coercive on H;(£2)
when w is large (see [10] for an explicit proof of this fact). This implies that
the classical methods used in order to prove the existence of a solution for
problem (1.1) cannot be applied even if the datum f is very regular.

We will prove here the existence of solutions for problem (1.1), under
various hypotheses on the datum f. To do this, we will approximate problem
(1.1) with some nondegenerate problems (which thus have solution), and we
will prove some a priori estimates on the solutions of these problems. Once
this has been accomplished, the linearity of the operator with respect to the
gradient, as well as the boundedness and the continuity of a, will allow to
pass to the limit, thus finding a solution.

The first result considers the case where f has a high summability.

Theorem 1.1 Let f be a function in L™(S2), withm > 4. Then there exists
a function u in H}(2) N L>(Q) which is weak solution of (1.1) in the sense
that

/Qa(x,u)Vu-Vvdx:/vadx, Vv € Hy (). (1.4)

Remark 1.2 The previous theorem is somewhat surprising, since the result
does not depend on 6, and coincides with the classical boundedness results
for uniformly elliptic operators (see [11]). The main tool of the proof will
be an L>°(Q)) a priori estimate, which then implies the H} () estimate: it is
clear indeed that if u is bounded the operator A is uniformly elliptic.

The next result deals with data f which give unbounded solutions in
H}(Q).

Theorem 1.3 Let f be a function in L™(S2), with m such that

N N
< — . .
N+2-0N—-2-""73 (15)




Then there exists a function u in H}(Q) N L™(Q), with

_ Nm(1-10)

- 1.6
TN (1.6)

which is weak solution of (1.1) in the sense of (1.4).

Remark 1.4 The main part of the previous result is the fact that the solu-
tion u belongs to H} (), which cannot be directly derived from the equation
since v may be unbounded. Again, the proof will be achieved proving a priori
estimates in L"(£2), which will then be used, as well as the hypotheses on f,
in order to prove that |Vu| belongs to L%(€2). Moreover, we observe that both
terms of the weak formulation (1.4) are well defined in this case, the first for

the boundedness of a, and the second because the hypotheses on m imply

that f belongs to LJ\?—%(Q), which is the dual of L?"(Q), where 2* = % is

the Sobolev embedding exponent for H}(Q). As a further remark, we note
that r > 2* for every possible value of § and m satisfying (1.3) and (1.5).

Example 1.5 Let us consider the following function:

C
~ pr i (=Inp)

in the ball Q = B;5(0) = {z € RY : |z| < 1/2}, where

u(p)

9

N+2—0(N —2)

It is easy to see that u belongs to H(Q) but it does not belong to Wy ()
for any p > 2. Moreover, we have

—div (—W(p) ) = f(p),

(L + [u(p)])?
where "
f(p) = p%(1—9)+1+9 (— I p)H1-0) + lower order terms.
Such a function f belongs to L™(2), with m = 7N+2_2é\(’N_2), but not to L*(Q2),

with s > m. In this sense, the result of Theorem 1.3 is sharp.



Remark 1.6 If § = 0, the result of the preceding theorems coincide with
the classical regularity results for uniformly elliptic equations (see [11] and

[4])-

Remark 1.7 Even in the “classical” case 8 = 0, if f belongs to L%(Q), the
solution belongs to a suitable (exponential) Orlicz space (and in particular
it is not bounded). We will not deal with this limit case.

If we decrease the summability of f, we find solutions which do not in
general belong any more to Hg ().

Theorem 1.8 Let f be a function in L™(Q2), with m > 1 such that

N 2N
N+l-0nN—-1) " Ny2—_oN-2) (17)
Then there exists a function u in Wy?(Q), with
q= % <2, (1.8)
which solves (1.1) in the sense of distributions, that is,
/Qa(ac,u)Vu-Vgoda::/Qfgpdx, Vo € C5P(Q) . (1.9)

Moreover, Ty(u) belongs to H}(2) for every k > 0.

Remark 1.9 By Sobolev’s embedding, we still obtain that the solution
given by the previous theorem belongs to L"(Q2) with r as in (1.6): indeed,
¢* =, as can be easily calculated. The lower bound for m in (1.7) is due to
the fact that ¢ must not be smaller than 1. If m = 1, the previous result is
not true in general. Indeed, if § = 0, the value ¢ given by (1.8) is %, and
the solutions of problem (1.1) with § = 0 and f in L'(€) do not belong to
N

Wol’m(Q), but to every W,*(Q), for every s < 2= (see [3] and [9]). See
Theorem 1.17 for the precise result if m = 1.



Remark 1.10 One can wonder when it is possible to choose u as test func-
tion in (1.1). If f satisfies the hypotheses of Theorem 1.1 or Theorem 1.3,
then u belongs to Hg(€2) and so is an admissible test function. If f is less
summable, it is not clear whether u can be chosen as test function: for ex-
ample, the product fu has to belong to L*(2). In view of Theorem 1.8, this
is true if and only if
N(2-0)
m>———>7
“ N+2-N6

We will prove in Proposition 2.7 that under hypothesis (1.10) one can take
¢ = uin (1.9). The same condition on m is used in [10] to obtain a uniqueness
result for (1.1).

(1.10)

Remark 1.11 As a consequence of the previous theorems, we also have an
existence result for the problem

1
In(e+]s[)

with zero boundary conditions and f in L™(f2). Since the function
satisfies hypothesis (1.2) for every € > 0, we have the following:

1) if m > & there exists a solution u in Hg(€2) N L>();

2) if 225 < m < & there exists a solution u in H}(Q2) N L"(Q) for every

N+2N

m_.

"< N-2m>

3)ifl<m< ]\2[—12 there exists a solution u in W,?(Q2), for every ¢ < e

Up to now, we have obtained solutions belonging to some Sobolev space.
If we weaken the summability hypotheses on f, then the gradient of u (and
even wu itself) may no longer be in L'(Q). However, it is possible to give a
meaning to solution for problem (1.1), using the concept of entropy solutions
which has been introduced in [2]. In order to give the definition of entropy
solution, we define, for k£ > 0, the truncation function

Ti(s) = max{—k, min{k, s}}, (1.11)

and we recall the following result (see [2], Lemma 2.1).

5



Proposition 1.12 Let u be a measurable function such that Ty (u) belongs
to Hy(Q2) for every k > 0. Then there exists a unique measurable function
v:Q — RY such that

U X{juj<k} = VT(u), almost everywhere in Q, Vk > 0.

If, moreover, u belongs to Wol ’1(Q), then v coincides with the standard dis-
tributional gradient of u.

Definition 1.13 Let u be a measurable function such that Ty (u) belongs to
H}(Q) for every k > 0. We define Vu, the weak gradient of u, as the function
v given by Proposition 1.12.

Definition 1.14 Let f be a function in L'(€2). A measurable function v is
an entropy solution of (1.1) if Ty(u) belongs to Hj(Q) for every k > 0 and if

/ a(z,u) Vu - VT (u — ¢)dr < / fT(u—p)dr, (1.12)
Q Q
for every k > 0 and for every ¢ € H}(Q) N L>(Q).

Remark 1.15 We observe that every term in (1.12) is meaningful. This is
clear for the right hand side, while for the left hand side we have

/Qa(x,u)Vu-VTk(u—gp)dx:/Qa(x,u)VTM(u)-VTk(u—gp)dx,

where M = k + ||g0||LOO(Q). The formulation (1.12), though apparently a
very weak one, is actually strong enough to obtain uniqueness results, under
additional hypotheses on the operator, if # = 0 and f € L*(Q) (see [2]) or if
0 € (0,1) and f € L™(2), with m as in (1.10) (see [10]). We will not consider
the problem of uniqueness in the present paper.

Let us recall the definition of Marcinkiewicz spaces, also called weak
Lebesgue spaces.

Definition 1.16 Let p be a positive number. The Marcinkiewicz space
MP(Q) is the set of all measurable functions f : 2 — R (where, as usual, we



identify functions which differ only on a set of zero Lebesgue measure) such
that .
{x e Q : |f(x)|>k;}|§ﬁ, for every k > 0, (1.13)

for some constant ¢ > 0. The norm of f in M?(Q) is defined by

Hf”fm(n) = inf{c > 0 such that (1.13) holds}.

The alternate name of weak LP space is due to the fact that, if 2 has
finite measure, then

LP(Q) € MP(Q) C LP=(9) (1.14)

for every p > 1, for every 0 < e < p— 1.
We will prove the following existence result.

Theorem 1.17 Let f be a function in L™(S)), with

N
N+1—9(N—1)’1}' (1.15)

1§m§max{

Then there exists an entropy solution u of (1.1), with

ue M (Q), \Vu| € M9(Q), (1.16)
with
~ Nm(1-0) ~ Nm(1-0)
"TTN_om q_N—m(l%—G)‘

Remark 1.18 If 0 < § < &, then (1.15) becomes m = 1 and ¢ = %
which is greater than 1. In view of the embeddings between Marcinkiewicz
and Lebesgue spaces, we have the u belongs to Wol’s(Q), for every s < ¢. If in
particular 6 = 0, this is the same result obtained in [3] for elliptic equations
with L'(Q) (or measure) data.

If ﬁ < 6 < 1, then the upper bound on m is ——>—— which is the

N+1-6(N—1)
lower bound on m given by Theorem 1.8.

The following is a picture which summarizes the different regularity re-
sults obtained in this paper in dependence of § and m. If (6, m) lies in region
A, then the solution u belongs to Hi(2)NL> () (see Theorem 1.1); in region

7



B the function u is not bounded, though it still belongs in H}(Q2) (see The-
orem 1.3); in the third region C' the solution we find is no longer in H} (1),
and belongs to some Sobolev space Wy4(€2), with ¢ < 2 (see Theorem 1.8).
Finally, in region D, we prove the existence of an entropy solution, which
does not belong to any Sobolev space (see Theorem 1.17). In the region
above the dashed line it is possible to choose u as test function (see Remark
1.10 and Proposition 2.7).

m
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Figure 1

Remark 1.19 The same results of Theorems 1.1 and 1.3, as far as the part
of a priori estimates is concerned, have been obtained by A. Alvino, V. Ferone
and G. Trombetti by means of symmetrization techniques (see [1]).

Remark 1.20 The previous results can be extended in order to deal more
general, nonlinear equations, such as (for instance)

—div(a(z,u) |VulP>Vu) = f,

with p > 1, and a satisfying hypotheses similar to (1.2). Differently from the
present (linear) case, the a priori estimates are no longer enough in order
to pass to the limit in the approximate equations, since the operator is not
linear with respect to the gradient. In order to achieve the proof, it is thus
necessary a further result of almost everywhere convergence of the gradients
of the approximating solutions, as in [12] or in [3].

The study of the nonlinear equation will be the subject of a forthcoming
paper.



The plan of this paper is as follows: in the next Section we will give the
a priori estimates and the proof of Theorems 1.1, 1.3 and 1.8. In the third
Section we will prove Theorem 1.17.

2 Solutions in Sobolev spaces

The proof of all the existence results will be obtained by approximation. Let
f be a function in L™(2), with m as in the statements of Theorems 1.1, 1.3
and 1.8. Let {f,} be a sequence of functions such that

fn € L%(Q), fn— f strongly in L™(), (2.1)

and such that

Let us define the following sequence of problems:

—div(a(z, T, (u,))Vuy,) = fn in Q,
U, =0 on 0f).

Since

a(z,T,(s)) > ma

for almost every z € Q and for every s in R, and since f,, belongs to H1(Q),
by well-known results (see [8]) there exists at least a solution u, in H}(Q) of
problem (2.3) in the sense that

/Qa(x,Tn(u)) Vu, - Vudr = /anvdx, Yo € Hy(9). (2.4)

We remark that, for every n in N, the function a(x, T, (s)) satisfies con-
dition (1.2).

To prove the L*(£2) a priori estimate, we will need the following result,
whose proof will be given in the Appendix.



Lemma 2.1 Let w be a function in Wy (Q) such that, for k greater than
some ky,

/ |Vwl|” dz < ck?7|Ap|7 7=, (2.5)
Ay
wheree > 0,0<60 <1, 0" = ]\],V_"U and

A ={x € Q : |w(x)| > k}.

Then the norm of w in L*(S)) is bounded by a constant which depends on
¢, 0,0, N, e, ko, and |Q].

Lemma 2.2 Assume that m > ¥, let f in L™(Q) and let u,, be a solution
of (2.3) in the sense of (2.4), with f, = f for every n € N. Then the norms
of u, in L>*(Q) and in H}(Q) are bounded by a constant which depends on
6, m, N, a, || and the norm of f in L™ ().

Proof. Let us start with the estimate in L°°(2). Define, for s in R and for
k>0,

Gr(s) = (|s| — k)4 sgn(s) = s — Ti(s).
For k > 0, if we take G (u,) as test function in (2.4), and use hypothesis
(1.2), we obtain

(Vu,|?
VP g <
“ /A A+ un)? = /A f Gilun) dz

1
o

< Mgy |, Gt o] ™ <[ [ jGuGun) ™ d]
where m’ = m/(m — 1) and we have set
Ay ={x € Q : |u,| > k}.
Therefore, if 0 < 2, we can write, by the Holder inequality:

Vu,|” 0o
/ Vu,|” dv = LU,(HWM dx
Ay, Ar (14 |ugl)2

Slék%dx]% {/Ak(l—l—]unl);_gadxr% (2.6)

[ (G da] | [ (14 ) e

2

<c

10



Let us choose ¢ such that its Sobolev conjugate exponent o* = No /(N — o)

is equal to m’, that is,
Nm

T Nmtm-N
It is easy to check that the hypotheses on m imply o < % < 2. From (2.6)
and Sobolev’s embedding theorem we obtain

(2.7)

2

1
/ |Vu,|”de < c [/ |Vu,|” daj} ’ [/ (1+ ]un])i_aa dx
and therefore
2—0o
/ |Vu,|” de < ¢ {/ (1+]un|)20—_aa d:v] : (2.8)
Ay A
Since if k£ > 1, one has on Ay that 1 + |u,| < 2(k + |Gr(u,)|), we can write

)

/ Vun|® dz < ¢ {k% A2 + [/ Ga(u) |75 da
Ag A

Since § < 1 and m > N/2, with our choice of ¢ one has

Oo
2—0

*

<o*,

and therefore, using Holder’s, Sobolev’s and Young’s inequalities, one obtains

6o
[ Vw7 < c{k%mkﬁu[/A Gin)|”" ] |Ak|2oz—z}

0
C{WﬂAmﬂ4[A|vwrm]pm%P%}
k

0o 2—0 o %
< eRE|ALTTT+ 0 | |Vu,|”dr + ¢(0) | A T b
Ak

IN

If we choose § small, we can take the term containing the gradient to the
right hand side, obtaining

(2—0)o* —0o
/ |Vu,|” de < c {k;e" | AR 4 | Ay S } )
Ak

11



Since o < % we have

(2—0)o* — o

2_
M I

so that, for £ > 1, we can write, observing that |Ag| < |Q],
/ |V, |” de < ck% |Ag*~7.
A

Let now e be such that 2 — o = Z + ¢; then it is easy to see that ¢ > 0.
Therefore we can apply Lemma 2.1, with w = u,,, and obtain a bound for u,,
in L>(Q).

The estimate in H}(Q) is now very easy. Taking u, as test function in

)
(2.4), using hypothesis (1.2) one obtains, if ||u,|| < e,

Lee(Q) —

(67

2 </
TEAL /Q|Vun| dx < qundx,

and the right hand side is trivially bounded since f belongs to L'(£2).
]

The next result will be used in the proof of Theorem 1.3.

Lemma 2.3 Assume that m satisfies (1.5), let f belong to L™ (Q2), and let w,,
be a solution of (2.3) in the sense of (2.4), with f,, = f for every n € N. Let
r be as in (1.6). Then the norms of u,, in L"(Q) and in H}(Q)) are bounded
by a constant which depends on 6, m, N, «, || and the norm of f in L™ ().

Proof. Let us define, for k € N, the function ¢x(s) = T1(Gg(s)). If we use
©r(uy) as test function in (2.4), we obtain the inequality

o [ Vufde<@+0) [ 1f]de, (2.9)
By, Ap
where we have set
Ap={x€Q : |u,| >k}, Bpr={xe€Q:k<|u,<k+1}. (2.10)
In the following, we will use the same technique of [5].

12



If v > 1, then, using the Sobolev inequality and (2.9), we obtain

2
=

o] e [V ua P e = [ a0 [ Fuf? do
Q Q Q

+oo +00
= c Z/ |07 [V P d < e > (14 k)%—”/ IV, |2 da
k=0 " Bk k=0 By,

400
< oY (1RO R) [ |flde
k=0 A

+oo +o0
< ey RIS [ (flde.
k=0 h=k ’ Bn

Therefore, changing the order of summation, and recalling that
h
S kP <c(h+1)t, (2.11)
k=0
with ¢ = ¢(p), we have

2 400 h
[l <e S [ flde S (2 p
Q@ h=0" Bn

k=0

+o0
<c Z/ \f| da (3 + h)27~1+0
h=0"Bn (2.12)

<c [1f1@+ )P do

chfHLm(Q) (1 + [/Q | @140 Gy

a
'm/>

We now choose 7 such that
m'(2y —1+6) = 2%y,
which is equivalent to

C(N=2)(1-0)m
2(N —2m)

13



This choice of v implies 2*y = r, with r as in (1.6). Since 2/2* > 1/m/ being
m < N/2, from (2.12) we obtain

/ lun |> dx = / lun|" de < c.
Q Q
Moreover, since v > 1, the previous calculations imply
/ |Vu,|? de < / 1|20V |V, |2 da < c.
{lun|>1} Q

Since (2.9), written for & = 0, implies

Vu,|* dr < <

S o IV e < el <

the last two inequalities yield

/ |Vu,|*dz < c.

Q

To end the proof we only have to prove that v > 1; it is easy to check that

this is equivalent to
2N

> .
MENT2-0(N—2)

Under a slightly weaker hypothesis it is possible to obtain a slightly weaker
result, in terms of Marcinkiewicz spaces.

We recall that, if f € MP(Q2), and E C €, the following Holder’s type
inequality holds:

< 5. .
L1l <1510 12 (2.13)
Lemma 2.4 Let m be a real number such that
2N N
— 2.14
N+2-0N—2 " 3 (2.14)
let f belong to M™(S2). Let u, be a solution of (2.3) in the sense of (2.4),
with f, = f for every n € N (such a solution exists since f belongs to

LJ\Qf—f?(Q) by the hypotheses on m and by (1.14)). Let r be as in (1.6). Then
the norms of u, in M"(Q) and in H}(Q) are bounded by a constant which
depends on 6, m, N, «, || and the norm of f in M™(2)

14



Proof. For k£ > 1, let us define the function ¢y (s) = Tx(Gr(s)). Then,
taking ¥y (u,,) as test function in (2.4), one obtains, using (1.2),

[V <a [ 0 < [ p)

(1+2k)° +2k (1 + fun|)?

Therefore, using Sobolev’s embedding and (2.13) we obtain

2
5%

[ W) e

< e 28) |l 1A ] [ ) 2 da

<c/\wk(un)| dr < c(1+2k) / F () do

L
5%

L
2%

< e (14 2k) | Ay [ /A [ () 2
k

Thus, for k£ > 1, one has

[ awp

1
2% Nm+2m—2N

Tdr|T < ckU|Ag|T e (2.15)

Since

1
5%

[ ) dxfz{/fmm(un) do|” = kAl

from (2.15) one obtains

Nm+2m—2N

|Ak | (N=2)m

‘AQ}C’ <c L2 (1-0) )

for every k> 1. (2.16)
Let us define p(k) = k" | A|, where 7 is as in (1.6). Then (2.16) implies
p(2k) < cp(k),

where 7 = W belongs to (0,1). Thus, by induction,

p(2"k) < X% 7 p(k)" < ep(k)” < e (1+ plk))

for every n € N and for every k > 1. Since p(k) is bounded for k € [1,2),
and since every real number A > 1 can be written in the form h = 2"k, where

15



k € [1,2) and n € N, we have proved that p(h) < ¢, for every h > 1. This

proves the estimate for ||un||MT(Q).

In order to prove the bound in H}(f2), one could use the embeddings
(1.14) and Lemma 2.3. However, once the bound in M"(2) has been proved,
an estimate for the gradients follows more naturally from the simple calcu-
lation below. From (2.9) we obtain, for k£ > 1,

/ Vun|?de < c<2+k>9/ \f| dx
Bk Ak
_1
< AR [y 1Ael

Therefore
(2+ k)
/|Vun|2d$—2/ [Vu,|*dr < ¢ <1+Z 1) ) '

Under hypothesis (2.14), T(— 6 > 1, so that the series on the right hand
side converges. Hence an estimate for u, in H}(Q) follows. n

The next result deals with the case in which the sequence u, is not

bounded in Hj(12).

Lemma 2.5 Assume that m satisfies (1.7), let {f,} be a sequence of func-
tions satisfying (2.1) and (2.2), and let u,, be a solution of (2.3) in the sense
of (2.4). Let r be as in (1.6) and let q be as in (1.8). Then the norms of u,
in L"(Q) and in Wy%(Q) are bounded by a constant which depends on 6, m,
N, «, || and the norm of f, in L™ (). Moreover, for every k > 0,

/Q VT (un) 2 da < ¢ (1 + k)10, (2.17)

with ¢ depending on « and on the norm of f, in L'(Q).

Proof. We begin with the proof of (2.17). Taking T (u,) as test function
n (2.4), and using (1.2), we get

Q

m/ﬂ|VTk(un)\2d$ < /Qa(:c,Tn(un))Vun-VTk(un)dq;

= [ foTlun)dz < k| fall1 g

16



which then implies (2.17).

Now we turn to the estimates in W;'%(€2). As in the proof of Lemma 2.3,
taking ¢ (u,) as test function in (2.3) we obtain inequality (2.9). From this,
if A is a positive number (to be fixed later), we can write

’VUnP / \Vun|2
_— d
/(1+|un| Z B (L1 [un > "
“+oo 1

2 < % -
,ga—(Hk:)A /BkW“”’ dm_cé@—i—k) (1+k) /Ak|fn]dx
—+o00 +oo
< e AN [ (hlde,
k=0 h=k / Bn

where Ay and By are the sets defined in (2.10). Changing the order of
summation, and using again (2.11), we obtain

Wun‘z / Y
dx < c |fn|dx (1+k)
/ (1 + |un|)? Z =

< o Z(1+h)1+9‘A/ ful do < 2/ [l (14 ) 07 d

h=0

L
m

= C/Q [ foal (1 g )07 e < C||fn||Lm(Q) {/Q (1 + |u,| )30~ M™ dg

1
< C{l 4[] a4 ] } ‘
Q

Let r and ¢ be as in (1.6) and (1.8). Then one can check that ¢ < 2, and
that r = ¢* = Nq/(N — q). Therefore, using the Sobolev inequality, we have

[/ |un|rdx} Sc/ |Vun|qu:c/Ln’Aq(l+|un|)% dx
0 0 @ (1t fu)) ¥

Vu,|? : [ IV T
< ——d / 1 nl)2=1d
< c|farige] [fosmne

c{1+[/ [y (10 m dx} & }{1+ [/Q|u|—dx}}

17
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We now choose A such that A\q/(2 — q) = r, that is,

)\_2N—2m(1+9)—Nm(1—9)
B N —2m '

It is easy to check that this implies
(1+60—XNm' <r.

Therefore the previous calculations and the Holder inequality imply

q (1;9)q
[/ up|" da| " §c{1+ /\un\rda:} ' } : (2.19)
Q 0

Since 6 < 1, the last exponent in (2.19) is smaller than ¢/r. Therefore
inequality (2.19) implies an estimate for the norm of w, in L"(2). Going
back to (2.18), this in turn implies an estimate for the norm of |Vu,| in
L9(2). Lemma 2.5 is therefore completely proved. [

We are now in position to prove Theorems 1.1, 1.3 and 1.8.

Proof of Theorems 1.1, 1.3 and 1.8. Let f, be a sequence of functions
satisfying (2.1) and (2.2), with m as in the statements of the theorems; if
the hypotheses of Theorems 1.1 or 1.3hold, take f,, = f for every n in N.
Let u,, be a sequence of solutions of (2.3). Using the results of Lemmas 2.2,
2.3 and 2.5, we obtain that the sequence {u,} is bounded in the Sobolev
and Lebesgue spaces as in the statements of the theorems. Thus, up to a
subsequence, it converges weakly to some function u which belongs to the
same spaces. Moreover, u, converges to u almost everywhere in ) as a
consequence of the Rellich theorem.

Let ¢ be a function in C§°(2), and take ¢ as test function in (2.4). We
obtain

/Qa(ac,Tn(un)) Vu, - Vodr = /angpdﬁ.

The right hand side passes to the limit as n tends to infinity since f,, converges
(at least) in L'(Q). As for the left hand side, we have

a(x, Ty(u,)) — a(x,u) x-weakly in L>°(€2) and almost everywhere in €,

Vu, — Vu weakly in L'(2; RY),

18



so that

nl_l&loo . a(z, T, (u,)) Vu, - Vodr = /Qa(x, u)Vu - Vedr.
Hence, u is a solution of (1.1) in the sense (1.9). If, moreover, m satisfies the
hypotheses of Theorems 1.1 or 1.3, then u belongs to Hj (). Therefore it is
possible, by standard density arguments, to extend (1.9) to include also test
functions in H{(f2), that is, to obtain (1.4).

The fact that Ty(u) belongs to Hy(f2) if the hypotheses of Theorem 1.8
hold follows easily from (2.17). n

Remark 2.6 Observe that under the hypotheses of Theorem 1.1, since the
norms of u, in L>°(£2) are bounded by a constant ¢, then the function wu,, is
a solution of (1.1) if n > ¢, since T,,(u,,) = u,. In other words, in this case
there is no need of passing to the limit as n tends to infinity.

We now state and prove the results concerning the possibility of choosing
u as test function.

Proposition 2.7 Assume that m satisfies (1.10), that is

. N2-9)
"= NIo_No

Let u be a solution of (1.1) found, as in Theorems 1.1, 1.3 or 1.8, by approx-
imation. Then

/Qa(x,u)Vu-Vud:U:/qudx.

Before giving the proof, we need the following “weak lower semicontinu-
ity” result.

Lemma 2.8 Let {v,} be a sequence of functions which is weakly conver-
gent to v in H}(Q), and let u, be a sequence of functions which is almost
everywhere convergent to some function u in €2. Then

/Qa(x,u) |Vol? do < I%migof Qa(x,Tn(un)) |V, |*de < c.

19



Proof. We start from the inequality
0< / a(x, Ty (un)) |V (v, — 0)[2 de,
Q

which we can rewrite as
2 / a(z, T, (uy,)) Vo, - Vodz —/ a(x, Ty (u,)) |Vo|* do
Q Q

< 2dx.
_/Qa(x,Tn(un))|an| dx

Due to the boundedness and the continuity of a(x, s), and on the hypotheses
on v, and wu,, the left hand side converges to

/ a(z,u) |Vo|* dz
Q

so that the result is completely proved. [

Proof of Proposition 2.7. If we are under the hypotheses of Theorems

1.1 or 1.3, the result is trivial since u belongs to Hj (). It remains to deal

with the case of solutions not in H} (). In this case, let {u,} be a sequence

of solutions of (2.3) with data f,, satisfying (2.1) and (2.2). By Lemma 2.5,

uy, is bounded in L"(€2), with r as in (1.6), and T} (u,,) is bounded in H} ().

Moreover, it is easy to see that, under our hypotheses on m, we have r > m/.
Taking T} (u,) as test function in (2.4), we have

[ ae, Tu(ua)) VT ()P do = [ Tilun) da < c.
Applying Lemma 2.8 with v,, = Tj(u,), we thus have
/Qa(x,u) VT (uw)|* do < /Qka(u) dx .
Letting k tend to infinity, we obtain
/Qa(a:,u) Vul?dr < /quda: <c. (2.20)

Let {¢n} be a sequence of functions in C§°(£2) which converges to Ty (u)
strongly in Hj(2) and x-weakly in L>(£2), and choose ¢, as test function in
(1.9). We obtain

/Qa(x,u)Vu-chndx:/Qfgondx.
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The sequence a(x,u) Vu - Vi, converges almost everywhere. Moreover, if F
is a measurable subset in 2, we have

1

/Ea(x, w) Vu -V, dr < (/E a(z,u) |Vul? dx)% (/E a(x,u) V| dx) : ,

so that it is now easy to prove that the sequence a(x,u) Vu - Vi, is equi-
integrable by the hypotheses on a, on ¢, and by (2.20). Therefore, using
Vitali’s theorem, we can pass to the limit to obtain

/Qa(:c,u)|VTk(u)|2dx:/Qka(u)dx.

A further limit on k yields the result. [

3 Solutions not in Sobolev spaces

In this section we are going to consider data f such that the solution does
not belong to any Sobolev space, proving Theorem 1.17.

We begin with an a priori estimate on functions satisfying a certain in-
equality.

Lemma 3.1 Assume that m satisfies (1.15), and let f in L™(S2). Suppose
that u is a measurable function such that T, (u) belongs to Hy () for every
k > 0, and suppose that u satisfies

VT (u)|?
/dea:gc/g\ﬂ To(u)| de | (3.1)

for every k > 0. Then u belongs to M"(S2), with r as in (1.6), and Vu, the
weak gradient of u, is such that |Vu| belongs to M?(Q2), with q as in (1.8).

Before the proof, we need a technical lemma.

Lemma 3.2 Let u be a measurable function in M*(Q2) for some s > 0, and
suppose that there exists a positive constant p such that

/ VTp(u)Pdz < ck?, Yk >0.
Q

Then Vu, the weak gradient of u, is such that |Vu| belongs to MP()), with
2s
D=5
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Proof. We follow the lines of the proof of [2], Lemma 4.2. Let A be a fixed
positive real number. We have, for every k& > 0,

{IVul > A= KIVul > A, Jul < B} + [Vl > A, |u] >k} (32)
<{IVul > X, Jul <k} + [{|ul > K}

Moreover,
{IVul > A Jul < kY < 55 /mnk|%m<c—
By the hypothesis on the Marcinkiewicz regularity of u, (3.2) then implies

kP
HWM>AH<c—+k

and this latter inequality holds for every k£ > 0. Minimizing on k, we easily
get
{IVu] > A} < =

pt+s

which is the desired result. n

Proof of Lemma 3.1. Starting from (3.1), and applying Hélder inequality,

we get .
/% <l (/ L) dx) ™ (3.3)

We distinguish now among three cases: m > N+2, 1<m< ]3—12, and m = 1.
If m > 22X then m’ < 2*, and this implies that there exists p < 2 such

NT2)
that p* = m/. We have

o [ IVT@P N e
JIvnpde= [ 0 )Dpe 1+ T d

and, recalling the choice of p and using (3.3), this implies, by Sobolev’s
embedding,

(/ [T () ™ dx)mL <c (/Q |Tk(u)]m/dx>ﬁ (/S)(1+|Tk(u)|)%dx>22_f
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We suppose now that p and m are such that
—>m, (3.4)
so that, for k£ > 1,
/9(14— To(w)))E5 do < k2™ /ﬂ(1+ ITo(w)|™) dz

We thus have

([ ar)™ < kb= (14 [ mp as)

It is easy to see that this latter inequality implies that there exists a positive
constant ¢, independent on k, such that for every k£ > 1 one has

2—p
2

(/ T (u) ™ dm) " <cl€§_<2 e </ T ()™ dx) o
1 _2-p 0 (—pym!
/ m/ 2p 0_(2=p)m

([ de)™ 7 < entH (3.5)

If Ay = {2 €Q : |u| >k}, and since |Ti(u)| = k on Ay, the latter inequality
yields

Thus

(2— p)m 2— 0_ (2—p)m’

’Ak_‘Qm Tpe Sckﬁi 2p

1
k2~

so that, after some easy calculations,
|Ak| S ck™ R

where r is as in (1.6). We only need to check that (3.4) holds true. It is easy
to see that it is equivalent to

- N(2—-0)

m e

N+2— N6’

which is easily proven to hold if -2 N—+2 <m< N—|—+(N—1) (see also Figure 1).
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Let us give now the gradient estimate. We start from (3.5), which can be
rewritten, recalling the relations between p and m, as

m! L/ ON(m—1)4+2N—-2m—Nm
/|Tk T Y — .

From (3.3) we get

/|VTk (W) Pde < (14 k) (/ ITe(u |mdg;)ﬁ,

and so, if £ > 1,

Om(N—2)4+2N—-2m—Nm

/Q IVT(w)]? de < k™5 . (3.6)

Applying Lemma 3.2, one obtains that |Vu| belongs to M?(Q2), with ¢ as in
(1.8).

Now we turn to the case 1 < m < ]3112 Since m’ > 2*, we can write

([ )™ = ([ m mor= )"
Skl_ﬁ (/Q |Th (u) dx)m

Substituting in (3.3), and using Sobolev’s embedding, we have

1
o
)

1
2*

(3.7)

2
=

(/Q|Tk(u)|2* dm>2 <e(l4 k)2 (/ T (u

1

i__ *
(/ | T (u)]* dw)2 "< e(14 k)
Q

Thus, since |T;(u)| = k on Ay, we have

so that

W <e(l+ k)”"‘—

2

Since 5 — — = %, with r as in (1.6), we then have, for k > 1,

1
m/

’Ak‘¥ < Ckail )
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and this implies that u belongs to M"(2). Now we consider the estimates
on the weak gradient of u. Taking again the estimates (3.3) and (3.7) into
account, one obtains

1
oy

“ar)”

*

/Q |VTk<u)|2d:(: <c(l+ k)1+9_3n_*/ (/Q |VTk(u)|2dx>W |

/\VTk ()2 dz < e(1+ k)2 (/ T (u

which, again by Sobolev’s embedding, yields

that is to say, if k& > 1, one re-obtains (3.6), and so the estimate for the weak
gradient in M7(Q)), with ¢ as in the statement.
Finally, if m = 1, from (3.1) we deduce, for k£ > 1,

/ VT (u)? do < ck'0.
0

Using Sobolev’s embedding and reasoning as before, we have

2
=

* < ( [ 17w dx)2 < ek
(9]

|Ak;| < ck™

k2| Ay

which then implies

with r = JS, - % which is the value of  given by (1.6) with m = 1. Applying

Lemma 3.2, we then get that |Vu| belongs to M9(Q2), with ¢ as in (1.8)
written for m = 1. ]

Before the proof of Theorem 1.17, we need another technical result whose
proof can be found in [2].

Lemma 3.3 Let {u,} be a sequence of measurable functions such that
Ty (uy) is bounded in H}(Q) for every k > 0. Then there exists a mea-
surable function u, with Ty(u) belonging to H}(Q) for every k > 0, and a
subsequence, still denoted by u,, such that

u, — u almost everywhere in Q, Ty (u,) — Tx(u) weakly in Hg ().
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Proof of Theorem 1.17. Let m as in the statement, let { f,,} be a sequence
of functions satisfying (2.1) and (2.2), and let u, be the solutions of (2.3).
Reasoning as in the proof of Lemma 2.5, we have that Ty (u,,) is bounded in
H}(Q) for every k > 0. Thus, by Lemma 3.3, there exists a subsequence,
still denoted by u,, and a function w such that wu, converges to u almost
everywhere in Q, and T}, (u,) converges to Tj(u) weakly in H} (). Moreover,
choosing Ty (u,,) as test function in (2.4), we have

/Q a(z, To(un)) |V T (u)|? die = /Q Fo T () do .

We then apply Lemma 2.8 to the left hand side, with v, = Ty (u,), and find
that u is such that

/Qa(x,u)|VTk(u)|2dxS/Qka(u)dx.

Using (1.2), we have that u satisfies the hypotheses of Lemma 3.1, and so it
belongs to M"(Q2), while |Vu| belongs to M9(€2).

Now we have to prove that u is an entropy solution of (1.1). Let ¢ be a
function in HJ(2) N L>(Q), and choose Ty (u, — ) as test function in (2.4).
We have

/Qa(:zc,Tn(un)) Vi, - VT (u, — @) de = /an Ti(u, — @) dx.

The right hand side easily passes to the limit as n tends to infinity. As for
the left hand side, we can write it as

/ a(x, Ty (un)) |V (uy — )|* do + / a(x, T (u,)) Vo - VTi(u, — ) dz .
Q Q
For the first term we have, observing that it is equal to

/Qa(x,Tn(un)) VT (wn — )| de,

and applying Lemma 2.8 with v,, = Ti(u, — ¢),

/Qa(x,u) VT (u — ¢)|* dx

<liminf [ a(z, Tp(un)) |VTi(u, — )| dz

n—+oo JO
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while the second converges to
/Qa(:v, uw) Vo - VT (u—p)dz,
as n tends to infinity. Putting together the terms, we thus have
/Qa(x,u) Vu-VTi(u—¢)dr < /Qka(u —p)dx,

for every ¢ in H}(2) N L>=(Q2) and so u is an entropy solution of (1.1).
]

Remark 3.4 We remark explicitly that in the part of the preceding proof
concerning the existence of an entropy solution we have never used the fact
that m satisfies (1.15). In other words, the solution u obtained in Theorems
1.1, 1.3 and 1.8 is also an entropy solution of (1.1). Observe that, in the cases
of the three theorems above, the weak gradient of u is indeed the standard
distributional gradient of wu.
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Appendix
by Raffaele Mammoliti

In this Appendix we give the proof of Lemma 2.1. This result is similar
to the result of Lemma 5.3 in Chapter 2 of [7]. This latter result has slightly
more general hypotheses, but gives an a priori estimate on u in L*(£2) de-
pending on the norm of u in L'(2). The present results gives instead an
estimate in L*°(2) independent on other norms of w.

Lemma 2.1. Let w be a function in Wy’ (Q) such that, for k greater than
some ky,

/ IVwl|” dz < ckP7| Ay 7=, (A1)
Ay
wheree >0,0<6< 1, 0" = ]\],V_"U and

Av={z€Q : |w(x) > k}.

Then the norm of w in L*®(2) is bounded by a constant which depends on
¢, 0,0, N, ¢, ko, and |Q].

Proof. We use the same technique used in [11]. Applying Sobolev’s in-
equality to the left hand side of (A.1), we get

(/ 1G(w)|” czx>”_* g/ Vw|” de < k7| A5+

Ay A,

Choosing h > k > 0, and observing that Gx(w) > h —k on A, we thus have
(h— k)7 |An|7= < ckP7| Ay,

which can be rewritten as

EO'*

A

C ke o*

Ap) € —
4] < (h—k)°

*

The result then follows from Lemma A.1 below, applied with A = %, p=o0
and @(h) = |Ap|. =
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Lemma A.1. Let ¢ : RT™ — R" be a non increasing function such that

p(h) < 0 K0P (k)] Vh> k>0, (A.2)

(h — k)
for some positive constant ¢, with p > 0,0 < 6 < 1 and X\ > 0. Then there
exists k* > 0 such that p(k*) = 0.

Proof. For ky > 0, define the increasing sequence

]{/‘Szk’o—f—d—% se N,
where
d* = co A [ip(ko))* 20V,

with A a positive real number to be chosen later, and p = £ > 0. We claim
that, with such definitions, we have

@(ko)
AL

o(ks) < Vs e N. (A.3)
Indeed, formula (A.3) is trivially satisfied for s = 0. Assuming that (A.3)
holds for s > 0, we have, applying (A.2) with h = ksyy and k = kg, and
recalling the definition of d,

14+
_ % qep 1+ o 0p [ (ko)
(ksy1 — ks)P ks p(ka) 7 < dp (L 1 )P S Qsu(l+A)

IR TER Y
o kgp 9p(s+1) [(p(ko)]u,\ B kgp Sﬁ(ko)

co A [p(ko)]* 200140 251+ A (41 (A k=p)

K2 (ko) _ (ko +d)* plko)

A 2(+)p — A 9(s+1)p

@(kS—H) <

Thus, (A.3) will hold true with s replaced by s + 1 if there exists a positive
constant A such that

(ko +d)°” < A (A.4)
(recall that d depends on A). If § = 0 this is trivial. Otherwise, setting
éo = co [p(ko)]* 20N %,
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and recalling the definition of d, (A.4) can be rewritten as
Eal 1
ko +¢5 A» < Aee .

As A tends to infinity, and since 6 < 1, the right hand side of the preceding
inequality diverges faster than the left hand side. Thus, there exists A > 0
such that (A.4) holds, that is, (A.3) is proved. Passing to the limit as s tends
to infinity in (A.3), since ¢ is non increasing and p is positive, we get

. : . (ko)
< < < =
0< (k) < Tim (k)< lim =2 ,
where k* = kg + d. This concludes the proof. ]
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