An Introduction to the Morrey and Campanato Spaces
Abstract
Regularity theorems which allow one to conclude higher regularity of a function from a lower regularity and a
differential equation play a central role in the theory of PDEs. One version of the Sobolev embedding theorem which
states that WPk (R") — C™#(R") for k—r—a = n/p is such an example. The Campanato spaces, an enhanced version
of the Morrey spaces, extend the notion of functions of bounded mean oscillation and allow a full characterization
CYS(R™). The theory of Campanato spaces may come in useful when the Sobolev embedding theorem is not. The

main results of this project are summarized in Theorems 0.0.12, 0.0.14 and 0.0.22.

Notation 0.0.1.
1. Given a set Q C R™ and an open ball B,(x), we denote Q(z, p) := QN B,(z).
2. We will write the Lebesgue measure of a set E by |E|.
3. V,, denotes the volume of the unit ball B(0) in R™ : V,, := |B}(0)|.

4. Given a function f:  — R, we denote the average of f over a set 2 by (f)q = ﬁ Jo f

5. d denotes the diameter of a bounded domain 2 C R" : d := diamf).

Definition 0.0.2. (Hélder continuous functions) Let © be a domain in R” and k > 0, 8 > 0. We denote by C*#(Q)

the subset of C*(€) of functions f satisfying for every multiindex |i| < k.

. |D'f(z) — D'f(y)]
Hip(f) = xS%PQ iz — P < o0

The functions in the space C%?(Q) are called Holder continuous.

Definition 0.0.3. (Morrey and Campanato spaces) Let Q@ C R™ be a bounded domain (open and connected),

1<p<ooand A >0.



1. The Morrey spaces, denoted LI]’\;\(Q), are the collection of all functions f € LP(Q) such that

1/p

U= | s o™ [ 4] <o
e Q(l”p)
0<p<d

2. The Campanato spaces, denoted L%)‘(Q), are the collection of all functions f € LP(€2) such that
1/p

“[flpar = | sup p /Q( )|f— ()o@l < 00
z,p

€N
0<p<d

Proposition 0.0.4.
1. M|| - ||,.» defines a norm on the Morrey spaces, making them into a normed vector space.

2. Y[],.x defines a seminorm on the Campanato spaces. These can be made into normed vector spaces by setting

for every f € L’(’j’\(Q), Nl = If1lp +€ o

Remark 0.0.5. “[f],\ = 0 if and only if floq ) = (f)a,) a-e. for every (z,p) € Q@ x (0,d), which implies that f

is a.e. constant on (2.
Theorem 0.0.6. The Morrey and Campanato spaces are Banach.

PROOF  We prove completeness in the Morrey space, the other being very similar. Let {u,} be a Cauchy sequence

in Lﬁ;f’\(Q). Recall d := diamf). Choose z € €, then supdist(x,y) < d because if we had supdist(z,y) = d, then

y€e ye
because x is an interior point we could find a small ball Bs(z) C Q and t € Bs(x) such that sup dist(z,y) > diamS2,
yeN

a contradiction. This means that there is p* < d such that B,-(z) D Q. This gives us the relation

1/p
d A A M
||u||ps<(;) /Q( )|u|p) <dd Mullpn
x,p*

So in particular the sequence {u,} is Cauchy sequence in LP(S2), which is complete, so there exists u € LP(Q2) such

that nlljglo |lu; —ull, = 0.



We show that u € Lﬁ’f(Q). By Minkowski inequality, for all (x, p) € Q x (0,d),

N 1/p N 1/p N 1/p
Q(z,p) Q(z,p) Q(z,p)

Since the sequence is Cauchy in L%’\(Q), the 2nd term on the RHS is uniformly bounded by, say, K. Then taking the

limit when n — oo the 1st term on the RHS — 0 and we get

N 1/p
)7 < / |U\P) <K
Q(z,p)

Taking the supremum over all (z, p) € Q x (0,d) gives M ||u||,» < K. Remains to show that lim *|u, — ul[,, = 0.
n—oo

Let € > 0 be given. We have

N 1/p N 1/p N 1/p
)7 (/ ]u—un|p) <, (/ |u—um|p> + o7 </ ]um—un]p)
Qz,p) Q(z,p) Qz,p)

s 1/p u
<7 ([ e unP) =l
Qz,p)

Choose n, so that n,m > n, = M||u,, — u,||,» < €. Then taking the limit when m — oo the 1st term on the RHS

— 0. Finally taking the supremum over all (z, p) € Q x (0,d) gives M |lu — u, ||, <. O

Definition 0.0.7. A family {E,},~o of Borel subsets of R™ is said to shrink nicely to x € R™ if :
e E,. C B,(z) for all r > 0.
e There is a constant « > 0, independent of 7, such that |E,| > « |B,(x)| = aV,r™.

Remark 0.0.8. Given a bounded domain Q C R", consider the family of sets {Q(x,p) : x € 2,0 < p < d}
= U {Q(x,p) : 0 < p < d}. Suppose that each family {Q(x,p) : 0 < p < d} shrinks nicely, then we have strictly
po;ciisi)\/e constants {ay }zeq such that |Q(z, p)| > a, |B,(z)| for all x € 2, p € (0,d). If the o, can be chosen so that
= ;gsf) a, > 0 then we shall say that the domain 2 is type-c, that is to say, there exists a > 0 such that |Q(x, p)|

> aV,p" for all (z,p) € Q x (0,d).



Definition 0.0.9. For f € L2(), let

1/p

Y
sl = | st P [ g
z€Q Q(x,p)

0<p<d

Lemma 0.0.10. || - ||/ also defines a norm on the Morrey spaces. || - |  is finer than ™| - ||, and if Q is

type-a, then the two norms are equivalent.

PrROOF  Showing M| - |’ , is a norm is straightforward. That M|| - ||’ is finer than || - ||, comes from the fact

that 5 = —L = —1 <1 _ TfQis type-a, then there exists o > 0 such that for all (x,p) € Q x(0,d),
Vit (Vapt)n | Bp(z)|n R [2(z,p) [ .

aVup < |z, p)l, ie. (aVy)n|Q(z, p)|™» < p~. O

We recall a fundamental result that will be useful in the proof the subsequent theorem.

Theorem 0.0.11. (Lebesgue Differentiation Theorem) Supppose f € L} (R™). Then for Lebesgue-almost all z € R™

loc

lim ﬁ [z |f(y) = f(z)|dy = 0 for every family {E,},~o that shrinks nicely to .

r—0
Theorem 0.0.12.
1. For1 < p < oo, L2 (Q) = LP(Q), i.e. L2)(Q) and LP(Q) are continuously imbedded in each other.
2. For 1 <p < oo, LE['(Q) <= L*>(Q). If further Q is type-a (see Remark 0.0.8), then L5/'(Q2) < L>®(Q).
3. For1<p<oo, A\>n, L)Q) ={0}.
4. For 1 <p<gq<ooandA\pu>0so that A;f" < B then LY () — LPQ).

PROOF

1. Straight from the definition of the Morrey norm we have ™| f||l,0 = || f|l,- So the identity map from L27(2)

into LP(2) and vice-versa is continuous.

2. Let f € L™®(9). Then for all (x,p) € Q x (0,d) we have

1 Qz, p B,(z)
7/ g < 9@y e 1By g
P Q(z,p) P p



where V}, is the volume of the unit ball in R™. From this we conclude that || f||,.. <V, VP Il fl|o and the identity
map from L>(Q) into L57'(Q) is continuous. This map is also surjective when € is type-a. To see this, suppose
that there exists f € L/ (Q) \ L>(Q). Then f € LP(Q). In particular |f|P € L'(Q) and so by the Lebesgue
differentiation theorem, lli% m fQ(m) |f|P = | f(z)[P for almost all z € . We also have || f||.. = c0. So given
C > 0 arbitrarily large, the set {z € Q : |f(x)| > C'?} has strictly positive measure and almost all points
in that set are Lebesgue points. Thus we can find (z,p) € Q x (0,d) such that e fQ(M lfIP > C. We
conclude M|| f|| . = oo and using the assumption that 2 is type-a, this is equ1valent to M| f||pn = oo, but this
is a contradiction. Finally, since the identity map from LP(Q) to L () is a continuous linear bijection, we

conclude by the bounded inverse theorem that the identity map from L5/ () to L*°(£2) is continous.

3. For A > n, say A = n + ¢, then by the Lebesgue differentiation theorem 1in{1) p" fQ(x " |f|P < Vol f(x)|P for
p— :

almost all z € Q. From this we see that unless |f(z)| = 0 (almost everywhere) lin% pp " fﬂ(x " |f|P = oc.
p— :

4. By Holder’s inequality with conjugate exponents ﬁ and %p/q, we have [, 0 [fIP < (Joam 1)1*p/q(f9(x’r) | flo)P/a
< (Vnﬂn)l_p/q(fg(x,r) | fle)P/e < V;*p/qpn(l—p/Q)ﬁLup/q(p—u fQ(x,r) | f]7)P/1. Now A;T” <EFe A< n(l—p/q) +
up/q = (g)n(lfp/qﬂup/q < (g))‘ = prli=platup/e < pAqri=p/a)+up/a=A  Pytting everything together we have

0™ Jogery VP < C(o fo o [F1)5 and thus M| £l < €M fllyp where CF = Vi—/sgni-s/arsun/as

a constant. It follows that the identity map from L% (2) into L2(€) is continuous.

]

Remark 0.0.13. Theorem 1.1.11 suggests that for fixed p € [1,00) the Morrey spaces {Lﬁ;j\(Q)})\e[Om] provide a
certain scaling of the spaces between LP(Q) and L>®(). Also, taking p = ¢ in point 4, we have LEF(Q) — LEN(Q)

whenever p > A, just like for finite L” spaces.

Some, but not all, properties of the Morrey spaces also hold for the Campanato spaces:
Theorem 0.0.14.

1. For 1 <p < oo, IZ°(Q) = LP().

2. For 1 <p<gq<ooand\ u>0 so that 2= r< e then LE"(Q) < LENQ).



In order to state the next major results concerning the Morrey and Campanato spaces we must first develop

useful tools. In what follows we will be assuming throughout that € is type-a.
Lemma 0.0.15. f € L%(Q) if and only if f € LP(Q2) and

1/p

f = | sup p? (inf/ f—cp> < 00
5l 3= | sup o7 (i | 1f =

0<p<d

PrOOF  Clearly |[f|ll,, < ©[flpa- This takes care of the ‘only if’ part of the statement. Now suppose that

fe LP() and [[[fll,, < oo. By convexity of t — || for p > 1, we have

/ 1~ Pawnl”
Q(z,p)

<ot ([ perr [ tem ool
= ([ r-ervnealle- g [ i)
2 ([ -] [ e-nf)
< ort (/Q@,p) |f =P + ( /Q(zﬁp)(c —f) p)
=¥ (/mx,p) St /Q(w) - f’p>
< P (/QW) |f = cl”)

Where ¢ € R is arbitrary and in the 2nd to last step we used the fact that || - |; < || - ||, since we are in a finite

measure space. Since ¢ € R is arbitrary we can take the infimum on the RHS and then take the supremum over all

(z,p) € Qx (0,d) on both side. So we have “[f],x < 2{[| £l O

Corollary 0.0.16. [[-[||, \ + || - ||, defines yet another norm on L2 () which is equivalent to C|| - ||,



Lemma 0.0.17. Then there exists a constant K = K (p, «a,n), where « is the constant concerning the regularity of

Q) such that

A AN /P
§K<T ”) [ floa

rn

O<r<s<d= |<f)Q(1’,r) - (f)Q(x,s)

for all f € LBNQ) and z € Q.

ProoF
p pfl P P
= (f)Q(w,r) - (f)Q(z s) S 2 (f)Q(a:,r) - f‘ + f - (f)Q(a:,s)
Q(z,r) Q(z,r) Q(z,r)
P o1 P P
Q(z,r) Q(z,s)
n p — c
= OéVnT (f)Q(a:,r) - (f)Q(z,s) S 2r ! (70)\ + 8)\) [f];)\
where we used the regularity condition in the last step. Now regroup terms. ]

Lemma 0.0.18. There exists a constant K = K(p, A\, «) such that

(A—n) m(n A)
‘(f)fz(xm — (Nows)| <K [flpap 7 22

2

whenever f € LXNQ) and (z,p) € Q x (0,d) and k € N.

PROOF  Let f € LZNQ) and (z,p) € Q x (0,d) be given. By Lemma 0.0.7 we have for every m € N (taking

r = 5 and s = £ ):

/p

() + (MY 59t (1 4

SK( 2 +E—p )nQ C[f]p»\:Kp p 277 20(142 /\>1/p C[f]l’v/\
om+1

(e 2 = (a8

A—n m(n)\)c

<Kpr2 » [f]px

= ‘(f)Q(x, 2mp+1) - (f)Q(a:,




Because K' = KQ%(l + 27M? is independent of m, we can sum over m = 0,1,2,...k and use the triangle

inequality on the LHS to get the result. O]

Lemma 0.0.19. Let A > n. Then for all f € L%(Q) there exists a function F defined on Q that equals f a.e. in Q

and such that F(z) = liH(l]( Fagp on €, the convergence being uniform.
p—

PrROOF  The existence of F is just Lebesgue’s differentiation theorem : hH(l)( Do, = f(x) ae. in Q. We have to
p—

show that the convergence is uniform. By Lemma 0.0.8 for any n,q € N we have

A=n)

< K" floa(2)

, where K" is a constant independent of  and ¢. Here we see that the sequence

{(f)Q(m,Q%) }720:1

is Cauchy uniformly with respect to z. So for each z € Q, let

F(x) = lim (f)a@,2)

n—oo

By Lemma 0.0.18, we have

(A—=n) m(n—2X)
<K Olfln 0SS 25

m=0

|<f)Q(IE,O’) - (f)Q(z,;Lk)

Taking n — oo we get

(A=n)

< K' C[f]p,A g P

‘(f)ﬂ(m,a) — F(z)

for some constant K’. This says that (f)qa,0) — F () uniformly as o — 0. O

Lemma 0.0.20. Let 0 < XA < n. Then there exists a constant K = K (a,p, A\,n) > 0 such that for all f € L%)‘(Q)

and (x,p) € Q x (0,d) we have :

(A—n)

(Na@al < |(Hal+ K [flpap 7




PrOOF Let f € LXNQ) and p € (0,d) be given. Choose k € N so that 51 < p < . We have

((Daeal < [(Hel +1(Hae = (Nae, )| +1(Haw,2) = (e

ok

To show the result, we must bound appropriately the 2nd and 3rd terms on the RHS. Since in fact (f)a = (f)a.q),

we can bound the 2nd term on the RHS using Lemma 0.0.8 We have

k-1
(A=n) m(n—2X)
[(f)a - (f)Q(z,Z%)| <K “[flpad e E 2"

m=0

2k(n—/\) 1
(A—n) V4 —
= Ky C[f]p,)\d Py
27 —1

2k(n—)\) 1

(A—n) (A—n) P —

<K, Cflpap 7 25T oy

27 —1

o Bom saem 255 21

<Ky “flpap 7 2700 ey

2 —1

(A=n) 1 1
=Kz “[flpa p 7 W(l—m)
2" 1 2%

Although the last term in brackets depends on k, it is bounded above by 1.
We bound the 3rd term on the RHS using Lemma 0.0.7
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Now take K:Ké—i_KQﬁ O
2P -1

Lemma 0.0.21. There exists a constant K = K (o, n, \) such that for all f € L5NQ) and all z,y € Q,

p =2z =yl = |(Nowp — (Nawpl <K [fliale -y

PROOF Let f € LGN (Q) and z,y € Q be given. p = 2|z —y| = Q(z, p) N Q(y, p) contains both Q(z, p) and Q(y, p)

|(Nawp — (Nawp] < 1(Ha@p —ul +1u—(fag|

= [ e~ Dewnl = [ Deen—ul+ [ u= (Dl

Q(z,p)N2(y.p) Q(z,p)N2(y,p) Q(z,p)N2(y,p)

= (Dot = Dot |2 1200 < [ [Ote =l + [ a= Dot
Q(z,p) Q(y,p)

= (Mot — (Nowal |2z, p) 00, p)| < 20 fin

Since Q(z, £) C Q(z, p) N Qy, p) and |[Q(z, 2)| > aVj, (£)" by regularity of Q, we get

[(fawe — (Nawel < KoM C[flia

for some constant K. W

Theorem 0.0.22. Let 1 < p < 0
1. For A € [0,n), LXNQ) = LP)(Q)
2. For A € (n,n+p], LF\(Q) = C*(Q)), where 8 = 2=
3. For A\ >n+p or § > 1, the spaces Lg’\(Q) and C%#(Q) contain only constant functions.
4. For A =n,L>(Q) — L% (Q), but Loo(Q) # L™ (Q).

PROOF
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1. Let A € [0,n) and f € L2(Q). By Corollary 0.0.6,

fllpr < 2 (171 + 1151,

1/p

—o | sl + [ sup w<inf / |f—0|p>
=) €R Ja(z,p)

0<p<d

<2 (1 fllp +M 1 1pn) < EM|Flp

where K is some constant; the last inequality is derived in the proof of Theorem 0.0.6. Hence f € L’é”\(Q) and
the identity operator from L2(Q) into L%(Q) is continuous.

Conversely, suppose f € L’g’\(Q). We have :

g 2p71 - x P . P
[z ([ 1= Gacar+ [ el

The 1st term on the RHS is bounded above by p* ¢| f]; , and to bound the 2nd term on the RHS we have by

Lemma 0.0.20

(Nawpl” < (Ial + K Ul p 7 ) <27 ((Fal? + K7 12, #)

Therefore,

JL 1P <2 (0 U+ 106 ) (Pl + K U )
z,p

=271 (0 Ul + 190, ) 277N (Fal” + 1z, p)|27 K7 C[f]} 5 p*7")

DA

B L1 x,p nop— -n
< o1 (p* U\ +2° 1%“]‘“%%[} 27K Cf]p 5\ 0 )

<K' (0" “Ufpate"IS17)

for some constant K’. Multiplying both sides by p~*, taking the supremum and using the fact that n — X > 0

gives us M|| fllpn < K" | fllpa-
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2. Let A\>nand a = (A —n)p~L, f € C%(Q).Then

[ 15 = Daenr
Q(z,r)

[ ewnr (| [ - o] |
Q(z,r) Q(z,r)

/|er /|f (t)|Pdt | dy
Q(z,r)

where we have used precisely the following basic relation for finite L? spaces: || f|l1 < ||f|l,|Q(x, r)[*~1/P.

/ [z, )™ / P = JOF, —yevar | ay

|y — 1"
Q(z,r)

/|er /Hga Pdt | dy

Q)
= [Q(z, r)[Hy o

A / ‘f - (f)Q(z,r)‘p < Vnranarapi/\

:>C [f]p,/\ S Vana

Also (| £l < | Flloo M7 = || fll o 1.

So taking K = max{V,,, |Q|*/?P} (for example) we get || f||, < K| fllcos@)-

For the converse, by part 4 of Theorem 0.0.12, L%)‘(Q) c Léﬁ (Q)) whenever 3 < ’\;T", so it is enough to show
that L"T"(Q) < C% for 5 € (0,1]. Let f € Lg"T™(€). By Lemma 0.0.19 F(z) = hm(f)g(x »and F = fae.

n () Let z,y € Q,r = 2|z —y|. We have



|F(z) = F(y)| < [F(z) = (Naen| + (Neen — (Hawnl + [(Hawr — F ()]
By the last relation in the proof of Lemma 0.0.19, we have
’(f)ﬂ(z,r) - F(JT)‘ < Kl C[f]l,,@—i—n T/B

and

and by Lemma 0.0.21 we get

3. The result is well known for C%#(Q).

4. Let f € L>*(Q) and (z, p) € 2 x (0,d). We have:

/ 1~ Dol

Q(z,p)

< vt /\f|p+\Q(x,p)H(f)n(x,p)!p

(z,p)

< 221Q(2, p) (1 lloo + 1F11E)

< Vap" 2P| fII%
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= [flow < Kl fll

So this gives us Lo (2) < LE" ().
For n =1, say ©Q = (0, 1), then log|z| is a typical example of a function that doesn’t belong to L. (0, 1), but

that does belong to LP;"(0,1). This can be generalized to higher dimensions and more arbitrary domains.
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