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Abstract

We consider the Dirichlet problem associated with equations whose prototype is
—Apu=f in{2

where 2 C R",n > 3, p € [2,n[, —Aj is the p-Laplacian operator and f belongs to the Morrey space Ll’)‘(()) with A €]0, n—p].

Px

Firstly, we prove that the gradient of the truncation T'j (u) belongs to L;

regularity results in suitable weak Morrey spaces for u and its gradient.
© 2007 Elsevier Ltd. All rights reserved.

(£2) for all j > 0 and, as a consequence, we establish
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1. Introduction

In this paper we study the regularity of the solution of the following Dirichlet problem:

—div(A(x, Du)) = f in {2 1
u=20 on 4?2 o

where (2 is an open bounded subset of R (n > 3), u > —divA(x, Du) is a strongly monotone operator mapping
Wé’p(ﬂ) into its dual W=7 (p € [2, n[, % + # = 1) and f belongs to the Morrey space L'*(12).

The study of problem (1) with L!-data (note that L' = L19) was started in the linear case (i.e. p = 2 and
A(x, Du) = a(x) - Du, where a(x) is a uniformly elliptic matrix with bounded coefficients) by G. Stampacchia who
introduced the notion of “duality solution” (see [27,28]).

In the nonlinear framework the first attempt to solve problem (1) was made by L. Boccardo and T. Gallouét who

proved in [6,5] the existence of a solution of (1) in the sense of distributions which belongs to the space Wé 4 (), for
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any q € [1, %[. Unfortunately, the distributional solutions of (1) are not unique (for a counterexample see [26]);
however, in [3] it has been proved that the distributional solution u of (1) satisfying an additional condition, the
n(p=1)
so called entropy condition (see Section 2 for the definition), is unique and it is such that u € M = (£2) and
n(p—1)
Du e M = (£2), where M“({2) is the weak Lebesgue space.
Other results concerning nonlinear higher order equations with L!-right hand side can be found in [20].
Let us recall that a known result (see e.g. [10,9,15,21]) states that if A(x, Du) is nonlinear, p =2 and f € L2*(()
with 0 < A < n, then the weak solution of problem (1) has a gradient which belongs to the Morrey space leo’é‘((}).
In this paper assuming f in the Morrey space L'*(£2), 0 < A < n — p, for the entropy solution « of (1), we prove
that the gradient of the truncation 7' (1) belongs to L? ’)‘(Q) forall j > 0.

loc
As a consequence of this result we are able to establish the following regularity properties:

(1) If A €]0, n — p[ then, for all H CC {2, we have

u e MP-*(H), Due MP-*(H)!
where p; = —(pn__l;(f;)‘) and p, = —(p;l)k(f?‘);
(ii) if . = n — p then, for any cube Q CC {2, we have

u € BMO(Q), Due MP*(Q), VB < p.

Our results improve, at least locally, the regularity on u and Du obtained in previous quoted papers without
increasing the integrability on the datum f.

If p = 2, if the operator is linear, and if {2 has C! -boundary or it is a cube, the aforementioned results improve the
analogous ones of paper [12] (see Remark 5.2).

We point out that our work completes the paper of T. Kilpeldnen [18] where the case A > n — p was considered
(see Remark 2.2).

As regards the technique, as in the linear case, we use the approximation method used by L. Boccardo and
T. Gallouét in the nonlinear Ll-setting (see e.g. [5,6,3]) mixed with the technique introduced by S. Campanato for
handling equations and systems of equations with L>*-data (see e.g. [8-10]).

2. Main notation, function spaces and statement of the results

In R" (n > 3), with generic point x = (x1, X2, ..., X, ), we shall denote by {2 a bounded open nonempty set with
diameter dy).
For p > 0 and x, € R" we define

B(xo, p) = {x e R" : |x — xo| < p}
2(x0, p) = 2N B(x,, p).

Moreover, if u € L'(B) we define

i)
ugp = — | u(x)dx
|Bl JB

where | B| is the n-dimensional Lebesgue measure of the set B.

Definition 2.1 (Morrey Space).Letq > 1and 0 < A < n.By L?*(£2) we denote the space of all functions u € L9 ({2)
for which

1/q
||l4||LtM(Q) = sup {P_A/ |u(x)|qu}
x,€82,0<p<dg 2(x0,p)

is finite. L9*(£2) equipped with the above norm is a Banach space.

! We denote by M®*(H) the weak Morrey space. For the definition see Section 2.
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Definition 2.2 (Campanato Space). Let ¢ > 1 and 0 < A < n + ¢q. By £9*(£2) we denote the space of all functions
u € L9(f2) such that

1/q
[]rarn) = sup {p)‘/ lu(x) — uQ(x(,,p)|qu} < 400.
X0€82,0<p=<dg 2(x0,p)

Moreover we introduce the notion of BMO class.

Definition 2.3 (John—Nirenberg Space). Let Q be a cube in R"”. By BMO(Q) we denote the space of all functions
u e LI(Q) such that

1
[ulBMO(Q) = sup _~/ lu — uQ|dx < 400,
oco 191 /101
where the supremum is taken over all cubes with sides parallel to coordinate axes.

Let us recall that £9"(Q) = BMO(Q), Vg > 1.

Definition 2.4 (Weak Lebesgue Space). Let ¢ > 1. By M9(2) we denote the space of all measurable functions u for
which

K\4
3K > Osuchthat |[{x € 2:|u(x)| >0} < <—> , Yo >0.
o

Definition 2.5 (Weak Morrey Space). Let g > 1 and 0 < A < n. By M%*(£2) we denote the space of all measurable
functions # for which

3K > Osuchthat Vo,p >0, Vx, € (2,
_ K\?
P {x € 2(xp, p) < u(x)| > 0}] < (;) :

Ifu: 2 — R, we set

d

D; = —,
ax,'

,,,,,

Let A : 2 x R" — R" be a Carathéodory function (i.e. continuous in £ for a.e. x € {2 and measurable in x for
every & € R") satisfying the following conditions, for a.e. x € {2 and for every &, n € R”, with & # n:

(A(x,§) — A(x,m), & —n) = Mi1§ —nl”, 2
|Ax, 8)] < Ay|E1P7, 3)

where Aj, A; are two positive constants, p € [2, n[ and (-, -) means the scalar product in R”.

We observe that, by virtue of assumptions (2) and (3), u +— —divA(x, Du) is a Leray-Lions operator acting
between Wé’p(ﬂ) and its dual W=1-7' (), p/ = %.

Let us define the truncation operator. For a given constant k > 0 we define the cut-function 7} : R — R as

s if [s| <k

Ti(s) = {k sign(s) if |s| > k.

We introduce here the notion of entropy solution.
Definition 2.6. Let f € L'(£2). By an entropy solution of the problem (1) we mean a function u € L'(§2) such that

Te(u) € Wy'P (92), Vk > 0

A(x, Du)DTi(u — v)dx < / fTi(u —v)dx Vv e Wol’p(Q) N L>®(N). @)
02

9]
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Remark 2.1. The existence and uniqueness of the entropy solution of the problem (1) have been proved in [3] for any
p €]1, n] and with (2) replaced by a strict monotonicity assumption (weaker than (2)).

The entropy solution belongs to Wol’q(Q), forany g € [1, "(np__ll) [ifpe2— %, n], while if p €]1,2 — %[ another
functional setting must be used, since | Du| does not belong to L' (£2).

In order to obtain our regularity result the strong monotonicity assumption (2) must be required (see (18) in

Theorem 3.2). For this reason, we restrict ourselves to the case p > 2 which in turn implies % > 1.
Here we assume that
fel (@), xelon—p] )

and will prove the following results:
Theorem 2.1. Assume (2) and (3), and let u € Wol’q 2), q € [1, "(:;__ll)[, be the entropy solution of the problem (1).
Then
Du e L{:'(2)

withv:n—%(n—)»—l)and

DTj(u) € LI (2), Vj>0.
Moreover, for all H CC {2 there exist two positive constants c| and c; depending on the data such that
| Dullpav )y < ci (6)
and

IDT; @)l ooy < €277 ()

As a consequence of the previous theorem we obtain the following regularity result for the solution u.

Theorem 2.2. Assume (2) and (3), and let u € Wol’q (2), q € [1, ”np:ll) [, be the entropy solution of the problem (1).
(1) If A €10, n — p[ then, for all H CC {2, we have
u € MP~*(H)
where p;, = L=101=0) n__l)x(f;k) ;
(ii) if A =n — p then u € BMO(Q), where Q CC {2 is a cube in R".

Finally, we can derive the following

Theorem 2.3. Assume (2) and (3), and let u € W(}’q 2), q € [1, "np:ll) [, be the entropy solution of the problem (1).
@) If » €10, n — p[ then, for all H CC {2, we have

Du € MP**(H)
where p) = —(p;l))fﬁ?\) R

(ii) if A = n — p then, for any cube Q CC 2, we have
Du € MP*(Q), VB < p.

Remark 2.2. We point out that if . > n — p we are out of the L!-framework since L'"*(£2) C W_l”’/(.(l) (see the
Corollary on p. 165 of [16] and Lemma 1 on p. 105 of [25]). For this case the Holder continuity of « has been proved
in [18].

Remark 2.3. In [3] it has been proved that there exists a unique entropy solution u of the problem (1) such that

n(p=1) n(p—1)
ueM = (2) and Du €¢ M = (£2).
In Theorems 2.2 and 2.3, our assumption (5), without increasing the summability of the datum f, improves the
regularity of # and Du (at least locally).
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n(p—1) n(p—1)
Remark 2.4. In [5,6,19,13] the authors have proved that Du € L = (2)andu € L = (£2) under the additional
assumption f € L! log L'(2) or f € L1 o (£2) (see the Appendix for details about these spaces). We point out that

LY*(£2) is not contained in nor contalns L log LY(£) as well as L1 . (£2); consequently our regularity results are

independent of those studied in the above quoted papers and moreover 1mpr0ve them (at least locally).
Remark 2.5. Theorem 2.3 completes the result of paper [14] giving a regularity property also for Du.

Remark 2.6. We thank G. R. Mingione who informed us, after completion of this work, that he has proved, among
others, Theorem 2.1 by a different method extending (ii) to the case 8 = p (see [24]).

3. Auxiliary results

In this section we assume that the structural conditions (2), (3) and (5) hold and we consider, at first, a weak solution
v of the nonlinear equation

div(A(x, Dv)) =0 in £, 3

that is, a function v € W7 (£2) such that

/ A(x, Dv)Dedx =0, Vg € WOLP(Q)
[0}

Remark 3.1. Let us remark that if v is a solution of Eq. (8) then also v — &, VA € R, satisfies the same equation.

The key step in our paper will be to prove the following

Theorem 3.1 (Saint-Venant Principle). Let v € WP (§2) be a weak solution of Eq. (8).
Then there exist two constants u = u(n, Ay, Az, p) €10, 1[ and ¢ = c(n, q, p, Ay, A2) > 0 such that

. o1\ 4t .
1DV La gy = € (E) 1DV La (8. p00) ©)
Vx, € £2,¥0 < p1 < py < dist(x,, 0£2), Vg € [1, p[.
Before proving the previous theorem, let us state two useful lemmata which are interesting in themselves.

Lemma 3.1. Let v € WP (£2) be a weak solution of Eq. (8).
Then there exist two constants u = uw(n, p, Ay, Ay) €10, 1[ and ¢ = ¢(n, q, p, Ay, A3) > 0 such that

N
ot \" —
OSCB(x,.pp) (V—h) < ¢ (5) 0y "y — hllLa(B(xp.p2)) (10)
Vx, € £2,Y0 < p1 < p2/2, with py < dist(x,, 3(2), Vg € [1, p[ and Vh € R.

Proof. Fixing x, € (2, p» €]0, dist(x,, 02)[, ¢ € [1, p[ and h € R, by (6.7), p. 111 of [17], there exists w as in the
statement such that

"
Pl
OSCB(x,,p)V < ontl <z> OSCB(x,,00/2)V> Y0 < p1 < p2/2.
By (6.4), p. 110 of [17], and the above inequality we have

sup  [vl < c(n, p,q, A1, 42)05 " 0]l La (B pp)- (11)
B(x0,p2/2)

The above two inequalities and Remark 3.1 yield

0SCB(ry.pp) (0 —h) < ¢ (p1/02)" 03N = Bl La By pnyy. O (12)
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Lemma 3.2. Let v € WP (12) be a weak solution of Eq. (8).
Then there exists a positive constant ¢ = c¢(n, q, p, A1, Ap) such that

q — q
||Dv||Lq(B(Xu,p/4)) <cp v — h”L‘I(B(x(,,p)) (13)

Vxo € 2,Vp €]0, dist(x,, 02)[, Vg € [1, p[, Vh € R.

Proof. Fixing x, € {2, p €]0, dist(x,, £2)[, g € [1, p[ and h € R, by Caccioppoli’s inequality (see Lemma 3.32, p.
65 of [17]?) one has

p . - p
||Dv||LP(B(xo,p/4)) < c(Ay, A)p~ v — h”LP(B(x,,,p/Z))'
On the other hand, Holder’s inequality and the above inequality yield

IA

q . (I-q/p) q
1DV (gexy g2y < €O IPNDVIT s, oy

IA

c(n,q, A1, Az)p"(l_q/p)_q lv— h”%l’(B(xo,p/Z))' (14)

From (14) and (10) we deduce

l_ — —
1DV (pes, oy < € 0" PPy — Ry g

Proof of Theorem 3.1. The proof can be carried out like the proof of Theorem 3.1 of [12]. [J

O

Let us observe now that if f € L1*(£2) then the sequence of functions {7} (f)}reN satisfies:

@) Tu(f) e W=br()n LY (2), Vk € N,
() Te(f) — fin LY(2) as k — 400,

© I1Te(OliLray < NfllLr), Yk €N,

(@D 1Tk (OIpracoy < Wf gy, Yk e N

Fixing k € N, let uy € W(}’p (£2) be the weak solution® of the equation
—div(A(x, Duy)) = Tx(f) in {2, (15)
that is,
up € Wy (2)
/Q A(x, Dug) Dpdx = fQ To(f)gdx, Vo € WyP ().

Fixing k € N, x, € 2 and 0 < p < dist(x,, 3§2) let us now consider the weak solution wy of the following
Dirichlet problem:

{wk S W()lyp(B(xm 0)) (16)
—div(A(x, D(ux — wg))) =0 in B(xo, p),

that is a function wy € Wol‘p(B(xo, p)) such that
1,
/ A(x, D(up — wg))Dpdx =0, Vo e W, P(B(x,, p)).
B(xo,p)

Let us observe that problem (16) is equivalent to

Wy € le"(Bl(xo, p)
W — ug € WOYP(B(xO» P))
div(A(x, Dwg)) =0 in B(x,, p)

which, for any k£ € N, admits a unique solution (see [22,23]).

2 In that lemma we take as 7 the cut-off function in B(x,, p/4).
3 The existence of such a solution is ensured by the Leray—Lions theorem.
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Theorem 3.2. Let wy € W(}’p (B(x,, p)) be the weak solution of the problem (16).
Then there exist a constant ¢ > 0 depending on n, q, p, A1, Ay such that

— 9 _(n—x—1 o
Ly V] S

Vk € N, Vx, € 2,Y0 < p < dist(x,, 802), Vg € [1, X221,

Proof. We will use a standard procedure which has been used by many authors (see e.g. [29,30,2,4,13]).

For h,t > 0 let us set

sign (s) if[s|] >t+h
— tsi
on(s) = s;ﬂ ifr<|s|<t+h
0 otherwise.

Choosing ¢p (wy) as a test function in the weak formulations of problems (15) and (16) we obtain

f [ACx, Dug) — A(x, D(ug — wi))1Dep(wp)dx = / Te(fon (wi)dx.
B(x,,p) B(x0,p)

Using the strong monotonicity assumption it follows that

1

1
|DwiPdx < o fll L1 )-
h /B<xn,p>n{t<|wksz+h} A B
By the previous inequality, letting 2 — 0, we have

d

1
—— |DwilPdx < — oMl fll 1o
dr JB(xg. p)n{lwi|>1} 4 )

Let ¢ < p; by virtue of Holder’s inequality, we have

1 1 b
- |Dwy|%dx < ( — | Dwy |Pdx
h J B(x, )Nt <(wi| <t +h) h J B(xo, o)t <[w|<t+h)

5 (|{x € B(xo. p) : t < uy] 5t+h}|)li
; .

Letting / go to zero, we have, for a.e. t > 0,

e

d

d
— |Duy|?dx < -~
dt J B(xo,p)N{lw|>1)

» P , -4
|DwilPdx ) (=)' 77
dt Jpxg, p)n{lwel>1)

where

to () = [{x € B(xo, p) : [wr(x)| > t}].
On the other hand it is well known that (see [30])
1
L= Cm (up0)" " (~u, )7 (—di/ |Dwk|pdx>p
' JB(xo.m)N(lwi|>1)

where C (n) depends only on n. Using (22) raised to the power % in the inequality (21) we get

d _q 1_1\_g_
Durl?dx < Cmy7T ()T (L o)

q
d T
X <——/ |Dwk|pdx) .
dt J B(xo,p)N{lwr|>1}

dt Jp(xg, o) {we|>1)

7)

(18)

19)

(20)

2L

(22)
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By virtue of (19) we conclude that

d (1_1)L hoty
- |Dw|?dx < ¢ (np @)\ A0 1||f| A
dt J B, o)l 1) (16 0) ()" e
with ¢ > 0 constant depending only on n, A1, g, p.
The previous inequality implies
pq . +o00 (l,])i ,
/ |Dwildx < eo™ P TIFI]1 g) / (o) 2T (=) dr. (23)
B(x0,p)
qn-1)
Since the integral in the right hand side is finite for any ¢ < "(np D and it behaves as "7 P | from (23) we obtain

(17).
4. Interior regularity

In this section we will connect the technique developed in [6] with the nowadays classical method of S. Campanato.
We will prove, first, the following

Theorem 4.1. Assume that assumptions (2), (3) and (5) hold and let uy be the solution of problem (15).
Then

~1
Dug € LE' (), Vg e [1, ”(p—l)[,\fk eN, (24)
-
withv:n—#(n—)»— 1) and

DT;(u) € LV (), Vj >0Vk eN. (25)

loc (

Moreover, for all H CC 2 there exist two positive constants c1, ¢ depending on n, q, p, », A1, As, dg, dist(H, 312),
£l 12 (g2 such that

|Duillpavy <c1, Yk eN (26)
and
IDTj (il rr(ay < ¢ jYP, Vj>0,VkeN. 27)

Proof. Fix k e N, x, € {2 and p €]0, dist(x,, 0§2)[.
In B(x,, p) we can write u; = v + wy where vy € Wl’P(B(xa, p)) is a weak solution of the problem

div(A(x, Dvg)) =0 in B(x,, p)
and wy € WOl "P(B(x,, p)) is the weak solution of the Dirichlet problem

{—div(A(x, D(uyp —wg))) =0 in B(x,, p) (28)

wg =0 on dB(x,, p).

Gathering together (9) and (17) we deduce, for any o < p,
g n—q+puq . e
e p
”Duk“L‘i(B(xa,o—)) =c (;) ”ka“Lq(B(x .P)) +r o ”f”L LA()

o n—q+uq L_'_ (n— 1)
<c (;) ”Duk"Lq(B(x ) +:0 ! ||f||L1/\.(Q)
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Set now,
p(o) = ”Duk”L’I(B(x ,0))° A=
n—1
@ =n—q+uq, B =1 q +n_( M7
p—1 p—1

¢(0) C”f”LlA(_Q)’ 8:(1_139

and observe that A < n — p implies € > 0; thus we can apply Lemma 1.1, p. 7 of [9], to the above inequality so that
we obtain, Yo < p,

o\ Fpy b
- - +
”Duk”z‘l(B(xo,a)) =c (;) ”Duk”Lq(B(x .0)) +0 p e ||f||L1A(Q) . (29)
Observe that
-1
UL B U Y
p—1 p—1

Now (24) and (26) can be proved as in Theorem 4.1 of [12] taking into account the uniform norm estimate in
WL4(0) of uy of [3].

Let us prove (25) and the uniform norm estimate (27).

Let now n(x) be the standard cut-off function in B(xg, o) and choose as test function in the weak formulation of

problem (15) the function n? T (uy) with j > 0 fixed.
Using (2) and (3) and the Holder inequality we obtain

f |DEQMWHXSCina/ IDMW‘HX+onM¢um}
B(x0.0/2) B(x.0)

B p=l
_ _p=l q
< ¢j | o715 ></ |Duk|‘1dx) + oM flipr |- (30)
B(xp,0)

Joining together inequalities (30) and (29) we get, Vo < p,

/ DT (ux)|? dx
B(x0,0/2)

p—1 —n+1

B TRV AN p—1
cj\O 4 ; ||Duk||Lq(B(xa,p))

IA

Atn 2 —nt
+o" (WA FAEYToR +U)L||f||L1,/\(Q)

IA

Lan(—2=ty (o \ iy
. ln(1—b=1
e ! <;> ”Duk“Lq(B(X .0) +0A”f”LU\(_Q)

The required assertions now follow again arguing as in Theorem 4.1 of [12]. [J
5. Proof of the main results and final remarks

Proof of Theorem 2.1. We recall (see [5,3]) that

-1
IDuillzoq2) < 3. Vk €N, Vg e [1, "(p—l)[
n—
IDTj(u)l|Lrc2) < caj'’P, Vj>0,VkeN, (31)

with ¢3 and ¢4 positive constants independent of k.
This information allows us to deduce the following facts:
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(@) ug — uin Wh4(02) as k — +o0,

(b) uy — uin L9(f2) and a.e. in {2 as k — 400,

(¢) Duyp — Du ae.in §2 as k — +oo (see [6]),

(d) the function u is the entropy solution of the Dirichlet problem (1) (see [3]),
(e) DT;(ux) — DT;(u) in LP(§2) (for fixed j) as k — +oo (see [3]).

To conclude the proof we need only to show that Du € Lfo’cv((l) and that DT (u) € L{;’CA(Q), Vj>0.
To thisend letus fix H CC {2, x, € H, p €]0,dg] and j > 0.
By (a), (e), (26) and (27) we have

q o q
1DulLahrxy.pp = HmINE I Ditkll g s, )

IA

Vliminf || Dugl|? .0 1y < c10”
P o l k”Lq. (H) =¢1p

and

IA

p E p
|| DT] (I/l) ||LP(H(X0“0)) }(ﬁl—&g || DT] (Mk) HL”(H(x{,,,o))

IA

VRTINE ) p .-
P iminf | DT; @i ] 5, < 20"

The above inequalities conclude the proof. [

Before proving Theorem 2.2 let us state the following useful

Lemma 5.1. Let v € W(}’p(Q) such that Dv € LP’A(Q), with A €]0,n — pl[. Then

loc

v e LM ()

loc

where % = % - ni)\ and for all H CC {2 there exists a positive constant ¢ = c(n, p, ., H) such that

Il Loy < clIDvlLr2) + 1DV Lpoa]- (32)

Proof. Observe that by Lemma 4.22 of [1], for fixed H CC {2, there exists H' CC {2 with the cone property such
that H C H'.

Moreover, since v € Wg’p (£2), following the proof of Corollary 2.1 in [12], it can be proved that v € L”*(H')
with norm estimate

||U||L1M(H/) <cllDvllLr2) + ||DU||Lp~A(H')]- (33)
Indeed, by the Sobolev embedding theorem and the standard properties of Morrey spaces it turns out that

ve LP02) c LPM0) c LPM(0D),  VYuo €10, pl,

loc

with norm estimate

ol 70 ) < €lDVILo0). (34)

(1) If A €]0, p]thenv € LP’A(Q) and (34) holds with A instead of 1. Thus (33) is proved.

loc

(ii) If A > p then v, Dv € L?"°(£2) and, by virtue of Theorem 1.2, p. 72 of [7], we have

loc

ve L), Yu < p+ no,

loc

with norm estimate

IA

Il pe 2y = UVl rro g + 1DV w0 g)]

cllip UHL]‘:;:'O(Q) + 1DvllLro)] (35)

IA

by virtue of (34).
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If now A < p + ug then v, Dv € L]’:)’CA(Q) and we have the estimate (35) with X instead of g and x. Thus (33)
holds again.

If instead A > p + uo then v, Dv € LfZ)’C“ '), with g = g + 1o, and a new application of the same theorem
yields

ve L), VYu<p+mwp
with norm estimate
”v”Lll;cﬂ(‘Q) = C[”v”LIIZ;(fH(Q) + ||Dv||Llpo’C“1(Q)]

cliDvllpper gy +11DVILr ()] (36)

IA

by virtue of (35) and the embedding properties of Morrey spaces.
Iterating the above procedure we can prove that

v, Dv e LPFm(()), VmeN

with
A ifA <p+ m-1
Um =3P T fa>
b Um—1 WA= P+ m—

and norm estimate
||U||Ll’(’)'fm(g) =c [”DU||L1€{CM"(Q) + IDvlr(y)], VYm € N.
Since, forall m € N,
A ifA < p+ pum-1
Mm = q :
m§+uo ifA>p+wm-1,

after a finite number of steps we obtain (33).
On the other hand, by a well known representation formula, we have

v(x) < c(n)/ wdy, forae.x € H (37)
R |x —y|"
where
_Jl»l yeH
and
_JIDv(y)| yeH
V2 = {o y e R"\ H.

The result can be proved by applying to formula (37) a slight modification of the proof of Theorem 2 of [11] and from
(33).

Remark 5.1. The result of the previous lemma can be refined if {2 has the cone property and Dv € LP-*({2). Namely,
it can be proved that

1ol i) < €DV (0)- (38)
Proof of Theorem 2.2. (i) Letus fix H CcC {2, x, € H, p €]0,dg] and j > 0. Thus we have

pn—=2)

. 1\ n*»r pn—2)
H{x € H(xp, p) : lu(x)| > j}l < | = / |Tju|"—=rdx
J H (x,.p)

pn—»x) (=)
5 1\ n—2=p ’11’7}L7p
S 1Y i ”Tju” p(n—») A . (39)
J Lm==r" (H)
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Gathering together (39), (7) and (31), by virtue of Lemma 5.1, we obtain

pn—»)
1\ r7=>p _n-a

[ € H(xo, p) £ (O] > J}] < ¢ o (5 =

which concludes the proof of the first case.
(ii) Let Q CC {2 be acube, x, € Q and p €]0, dpl. Then, the Poincaré inequality and (6) imply

/ U — g, plfdx < c,oq/ |Du|?dx
0(x0,p) Q(x0,p)
< ¢ pdt(—q) q
<cp ||DM||Lﬁ;:—q(Q)
< cc1p".

Thus, u € £2"(Q) = BMO(Q). O

Remark 5.2. If p = 2, if the operator is linear and {2 has C'-boundary (and thus the cone property) or is a cube the
result of Theorem 2.2 can be extended to the whole (2. Observe that this result improves the analogous ones of the
paper [12].

To this end, in the proof of case (i) of Theorem 2.2 (the proof of case (ii) remains identical) it will be enough to
replace (7) by the following:

IDTj @)l 2000y < ¢j ¥j>0 (40)

and then use Remark 5.1.
To prove (40) we will argue as in the proof of Theorems 4.1 and 2.1.
Let us fix x, € £2, p €]0, dp] and let n(x) be the standard cut-off function in £2(xq, p).
Then, choosing n? T;(uy), with j > 0 fixed, as test function in the weak formulation of problem (15) we obtain

_ _1 q
/ DT, (uo)Pdx < cj | =1+ )(f |Duk|qu) + 0 1 f o |
2(x0,p/2) 2(x0,p)

So that, if o €]0, d(; /2], the above inequality and formula (18) from Theorem 4.1 of [12] together with Lemma 4.2
of [12] yield

o~ / IDTj () *dx < cj[1+ || £l 1x ) @1
£2(x0,0)
If o €ldp/2,dq] inequality (41) is obvious and in both cases (40) follows by approximation as in the proof of

Theorem 2.1.

Proof of Theorem 2.3. The proof follows the lines of Lemma 4.2 in [3]. We will prove here only the case . =n — p
for the reader’s convenience.

Fix acube Q CC £, x, € Q, p > 0 and recall that since u € BMO(Q) then, by embedding, u € M%*(Q), for
any g > 1, thatis

K\4
Vg > 1,3K > 0 such that oM x € O(xp, p) i lu(X)| > 0} < (—) , Yo >0.
o

Setting, for o, y > 0,
P(o,y) =|{x € Q(xo, p) : lu(x)| > o, |Du(x)|” > y}|

we get

1 [ W o, o
90, y) < 9(0,0) + ;/ [2(0,s5) — @(0,5)]ds < cp" |07+ vk
0

Minimization of the above formula in o and setting y = #” give the result.
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Appendix

In this section we repeat some examples, taken from [12], which indicate the relationships among the spaces L!-*,
L'logL'and L', .
n—1
Let us start with the definitions of the last two spaces.

Definition A.1. We denote by L' log L!(£2) the space of measurable functions f : £2 — R such that

/Q [f1og(1 + | f)dx < +oo.

Definition A.2. We denote by L', (£2) the space of the functions f € L'(£2) such that

n—1

€21 nd
/ [of*™(0)]7T = < +o00
0 o
where

1
f* ) =~ sup f | fldx.
F

O |F|=c
Remark A.1. Let f(x) € L](B(O, €)); then the function g : 2 = B(0, €)x]0, 1[— R defined by the law

glx, 1) = f(x)

belongs to the space L-1(2).
Indeed, fixing y, = (x,, t,) € {2 and p €]0, d], we have

/ lg(x, H)|dxdr = f | f(x)|dxdz
2(yo,p) 2(yo,p)

A

f | f(x)]|dxde
(B(0,6)NB(x,,0))x 10, 1[N]to—p,t0+pD

p/ |f(x)|dx.
B(0,¢)

Finally we are ready to review the relationships among the above spaces.

(@) L'logL' ¢ L7,

It is well known that the function f(x) = |x|~“ belongs to L! log LY (B(0, R)) for o €10, n[.
On the other hand, for any p €]0, R], it turns out that

o f x| ~dx = p / x|~ dx
B(0,p)NB(0,R) B(0,p)

and the right hand side blows up as p — 01 if o €]n — A, n[.
() LY ¢ L'log L',
Let0 <€ < 1and
1

x| log? x|
By Remark A.1 the function g : 2 = B(0, €) x]0, 1[— R defined by the law
glx, 1) = f(x)
belongs to the space L-1(2).

IA

fx) = x € B(0, ¢).
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On the other hand, the maximal function of g does not belong to L' (£2) and thus g does not belong to the space
L'logL'.
(L', ¢ L

The functlon

fx) = x € B(0,¢),0 <e <1,

lx|" log? |x|"”

belongs to the space L', (B(0, €)) (see [13]) but direct calculations show that f does not belong to L1*(B(0, €)) for
n—1

any A €]0, n[.
@°L gL,
n—1I

Letn > 2, 2 ¢ R* ! and choose a function f € L'(f2) such that f ¢ L!_ (£2).
n=2
By virtue of Remark A.1, the function g : {2x]0, 1[— R defined by the law

glx,t) = f(x)

belongs to the space L1 2x]0, 1]).
We will prove now that g & L', (£2x]0, 1]).
n—1

In fact, if g belongs to LIL (2x]0, 1[) then, by definition, we would have
n—1
[2x]0,1[] o L do
[g™ (0)]"T— < +o0
0 o2
where

g™ (o) =— sup / lg(x, )|dxdr.

Observing now that
[(0) <g™(0), o €l0,|2]

and that o f** (o) is an increasing function, we deduce

1421 ok -1 do 142 sk sk do
/ o) 4T — / [0 f** ()] [0 (0))3 71 &2
0 0 o

IA

n—1 n ‘Q‘ u d
117 a2 [ log @ < oo

whence f € L1 n=) (£2) which contradicts the assumption.
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