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Sokolovská 83, 186 75 Praha 8, Czech Republic

Communicated by R. Gilbert

(Received 23 January 2010; final version received 25 June 2010)

We prove that if a vector–function f belongs to the Morrey space
L1,�(�, IRN), with �� IRn, n� 3, N� 2, �2 [0, n� 2], then there exists a
unique very weak solution u of the system

�Di ðAijðxÞDj uÞ ¼ f in �,

u2W1,1
0 ð�, IRNÞ,

(

such that Du belongs to the space Lq,n�q(n���1)(�, IRnN) for any q2 ½1, n
n�1 ½,

provided the matrix of coefficients (Aij) has L
1
\VMO entries.

Keywords: Elliptic systems; VMO-coefficients; L1-data

AMS Subject Classifications: 35J25; 35D10

1. Introduction

This article is devoted to the study of existence and regularity of solutions to the
Dirichlet problem associated to the system1

AðuÞ � �Di ðAijðxÞDj uÞ ¼ f ,

u2W1,1
0 ð�, IRNÞ,

�
ð1Þ

where � is an open bounded subset of IRn (n� 3) with C1-boundary, A an elliptic
operator with VMO-coefficients and f belongs to the Morrey space L1,�(�, IRN),
�2 [0, n� 2].

In a previous article [1] we established the local regularity of the very weak
solution to the aforementioned problem in a suitable Morrey space; it is the aim of
this article to extend that result up to the boundary of the domain �.
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We point out that the extension of the regularity property up to the boundary of
the domain requires a new decomposition of the solution in a neighbourhood of
a boundary point and for this purpose we will follow the idea of [2].

The study of linear elliptic equations (N¼ 1) with L1 (or measure) right-hand side
and bounded coefficients was started by Stampacchia [3,4] and was later treated by
many authors and by different approaches while, for elliptic systems (N� 2), several
existence results were obtained under additional structural conditions: a short survey
of known results was given in [1].

In this article we consider linear systems with VMO coefficients without further
structural conditions and prove existence and regularity results for very weak
solutions (briefly called Stampacchia solutions).

An important ingredient in our approach is the so called A-harmonic
approximation Lemma of Duzaar and Steffen [5] (see also [6,7]), a new method
allowing for a rapid and elegant implementation of certain comparison procedures.

A description of such a method has been given in the article [1].
We remark that recent regularity results in Morrey spaces of the type L1,� are in

the papers [8–12].
This article is organized as follows: we start with notations and a few auxiliary

results in Section 2. In Section 3 we recall known [1,13] Morrey spaces regularity
result saying that for f�Digi, with gi2L

2,�(�, IRN), the gradient Du of the solution
u to the problem (1) belongs to the same space L2,�(�, IRnN).

This assertion allows us to state the existence of the Stampacchia solution to (1)
for any f2L1(�, IRN) in Section 4.

An analogue of Saint-Venant’s principle for solutions of (1) with f� 0 is given in
Section 5. Finally, in Section 6 these results, combined with a Campanato-type
approach, yield to the local regularity of Du in a suitable Morrey space.

2. Some notations and auxiliary results

In IRn (n� 3), with generic point x¼ (x1, x2, . . . ,xn), we shall denote by � a bounded
open nonempty set with diameter d� and C1-boundary @�.

For �40 and xo2 IR
n we define

Bðxo, �Þ ¼ fx2 IR
n : jx� xoj5 �g,

�ðxo, �Þ ¼ � \ Bðxo, �Þ,

d ðxo, @�Þ ¼ distðxo, @�Þ:

If yo¼ ( yo1, . . . , yon�1, 0) we define

Bþð yo, �Þ ¼ fx2Bð yo, �Þ : xn 4 0g,

�ð yo, �Þ ¼ fx2Bð yo, �Þ : xn ¼ 0g:

Moreover, if u2L1(�(xo, �), IR
N) we denote by

u�ðxo,�Þ ¼
1

j�ðxo, �Þj

Z
�ðxo,�Þ

uðxÞdx,

where j�(xo, �)j is the n-dimensional Lebesgue measure of �(xo, �).

1086 S. Leonardi and J. Stará
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Definition 2.1 (Morrey space) Let q� 1 and 0� �5n. By Lq,�(�, IRN) we denote the

linear space formed by the vector-functions u2Lq(�, IRN) for which

kukLq,�ð�Þ ¼ sup
xo2�, 05��d�

���
Z

�ðxo,�Þ

juðxÞjq dx

� �1=q

5þ1,

Lq,�(�, IRN) equipped with the above norm is a Banach space.

Definition 2.2 (Campanato space) Let q� 1 and 0� �5nþ q. By Lq,�(�, IRN)

we denote the space of all vector-functions u2Lq(�, IRN) such that

½u�Lq,�ð�Þ ¼ sup
xo2�, 05��d�

���
Z

�ðxo,�Þ

juðxÞ � u�ðxo,�Þj
q dx

� �1=q

5þ1:

Moreover, we introduce the notion of BMO and VMO classes.

Definition 2.3 (John–Nirenberg space) Let Q be a cube in IRn. By BMO(Q)

we denote the space of all functions u2L1ðQ, IRN2

Þ such that the semi-norm

defined by

½u�BMOðQÞ ¼ sup
~Q�Q

1

j ~Qj

Z
j ~Qj

ju� u ~Qj dx

is finite, where the supremum is taken over all cubes with sides parallel to

coordinate axes.
Let us recall that Lq,n(Q) ffi BMO(Q) 8q� 1.

Definition 2.4 (Sarason space) For a matrix-function w2L1ð�, IRN2

Þ and r40

we define

Vðx, rÞ � sup
05��r

1

j�ðx, �Þj

Z
�ðx,�Þ

jwð yÞ � w�ðx,�Þjdy

and we introduce the VMO-continuity modulus for w

VðrÞ � sup
x2�

Vðx, rÞ:

By VMO we denote the space of all matrix-functions w2L1ð�, IRN2

Þ such that

VðrÞ5þ1 for all 05 r � d�

and

lim
r!0

VðrÞ ¼ 0:

3. L2,j-regularity of Du on :

If u :�! IRN, we set

Di �
@

@xi
, Du ¼ Diu

rð Þ
i¼1,...,n
r¼1,...,N

:

Complex Variables and Elliptic Equations 1087
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Let Aij (x), i, j¼ 1, 2, . . . , n, be matrix-functions for which the following

conditions be satisfied:

AijðxÞ ¼ Ars
ij ðxÞ

� �
r,s¼1,...,N

2L1ð�, IRN2

Þ \ VMO,

Ars
ij ðxÞ ¼ Asr

ji ðxÞ for a.a. x2�:
ð2Þ

There exist two positive constants �1 and �2 such that

�2 j�j
2 � AijðxÞ�i�j � �1j�j

2

for a.a. x2�, 8� ¼ ð�ri Þ 2 IR
nN:

ð3Þ

For x2�, 05r� d�, we set

Vðx, rÞ � sup
05��r

i, j¼1, 2,..., n

1

j�ðx, �Þj

Z
�ðx,�Þ

jAijð yÞ � ðAijÞ�ðx,�Þjdy: ð4Þ

In this section we are concerned with regularity of weak solution u2W1,2
0 ð�, IRNÞ

of the problem

DiðAijðxÞDjuÞ ¼ Digi in �, ð5Þ

where � is an open bounded domain with C1 boundary, gi2L
2,�(�, IRN) and the

coefficients satisfy conditions (2) and (3).

THEOREM 3.1 [1] Let u2W1,2
0 ð�, IRNÞ be the weak solution to the problem (5),

let conditions (2) and (3) be satisfied. Assume that gi2L
2,�(�, IRN) for �2 [0, n[.

Then Du2L2,�(�, IRnN) and there exists a positive constant c¼ cV(n, �,�1,�2,�)2

such that the inequality

kDukL2,�ð�Þ � c k gkL2,�ð�Þ ð6Þ

holds.
In particular, if

�2 �n� 2, n½ ð7Þ

then u2C 0,�ð�, IRNÞ, with � ¼ 1� n��
2 , and the inequality

½u�C 0,� ð�Þ � c k gkL2,�ð�Þ ð8Þ

holds.

COROLLARY 3.1 Let xo2 IR
n, �R¼ {x¼ xoþRy : y2�}, 05R� 1 and assume the

hypotheses of the Theorem. Then u2C 0,�ð�R, IR
NÞ and there exists a positive constant

c¼ cV(n, �, �1, �2), which is independent of R, such that the inequality

½u�C 0,� ð�RÞ
� c k gkL2,�ð�RÞ

ð9Þ

holds.

Proof

The Corollary is true for R¼ 1 by the previous theorem.
The rest of the proof follows readily as in the Corollary 3.1 of [1].
The following Lemma is the analogue of Theorem 9.1 ([14] p. 339).
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LEMMA 3.1 [1] Let u2W 1,2(�, IRN) be a solution to Equation (5) where

gi2L
2,�(�, IRN), with �2 [0, n[, and let conditions (2) and (3) be satisfied.

Then there exist two positive constants c¼ c(n, �,�1,�2) and �o¼ �V(n, �,�1,�2)

such that

kDukL2,�ðBðzo,R=4ÞÞ � c R�� kDukL2ðBðzo,RÞÞ þ k gkL2,�ð�Þ

� �
ð10Þ

for any zo2� and 05R5min {d(zo, @�), �o}.

We will recall now the estimates on half ball obtained in [1].
For fixed yo¼ ( yo1, yo2, . . . , 0) and R40, let us take into account the system

DiðBijðxÞDju
0Þ ¼ Digi in Bþð yo,RÞ,

u0 ¼ 0 on �ð yo,RÞ
ð11Þ

under the following structural assumptions:

BijðxÞ ¼ Brs
ij ðxÞ

� �
r,s¼1,...,N

2L1ðBþð yo,RÞ, IR
N2

Þ \ VMO,

Brs
ij ðxÞ ¼ Bsr

ji ðxÞ for a.a. x2Bþð yo,RÞ:
ð12Þ

There exist two positive constants �01 and �02 such that

�02 j�j
2 � BijðxÞ�i�j � �01 j�j

2 for a.a. x2Bþð yo,RÞ , 8� ¼ ð�
r
i Þ 2 IR

nN: ð13Þ

We denote by V0 the VMO–continuity modulus for the matrix Bij.

Definition 3.1 A vector-function u0 2W 1,2(Bþ( yo,R), IR
N) is a weak solution of

system (11) if

Z
Bþð yo,RÞ

BijðxÞDiu
0Dj’, dx ¼

Z
Bþð yo,RÞ

DigDj’ dx 8’2W1,2
0 ðB

þð yo,RÞ, IR
NÞ

u0 ¼ 0 on �ð yo,RÞ.

8<
:
The following Lemma is the analogue of Theorem 13.1 ([14], p. 355).

LEMMA 3.2 [1] Let u0 2W 1,2(Bþ( yo, R), IR
N) be a solution to problem (11) where

gi2L
2,�(Bþ( yo,R), IR

N), with �2 [0, n[, and let conditions (12) and (13) be satisfied.
Then there exist two positive constants c ¼ cðn, �,�01,�

0
2Þ and � ¼ �V0 ðn, �,�

0
1,�

0
2Þ

such that

kDu0kL2,�ðBþð yo,RoÞÞ
� c minf�,R� Rogð Þ

��
kDu0kL2ðBþð yo,RÞÞ þ k gkL2,�ðBþð yo,RÞÞ

� 	
ð14Þ

for any 05Ro5R.

We recall here the proof of the Theorem 3.1 for the reader’s convenience, since

the procedure will be used later on.

Proof of Theorem 3.1 Since � is of class C1 and bounded (see e.g. [15], p. 305), there

exist a positive R and an open finite covering fBðyj,RÞgj¼1,...,� of @� such that for all

Complex Variables and Elliptic Equations 1089
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yj there exists a C1-function � j, defined on a domain D� IRn�1 such that with respect

to a suitable system of coordinates {y1, . . . , yn}, with the origin at y j:

(a) the set @� \ Bðy j,RÞ can be represented by an equation of the type

yn ¼ �
j ð y1, . . . , yn�1Þ,

(b) each y2� \ Bðy j,RÞ satisfies

yn 4 � j ð y1, . . . , yn�1Þ:

Without loss of generality we can suppose that the system of coordinates is such

that the hyperplane tangent to @� at y j has equation yn¼ 0, that

� j ðy j Þ ¼ D� j ðy j Þ ¼ 0 ð15Þ

and that R is such that maxj¼1,...,�max
Bðy j,RÞ\�

jD � j j5 1=2.

For such domains the portion of boundary within the ball Bðy j,RÞ can be

straightened by means of the smooth transformation3.

 ið yÞ ¼ yi � ðy
j Þi for i ¼ 1, 2, . . . , n� 1,

 nð yÞ ¼ yn � �
j ð y1, . . . , yn�1Þ:

�
ð16Þ

It turns out that  ( y)¼ ( 1( y), . . . , n( y)) is a C1ðBðy j,RÞÞ-diffeomorphism

verifying the following properties (see e.g. [15], p. 305 or [14], Theorem V, p. 375):

(i)  ðBðy j,RÞ \ @�Þ ¼ fx2 IRn : xn ¼ 0, jxij5R, for i ¼ 1, . . . , n� 1g,
(ii) 1

2 j y� y j j � j ð yÞj � 3
2 j y� y j j 8y2Bðy j,RÞ \�,

(iii) Bþð0,R=2Þ � ðBðy j,RÞ\�Þ �Bþð0, 32RÞ, Bðy j, 23RÞ\�� �1ðBþð0,RÞÞ �
Bðy j,2RÞ\�:

If z2Bþ(0,R) we set

BikðzÞ ¼ Arsð 
�1ðzÞÞ

@ i

@yr
ð �1ðzÞÞ

@ k

@ys
ð �1ðzÞÞ,

giðzÞ ¼ frð 
�1ðzÞÞ

@ i

@yr
ð �1ðzÞÞ,

u0ðzÞ ¼ uð �1ðzÞÞ,

ð17Þ

where we have used the fact that the absolute value of the Jacobian determinant of

 �1(z) is equal to 1.
Let us observe that Lemma 2.1 of [1] guarantees that the coefficients Bik(z) still

satisfy hypothesis (12).
Moreover, from definition (16) and the fact that max

Bðy j,RÞ\�
jD � j j5 1=2,

it follows that

ð1=2Þ2 �1 j�j
2 � Bik�i�k � ð3=2Þ

2 �2 j�j
2 8� ¼ ð�iÞ 2 IR

nN: ð18Þ

1090 S. Leonardi and J. Stará
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Thus a change of variables in the system (5) yields

u0 2W1,2ðBþð0,RÞÞ,
u0 ¼ 0 on �ð0,RÞ,Z
Bþð0,RÞ

Bik Dku
0Di’ dz ¼

Z
Bþð0,RÞ

DigDi’ dz 8’2W
1,2
0 ðB

þð0,RÞÞ:

8>><
>>: ð19Þ

To the problem (19) we apply Lemma 3.2 and so we conclude that Du0 lies in
L2,�(Bþ(0,Ro)), Ro2 ]0, R[, with norm estimate (14).

As a consequence, the matrix-function Du0( ( y)), y2Bðy j, rÞ \�, r2 �0, 2
3Ro½,

belongs to L2,�ðBðy j, rÞ \�Þ that is, by the chain rule, Du2L2,�ðBðy j, rÞ \�Þ.
Thus by changing back coordinates in (14) we deduce that

kDukL2,�ðBðy j, rÞ\�Þ � c kDukL2ð�Þ þ k f kL2,�ð�Þ

� 	
, ð20Þ

where c¼ cV(n, �,�1,�2,R,R�Ro).
Since Ro is arbitrary, it can be chosen sufficiently close to R so that the family

fBðy j, rÞgj¼1,...,� still cover @�.
On the other hand, set

	 :¼ min
@�

d x, IRnn
[�
j¼1

Bðy j, rÞ

 !
4 0,

the open set

H ¼ fx2� : d ðx, @�Þ4 	=2g �� �

is such that H, B1, B2, . . . ,B� cover �:
The aforementioned remarks, the use of Corollary 3.2 of [1] and Lax–Milgram

Theorem prove the Theorem (see e.g. [14, p. 365, 366] or [16, pp. 252–255]).

4. Existence and uniqueness of the Stampacchia solution

Stampacchia proved in [3,4], by duality method, the existence and uniqueness of the
weak solution to Dirichlet boundary problem for elliptic equations with non smooth
coefficients and right-hand side measure.

Definition 4.1 Let f2L1(�, IRN). We say that a vector-function u2W1,1
0 ð�, IRNÞ is

a very weak solution (briefly Stampacchia solution) of the system (1) if it satisfiesZ
�

uAð’Þdx ¼

Z
�

f ’dx

8’2� ¼ ’2W1,2
0 ð�, IRNÞ \ C 0ð ��, IRNÞ : Að’Þ 2C 0ð ��, IRNÞ


 �
: ð21Þ

The proof of the existence and uniqueness of the Stampacchia solution to (1)
follows the same steps as in papers [1,10,17].

THEOREM 4.1 [1] Let � be a bounded domain with C1-boundary and f2L1(�, IRN).
Let conditions (2) and (3) be satisfied.
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Then there exists a unique Stampacchia solution u of problem (1) such that
u2W

1,q
0 ð�, IRNÞ for any q5 n

n�1.
Moreover, there exists a positive constant c¼ cV(n, q,�1,�2,�) such that

kuk
W

1,q
0
ð�Þ
� c k f kL1ð�Þ: ð22Þ

COROLLARY 4.1 Let xo2 IR
n, �R¼ {x¼ xoþRy : y2�}, 05R� 1 and assume the

hypotheses of the Theorem. Then there exists a unique Stampacchia solution u of
problem (1) such that u2W

1,q
0 ð�R, IR

NÞ for any q5 n
n�1.

Moreover, there exists a positive constant c¼ cV(n, q,�1,�2), which is independent
of R, such that

kukW1,q
0
ð�RÞ
� cR1�n 1�1

q

� �
k f kL1ð�RÞ

: ð23Þ

Proof The proof follows readily from Theorem 4.1 of [1] using a standard
homotopy argument on � and taking into account (9) from Corollary 3.1.

5. Saint-Venant’s principle

In this section we consider weak solutions of the homogeneous systems

�DiðAijðxÞDjvÞ ¼ 0 in �: ð24Þ

As the right-hand side g� 0, Lemmas 3.3 and 3.4 of [1] hold with any �� 0. For
�4n� 2 any weak solution u0, v2W 1,2 to problems (11) and (24), respectively, is
locally Hölder continuous on � and Bþ( yo,R)[�( yo,R), respectively.

Exploiting Lemma 3.2 and arguing as in Lemma 5.1 and Theorem 5.1 of [1] we
get the following ‘half-ball version’ of Hölder semi-norm estimate and Saint-Venant
principle.

LEMMA 5.1 Let u0 be a solution to problem (11), let conditions (12) and (13) be
satisfied and assume that �2 ]n� 2, n[, � ¼ 1� n��

2 , q2 [1, 2[.
Then there exists a positive constant c ¼ cð�, n, �,�01,�

0
2Þ
4 such that it holds

½u0�
C 0,� ðBþð yo, �=4ÞÞ

� c �nð1=2�1=qÞ��=2kDu0kLqðBþð yo,�ÞÞ ð25Þ

8 05 �5 1
16 R.

THEOREM 5.1 (Saint-Venant Principle on Bþ) Let u0 be a solution to problem (11), let
conditions (12) and (13) be satisfied and assume that �2 ]n� 2, n[, � ¼ 1� n��

2 ,
q2 [1, 2[.

Then, there exist a positive constant c independent of yo such that, for any weak
solution v to system (11), it holds

kDu0k
q
LqðBþð yo, �1ÞÞ

� c
�1
�2

� n�qþ�q

kDu0k
q
LqðBþð yo, �2ÞÞ

ð26Þ

80� �1� �25R.
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D
ow

nl
oa

de
d 

by
 [

L
au

re
nt

ia
n 

U
ni

ve
rs

ity
] 

at
 0

5:
13

 0
6 

O
ct

ob
er

 2
01

4 



6. Global regularity of the Stampacchia solution

First of all let us introduce the truncation operator. For a given constant k40 we

define the cut off function Tk : IR! IR as

TkðsÞ ¼
s if jsj � k,

k signðsÞ if jsj4 k:

�

For a vector-function f¼ ( f r(x))r¼1, . . . ,N, x2�, we define the truncated

vector-function fk¼ (Tk( f
r))r¼1, . . . ,N point-wise: for every x2� the value of fk at x

is just (Tk( f
r(x)))r¼1, . . . ,N.

Throughout this section we shall assume that the right-hand side of (1)

f 2L1,�ð�,RNÞ, �2 ½0, n� 2�:

For such a vector-function let us consider a sequence of functions { fk}k2IN such

that

(i) fk2W
�1,2(�, IRN)\L1,�(�, IRN) 8k2 IN,

(ii) fk! f in L1(�, IRN) as k!þ1,
(iii) k fkkL1ð�Þ � k f kL1ð�Þ 8k2 IN,
(iv) k fkkL1,�ð�Þ � k f kL1,�ð�Þ 8k2 IN.

An example of a sequence satisfying the above requirements is the sequence

{Tk( f )}k2IN.
For fixed k2 IN, let uk be the weak solution of the system

�DiðAijðxÞDjukÞ ¼ fk in � ð27Þ

that is,

uk 2W
1,2
0 ð�, IRNÞ,Z

�

AijðxÞDjukDi’ dx ¼

Z
�

fk ’dx 8’2W
1,2
0 ð�, IRNÞ:

8<
:

As in Section 3 we get the global estimate by combining the local interior

estimate, the estimate on half ball and the local flattening of the boundary of �.
Let us recall the following local estimate proved in [1].

THEOREM 6.1 [1] Assume that hypotheses (2), (3) hold and let uk be the weak solution

of problem (27).
Then

Duk 2L
q,�
locð�, IRnNÞ 8q2 1,

n

n� 1

h h
8k2 IN,

with �¼ n� q(n� �� 1), and for all H��� there exists a positive constant

c ¼ cVðn, �, q,�1,�2, d ðH, @�ÞÞ such that

kDukkLq,�ðHÞ � c kDukkLqð�Þ þ k f kL1,�ð�Þ

� 	
8k2 IN: ð28Þ
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We now consider the case of a half ball, i.e.

DiðBijðxÞDjukÞ ¼ fk in Bþð yo,RÞ,
uk ¼ 0 on �ð yo,RÞ

ð29Þ

and prove the following theorem.

THEOREM 6.2 Assume that hypotheses (12), (13) hold and let uk be the weak solution

of problem (29).
Then

Duk 2L
q,�ðBþð yo,RoÞ, IR

nNÞ 8q2 1,
n

n� 1

h h
, 8k2 IN,

with �¼ n� q(n� �� 1), and for all Ro5R. Moreover, there exists a positive constant

c ¼ cV0 ðn, �, q,�
0
1,�

0
2,RoÞ such that

kDukkLq,�ðBþð yo,RoÞÞ
� c kDukkLqðBþð yo,RÞÞ

�
þk f kL1,�ðBþð yo,RÞÞ

	
8k2 IN: ð30Þ

Proof We will follow the idea of the proof of Theorem 6.1 of [1].

Fix k2 IN, xo2�( yo,R), �2 �0, minf1, �,R� jxo � yojg
5 and extend fk by zero

to IRn.
Let G be a bounded C1-domain in IRn

þ ¼ fx ¼ ðx
0, xnÞ 2 IR

n : xn 4 0g containing

Bþ(0, 1)6 and, for any positive �, denote by

G� ¼ fx ¼ xo þ �y : y2Gg:

Then Bþ(xo, �)�G�� IRn
þ.

For a cut off function �2C1(IRn) with supp �2B(0, 1); 0� �� 1, �� 1 on

B(0, 1/4), put ’ðxÞ ¼ �ðx�xo� Þ for x2G� and gk(x)¼ fk(x)’(x) on G�.
Let wk 2W

1,2
0 ðG�, IR

NÞ be the weak solution of the Dirichlet problem

�DiðBijðxÞDjwkÞ ¼ gk in G�
wk ¼ 0 on @G�

�
ð31Þ

and observe that for vk¼ uk�wk we have

�DiðBijðxÞDjvkÞ ¼ 0 in Bþð yo, �=4Þ:

Since any weak solution of the problem (31) is also a very weak solution of the same

problem then, by (23) and by item (iv) it follows that, for any q2 1, n
n�1

� �
,

kwkk
q
W1,qðBþðxo, �ÞÞ

� kwkk
q
W1,qðG�Þ

� c�nþq�nqk gkk
q
L1ðG�ÞÞ

� c�nþq�nqk fkk
q
L1ðBþðxo,�ÞÞ

: ð32Þ
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Gathering together (26) and (32) we deduce that, for any 
5�/4,

kDukk
q
LqðBþðxo, 
ÞÞ

� c



�

� n�qþ�q

kDvkk
q
LqðBþðxo, �ÞÞ

þ �nþqþ�q�nqk f kq
L1,�ðBþðxo,�ÞÞ

� �

� c



�

� n�qþ�q

kDukk
q
LqðBþðxo, �ÞÞ

þ �nþqþ�q�nqk f kq
L1,�ðBþðxo,RÞÞ

� �
:

An application of Lemma 1.1 of [18, p. 7] to the above inequality gives

kDukk
q
LqðBþðxo, 
ÞÞ

� c



�

� nþqþ�q�nq

kDukk
q
LqðBþðxo,�ÞÞ

þ 
nþqþ�q�nqk f kq
L1,�ðBþðxo,RÞÞ

" #
: ð33Þ

The proof can now be completed as in Lemma 3.4 of [1].

Now we are in the position to prove the following theorem.

THEOREM 6.3 Assume � to be a bounded domain with C1-boundary and hypotheses

(2), (3) to be satisfied.
Let, moreover, u be the Stampacchia solution of problem (1).
Then

Du2Lq,�ð�, IRnNÞ, 8q2 1,
n

n� 1

h h
,

with �¼ n� q(n� �� 1), and there exists a positive constant c¼ cV(n, �, q,�1,�2,�)

such that

kDukLq,�ð�Þ � c kDukLqð�Þ þ k f kL1,�ð�Þ

� 	
: ð34Þ

Proof We have already remarked (see Theorem 2.1, formula (22)) that

kDukkLqð�Þ � cVðn, q,�1,�2,�Þ k f kL1ð�Þ 8k2 IN, 8q2 1,
n

n� 1

h h
:

This information allows us to deduce that there exists a subsequence funkg � fukg

such that

(a) unk * v in W 1,q(�, IRN) as k!þ1 8q2 ½1, n
n�1 ½,

(b) unk ! v in Lq(�, IRN) and a.e. in � as k!þ1 8q2 ½1, n
n�1 ½,

(c) the function v is a Stampacchia solution of the Dirichlet problem (1).

By the uniqueness of the Stampacchia solution we can conclude that v¼ u.
To achieve the thesis we need only to show that Du2Lq,�(�).
For this purpose let us fix H���, xo2H and � 2]0, dH].
Since, by (a), we have

Dunk * Du in LqðHðxo, �Þ, IR
NÞ:
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By virtue of (28) we obtain

kDuk
q
LqðHðxo,�ÞÞ

� lim inf
k!þ1

kDunkk
q
LqðHðxo,�ÞÞ

� �� lim inf
k!þ1

kDunkk
q
Lq,�ðHÞ

� c ½kDukLqð�Þ þ k f kL1,�ð�Þ� �
�,

where c ¼ cVðn, �, q,�1,�2, d ðH, @�ÞÞ4 0.
The above inequality proves the estimate in the interior of �.
In an analogous manner, as in the proof of the Theorem 3.1 from [1],

formula (30) yields the estimate, for any �2 �0, 2
3Ro½ and Ro 2]0,R[,

kDukkLqðBðy j, �Þ\�Þ � c �� kDukkLqð�Þ þ k f kL1,�ð�Þ

� 	
, ð35Þ

where c¼ cV(n, �, �1, �2, R�Ro) and Bðy
j, �Þ is the generic element of an open finite

covering fBðyj,RÞgj¼1,...,� of @�.
The above two inequalities together with the standard argument of covering and

flattening @� ends the proof (see Theorem 3.1).

COROLLARY 6.1 Assume the same hypotheses of Theorem 6.3 and that � 2]0, n� 2[.

Then

u2L�,�ð�, IRNÞ

for all �2 ½1, qðn���1Þ
n���2 ½.

The proof of the Corollary 6.1 is an easy consequence of the following useful

Lemma (proved in a slightly different form in [1, Lemma 6.1] and in [9, Lemma 5.1])

applied to each component of u.

LEMMA 6.1 Let v2W
1, p
0 ð�, IRÞ such that Dv2Lp,�(�, IRn), with � 2]0, n� p[. Then

v2Lp�, �ð�, IRÞ,

where 1
p�
¼ 1

p�
1

n��.
Moreover, there exists a positive constant c¼ c(n, p, �) such that

kvkLp� , �ð�Þ � c ½kDvkLpð�Þ þ kDvkLp,�ð�Þ�: ð36Þ

COROLLARY 6.2 [1] Assume that the hypotheses of Theorem 6.3 is satisfied and

suppose that �¼ n� 2. Then the solution u of problem (1) belongs to BMO(Q).
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Notes

1. Einstein’s convention will be used throughout this article.
2. As a permanent convention we will denote by cV(. . . ,�) a constant which depends on

various parameters, on the coefficients of the system through the smallness of their VMO-
continuity modulus and on the geometrical properties of the involved domain �.

3. For the sake of simplicity we will drop the index j relative to the diffeomorphism  j.
4. The same � of Lemma 3.2.
5. The same � of Lemma 3.4 of [1].
6. For example, set G¼G1[G2 where G1¼ {y¼ [y0, yn]2 IR

n : jy0j51, yn2 ]0, 1[} and
G2¼ {y2 IRn : there exists z¼ [z0, 1/2] with jz0j ¼ 1 so that jz� yj51/2}.
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