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1. INTRODUCTION

In the following we shall denote by « the multi-index of integers
[oq 5oy @] and by |« | the sum ¥, ; «; according to the standard
notation used, e.g., by Lions in [7]. Let £2 be a domain in Euclidean #
space, E™ and consider the classes W™mLy(2) or WmER(2) consisting
of all functions # in the Orlicz spaces L(2) or Ep(£2) such that the
distributional derivatives D°u are contained in Lx(2) or E(£2),
respectively, for all « with | o | < m. The classes of such functions
may be given a norm

e llymy ) = max{]| Du g}, (1.1)

where || - || is a suitable norm in Ly such as the Luxemburg norm
defined below. These classes will be Banach spaces under this norm.
We shall refer to spaces of the forms W™Ly(£2) or WmEy(§2) as Orlicz-
Sobolev spaces. They form a generalization of Sobolev spaces in
much the same way as Orlicz spaces form a generalization of L, spaces.

In the following parts of this paper we shall deal with three of the
questions which arise in the application of these spaces to differential
equations: the separability of these spaces, the imbedding of Orlicz-
Sobolev spaces in Orlicz spaces or spaces of continuous functions
and, the relationship of complementarity for linear functionals on

52



ORLICZ—SOBOLEV SPACES AND IMBEDDING THEOREMS 53

these spaces. Our results extend analogous results for Sobolev spaces.
In particular in Section 3, we obtain a series of imbedding results
for the spaces WL(£2) for arbitrary N functions B, which generalize
directly the various imbedding results for Sobolev spaces, including
imbeddings into spaces defined on lower-dimensional hyperplanes
(see [1] or [10]). The following three sections of the paper, concerning
separability, imbeddings and complementarity, respectively, are
independent and each may be studied separately. Section 2 is a
straightforward extension of the standard density results for Sobolev
spaces. However, the methods of Sections 3 and 4 are considerably
different from the Sobolev space case and are, we feel, of intrinsic
interest. Some of the results of this paper have been used by the
first author in his work on the existence of solutions of nonlinear
elliptic boundary value problems [4] and by the second author for
regularity considerations [15].

We devote the rest of this section to listing briefly some basic
definitions and properties of Orlicz spaces to serve as a reference
for the following sections. The reader desirous of more information
should consult a work such as Krasnoselski-Rutickii [6].

Let A(t) be a real-valued continuous, convex, even function of
the real variable ¢, satisfying

lim 20 0, lim 2 _ 00. (1.2)

-0 ¢t oo

Then the Orlicz class L,'(£2) consists of all functions # such that
f A(u(x)) dx < oo.
2

The Orlicz space L ,(£2) may be defined as the linear hull of L,'(£2)
together with the Luxemburg norm

1]l 0y = inf 3k; fQA (3) = < 1§. (1.3)

L () is a Banach space under Eq. (1.3). To simplify notation, we
we will generally write || # |, ) = I[#[ls, as in Eq. (1.1). A defining
function for an Orlicz space, which has the above properties, is
called an N function. Associated with any N function A, we have
the complementary function A given by

Aw) = | :4 a() dt, (1.4)
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where
a(t)y = sup{s; a(s) < t}, a(s) = A'(s).

Clearly, 4 = A and 4, A are said to be complementary to each other.
Furthermore, the following inequalities hold

xy < A(x) + A(y)  (Young’s inequality) (1.5)

y <A A < (1.6)
f wwdx <2\ u|, llols, ued,veA  (Holder's inequality) (1.7)

provided meas £ < co.

For meas 2 < 00, we will require the following two comparison
relations for N functions.

If for any two N functions A4, 4, , there exist positive numbers
x, and & such that for all x > x,,

Ay(x) < Ay(kx), (1.8)

then we write 4; < 4, . Note that this means that L, CL, . If
A4, < 4y, 4, > 4y, we write Ay ~ A, and hence L, =L, .
Finally, if we have a stronger condition than Eq. (1.8), viz.,

Azh(x)
im =
e

(1.9)

for every A > 0, then we write 4, < A,. This latter condition
implies that L,, C L, . In Section 3, we will make use of the following
convergence criterion [6; pp. 99, 115]. If a sequence u, €L ()
converges in measure and is bounded in L ,(£2), then u, converges in
Ly(82) for any B < A (assuming, of course, meas 2 < o0).

The space E,(£2) is defined to be the closure of the bounded
functions in the L,(£2) norm. It follows that E,(Q) CL,(2) and
WmER(§2) C W™Ly(£2). The spaces E, are separable.

An important subclass of N functions is the class satisfying the
4, condition. An N function, A4, satisfies the 4, condition if there
exist positive constants x, , k such that

AQ2x) < kRA(x) for x = x,. (1.10)

The spaces L, and E, coincide if and only if A satisfies the 4,
condition and the space L, is reflexive if and only if 4 and A4 both
satisfy the 4, condition. In general L, is the dual of E;. The Orlicz-
Sobolev spaces will, therefore, not in general be reflexive.
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Some further properties of Orlicz spaces, not proved in [6], will
be established in the particular sections of this paper where they
are employed.

2. SEPARABILITY PROPERTIES

We establish below some theorems concerning the approximation
of elements in W™Ey(2) by smooth functions. By considering the
natural imbedding of W™ER(L2) into the product space [V Ex(£2)
where N is the number of multi-indices «, | o« | < m, we see that
WmEy(82) is separable since Ep(£2) is separable. The spaces W™Ly(£2)
will clearly not be separable in general. In order to discuss separability
properties of the spaces W™Ey({2), a lemma on approximation is
first necessary (see also Dankert [2]).

LemmMa 2.1. Let p be a Cy*(E™) function satisfying p = 0 and
[ p(2) dt = 1. Define a sequence of Cy*(E™) functions p;, k = 1, 2,...
by pi(t) = kp(kt). Let B be an N function, f € Eg . Then the convolutions
pi*f are in Eg and || p,,*f — fllz = 0 as k —> 0.

Proof. Let B be the complementary N-function to B and let
geLgwith| g|lz = 1. Then

[ 1) — f@) 1 8@ dx < [ 117G — 1) — 7] | 86 ] o) a
<2 [lfe = flls sl dt,
where f(x) = f(x — t). Hence
lpw*f —Flis < 2 [ 1o — flls palt) dt
=2 [l fire — flln p(2) d.

Since fe Ez and p has compact support, for every ¢ > O there
exists k sufficiently large such that.

J e —Flsplt) de < [ oty dt = ¢

and the lemma is proved. Q.E.D.
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If Q Z E*, as in the LP-Sobolev spaces, the C,® functions are not
necessarily dense in the space. However, it is true that if Q2 = E®,
then the Cy™(E™) functions are dense in the space W™Ey(E™) (although
not, of course, in W™Ly(E™)). To show this, one has the first density
theorem:

THEOREM 2.1.  Cy*(E™) is dense in W™PER(E™).

Proof. We may first assume that # has compact support. For we
may consider a sequence of C,® functions My(x) such that My(x) = 1
for x << R and Mg(x) = 0 for x > 2R. Then M, - u is a function
with compact support and My - u — u in W™mEz(E™).

Assume now that u has compact support and let p, be the sequence
defined in Lemma 2.1 above. Define

uy(x) = wipy() = [ ul(t) pulx — 1) dt, @.1)

and note that since Du € Ej for all o, | | << m, and p, € Cy™, we
must have

Do) = D* | u(t) pafx — 1)
:fmnmm@woﬁ

:fmmnm~0a (22)

Clearly, u;, € Cy® for every k. One may then observe that for any «
with |« | < m,
| D*uy, — Douflp = || D*u*p, — Doup
—0 as k— 0.

The theorem is proved. Q.E.D.

A second important theorem on the separability properties of the
spaces WmEp(£2) may be obtained by means of a generalization to
Orlicz—Sobolev spaces of a theorem proved originally by Meyers
and Serrin for Sobolev spaces in Ref. [8].

THEOREM 2.2. Let 2 be a bounded domain in E*. Then C*() is
dense in WmE(£2).

Proof. It will be sufficient to show
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LemMa 2.2. Let uc WmEy(S2). Then for every ¢ > O there exists

a function v € C*(2) such that || u — 0 |lpmg, < e

Proof. Let 2, be the open set defined by

Q,={t; te, | t| <v, distance(t, 02) > 1/v}, 2.3

s 2,... . One may also define £, and 2_, to be null sets.

be a partition of unity on 2 such that
supph, C L,y — 2,0y, v=12,.. 24)

For every v, Ju € WmEg(E"). Therefore by Theorem 2.1 above for
every integer v = 1, 2,... there exists a Cy® function K, such that

(i) for every o, |a| < m
| K D*pu — Dpufjp < €[2”
(i) supp K, C{t;|t| < 1/v+ )(v + 2)}
By expression (2.4) and condition (ii) above,
supp KD,u C 2, — 9,_,

Hence the series
Kv* xﬁ,,u

P =

=8

converges and defines a function v € C*(£2).
Let & be an arbitrary nonnegative integer. Then by condition (i)

and the convexity of B, one has that for every o, | o | < m,
k+1 bl
f B([D*v — Du]l/e) dt = f B (Z (KD, - u — D%, - u) —) dt
o7 Lo 1 2e
k41 i
- )dt

v

L f B ([K,,*D“z/:,u — D]

A

N

~
k

<

Hence, letting 2 — co, by the monotone convergence theorem

[ B (% [ — Do) dt < 1,
2
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for every o, | a | << m, and hence

Hu —9o ”W’"EB = max | D'u — Dol < e Q.E.D.

The final density theorem gives conditions under which a statement
similar to that of the preceding theorem may be made for the region £,
the closure of an open region £2. We shall state it here together with
the necessary definition for its formulation; the proof is an easy
generalization of the argument for Sobolev spaces which may be
found for instance in [1] or [7].

DerINITION 2.1. Let £ be a bounded domain and @ its closure.
Q will be said to satisfy a segment condition if there exists a finite,
open covering {%;} of £ such that for every %, , if %, N 02 #* o,
then there exists a vector 3¢ such that for 0 <t <1, x + '€ R
forall xe 2N %;.

THEOREM 2.3. Let Q satisfy a segment condition. Then C*(2) is
dense in WmEg(82).

3. IMBEDDING THEOREMS FOR ORLICZ-SOBOLEV SPACES

To simplify our presentation we consider initially the spaces
WLg($2) for arbitrary N functions B, i.e., the case m = 1. The
general case, which follows by iteration, is treated at the end of
this section.

DerintTION 3.1. The domain 2 C E™ satisfies a cone condition if
there exists a fixed cone k, C E”, such that each point x € 802 is the
vertex of a cone ko(x) C £2 and congruent to kg, .

That our main imbedding theorem, Theorem 3.2 below, holds for
domains satisfying cone conditions is a consequence of part of the
Sobolev imbedding theorem. For this reason and for comparison
purposes, a statement of the latter follows. We will use arrows in
the sequel to indicate continuous imbeddings.

THeoREM 3.1 (Sobolev imbedding theorem). Let the domain £2
satisfy a cone condition. Then
(@) i p < m WIL,(2) — L,(2) where p* = np/(n — p)
(b) if p > n, WIL,(2) — L(Q) N C(Q).
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By C(£2) we mean the space of functions continuous in 2. The
norm in L(£2) N C(£2) is the sup norm over 2. For a proof of
Theorem 3.1, see, e.g., Ref. [1]. We will generalize the cone condition
in the following way:

DeriNiTION 3.2. A domain 2 C E™ is admissible if the conclusion
of Theorem 3.1 holds in the case p = 1, i.e.,, WL,(£) — L, /(n—_1)(£2).

In fact, we will see below that £ is admissible if and only if the
conclusion of Theorem 3.1 holds for all p.

The exponent p* = nmp/(n — p) is usually called the Sobolev
conjugate of p. We extend this notion to Orlicz spaces. Associated
with any NV function B, we define a function

Bt
g5(t) = ——tm(,n) ,  t=0. (3.1)

Let {B} denote an equivalence class of N functions, i.e., B, , B, € {B}
implies B; ~ B, , and suppose that the members of {B} satisfy

| " ost) dt = . (3.2)

The Sobolev conjugate class {B*} of {B} is then defined as the class
generated by the N-function B* given by

By (a) = [ Gde = [Ca a6

where B € {B} is so chosen that

[ eatty at < co. (3.4)

It is clear that from any class, {B}, an N function B satisfying the
expression (3.4) may be chosen. In the sequel we will always assume
that the expression (3.4) is satisfied.! Note that for B(f) = |¢ |7,
1 < p < m, we have

| {1p*

p*
1 Note, however, that in the case of unbounded £ equivalent N functions may

define different Orlicz spaces and hence the inequality (3.4) must be assumed to hold.

gB(t) — tl/n—l/p-—l, B*(t) — (3_5)
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and that for B(f) = |t |*, we have
golt) =t  B¥t)~ell —]t| —1. (3.6)
Our main imbedding theorem is then

TuroreM 3.2. Let 2 be a bounded, admissible domain in E™. Then
(a) if |1 gs(t) dt = oo, W'Ls(2) — Lp(£2),
(b) zfﬂo gs(t) dt < oo, W'Lg(R2) — L(£2) N C(£2).

For the proof of Theorem 3.2 we invoke the following two lemmas:
The first is a fairly well-known calculus lemma.

LemMA 3.1. Let u be a strongly differentiable function on a domain
QCE" (ie. ue Wp°YQ)) and g a uniformly, Lipshitz continuous
function on E. Then the composite function f = gou is strongly
differentiable and the chain rule holds, i.e.,

Df=g' -Du  ae (2) (3.7

Lemma 3.1 is crucial to our proof and is proved, e.g., in Ref. [9].
The second lemma is an elementary, interpolation result.

LevmMaA 3.2. Let f, g be continuous, non-decreasing functions on an
interval (0, N), 0 < N < oo and suppose lim,y flg = oo. Then for
arbitrary € > 0, there exists a constant K depending on e such that

) <O+ K (3.8)
Proof. 'There exists N, € (0, N) such that ¢ > N, implies g(f) <
¢f (t). Define K = sup(y ) & Q.E.D.

Proof of Theorem 3.2(a). The function B* defined by Eq. (3.3)
clearly satisfies the differential equation

B(y)y = yin, (3-9)
and hence by the expression (1.6), the inequality

¥ <YHmBHy). (3.10)
Let C = (B*)!-1/», Then from the inequality (3.10)

¢ < P=1L gaconinuy, (3.11)
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We will prove now that W2Ly(£2) — Lp«(£2) for any C satisfying the
inequality (3.11) with B* = C®/(»=D_]n fact, a trivial extension of
our proof will show that the imbedding will hold for any C satisfying
C' < a + bBYCr/n-DY, (3.12)

where @ is a continuous mapping from Lz(2) to Lg(£2), (e.g.,

@ = constant) and b is a constant.
We let u € WLp(£2) and assume at first that » is bounded. Let

k=ull,, g = inf gs; fg B*(ufs) dx < 12.

Since # is bounded, f(s) = [, B*(#/s) dx is a continuous function
of s with f(0) = oo, f() = 0. Hence we have, in fact,

f BX(ujk) dx = 1. (3.13)
2

Let ¢ = C(u/k). By Lemma 3.1, ge WL, (L), and since £ is

admissible

18 ey < 71 Dgll, + g1l (3.14)

where the constant y is independent of u. Therefore,
1-1/n
3 j B*u/) dx% <? f C'(ufk) | Du|dx +y f C(u/k) dx.
(o] k 2 2

Applying Hélder’s inequality (1.7) to the first term on the right side
and using Eq. (3.13), we have

1< 2 Cuiblls) Duls + | Clulk)ds. (3.15)
Now

7n —

I C'(ufR)llp < — LI BB ub)ls  (by 3.11)

" ;1 inf gs; L;E 3%3—13*(u/k); dx < 12

n—1
<

(by (3.13)).
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Also applying Lemma 3.2 to the functions B*(#)/t, C(t)/t for
t = |ullk, e =1/2y, N = oo, we obtain

fﬂ Cufk) dx < %L}B*(u/k) dx + ng | u|/k dx
— gl by @13

Hence on substituting in the expression (3.15), we obtain

1<l L I

and hence

k< M= ypy ), 42K fuly. (3.16)

To extend the estimate (3.16) to arbitrary u € WILy(L2) we define
the sequence {u,,}, m = 1, 2,... by

u for
msign u for

m

Clearly, by Lemma 3.1, u, € W'Lg(£2) N L(£2), and hence by the
expression (3.16)

R =t I < Clm, | Q) || w2500

<
< Cn |2 %l iy@ (317)

where C is a constant depending on z and | 2 |. Since the sequence
{k,} is also nondecreasing, it converges by Eq. (3.17). Let £ = lim %,
By Fatou’s lemma,

f BXufk) dx < lim f B*(upky) = 1.

Hence « € Ly+(£2) and by Eq. (3.17)

flullpe < Clon, | 21 )i % oz - Q.E.D. (3.18)

Proof of Theorem 3.2(b). Theorem 3.2(b) follows in a manner
similar to Theorem 3.2(a), if we widen our concept of N function
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to include the class of Young functions (see [16]). Let A(¢) be a
positive, convex function on an interval (0, N) with A(0) = 0,
A(N) = 0. We extend the domain of 4 to [0, ) by defining
A(t) = oo for t = N. Using the Luxemburg norm with the function
A we may define an equivalent norm on L(Q), viz.,

Mm:m%fmmwagw (3.19)
2
Clearly,
L supu < flul, < 41 ( I ) sup u. (3.20)
N g~ =t (217 ¢

To prove Theorem 3.2(b), we let

N:f&ma

Then the function B* given by its inverse

B = [ gy (3.3)

defines a function of the above type on the interval (0, N). The proof
of Theorem 3.2(a) extends automatically to B* and we obtain once
more

lulls < C(21,n)|lu ”WlLB(n) ’ (3.18)
and hence by the expression (3.20),

sup | ] SCUR LM [l | pmdt. (321)

0 1/

To establish the continuity of u e WLy(£2), let ye R and § >0
satisfy

Ros(y) = {25 [ x; — ;| <28} C Q.

Then for x e Q4 y) and % satisfying sup | 2;| < 8, we apply the
expression (3.21) to the function

op(%) = w(x + k) — u(x).
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We obtain, therefore,

| oa()] < const || u(x -+ h) — w(x)llw1ry005

—0 as h—0.

Hence u € C(£2). Note that by u continuous, we strictly mean that
u is equivalent in measure to a continuous function. The continuity
of the imbedding of Theorem 3.2(b) is then guaranteed by the
expression (3.21). Q.E.D.

In the remainder of this section we deal with some extensions
and refinements of Theorem 3.2. We remark here that imbedding
theorems for Orlicz-Sobolev spaces appear to have been first con-
sidered by Dankert [2] who used a potential representation but
imposed very stringent conditions on the N functions involved. The
potential estimates of O’Neill [11] yield Theorem 3.2(a) for the case
where £ satisfies a cone condition and B satisfies a 4, condition.
The first imbedding result for arbitrary N-functions, B, was obtained
by Donaldson [3] who established Theorem 3.2(a) for a class of
smooth domains. His method, although motivated by the differential
equation (3.9), proceeds by an approximation technique and is
considerably different from the above proof. The present proof of
Theorem 3.2(a) and its extensions to Theorem 3.2(b) and the results
following in this section are due to the second author.

An immediate generalization of Theorem 3.2 follows by replacing
the exponent n/(n — 1) in the definition of admissibility by an expo-
nent v satisfying 1 << v < n/(n — 1). Defining B,* by

B = 220, (3.22)

we obtain from the proof of Theorem 3.2.

THEOREM 3.3. Let 2 be bounded and let it satisfy W'L(2) — L(L)
for some v, 1 < v < nf(n —1). Then
(a) if [1 BI(O/(#) dt = 0, WLy(R) — Ly «(®),
(b) i J7 BADI(e#) dt < oo, WLy(2) — L) O C(@)
Next, we define a further Orlicz-Sobolev space, W™L(R2) to be
the closure of Cy® in W™Ly(£2). We have W mLy(22) C W™Ep(S2) with
equality holding if £ = E® (Theorem 2.1). For the spaces W,'L(£2),
as with the Sobolev spaces W,(£2), no restrictions are necessary on
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the domains £2 for the imbedding results to hold. In fact, let the
constant y(zn) satisfy

I #ilartnn < ¥(m) || Dl (3.23)

for all u € Cy®(E™). In the proof of Theorem 3.2 applied to u € C,*(R2),
Lemmas 3.1 and 3.2 are not required. We readily deduce

THEOREM 3.4. Let Q be a domain in E*. Then

() i [; gs(t) dt = o0, WILy(Q) — Lp(22) and for any
u € WLy(R)

el < 22 =1 Dy (3:24)

() if Ji gs(t) dt < 0, Wrs(Q) — C(@) and for any
u e WylLg(2)
sup || < 2=y Dy, [ gote) ar (3:29)
2 0
The example (3.4) shows that the Sobolev theorem, Theorem 3.1,
is a special case of Theorem 3.2. There are two refinements of the
Sobolev theorem pertaining to the cases p = n, p > n, respectively,
which we discuss now in the light of our results. First, in the
case p = n, Theorem 3.2 yields WL, (£2) — Ly«(£2), where B* =
el!l — | t| — 1. This result is not as sharp as the imbedding theorem
of Trudinger [14], WL,(2) — L), where C = """ — 1,
derived using a potential representation.? Hence Theorems 3.2 and
3.4 are not optimal in the sense that for any N function B, Lz{(£2)
is not necessarily the smallest Orlicz space possible in the conclusions.
Using the method of [14], our results can be improved in the range
B > | t|¢ for all ¢ << n. However, the details being messy are not
presented here. It is our contention though that the results are optimal
in the cases B < | t |2 for some ¢ < n.

Imbeddings into Spaces of Continuous Functions

In the case p > n of Theorem 3.1, we have for strongly Lipshitz
domains the result of Morrey [1], WL, () — C*(£2), « = 1 — n/p,

2 The result in [14] has recently been shown to be optimal. The proof will appear
in a forthcoming note by J. Hempel, G. R. Morris and N. S. Trudinger.

580/8/1-5



66 DONALDSON AND TRUDINGER

where C*(2) denotes the space of functions, uniformly Holder
continuous in £ with exponent « and

e = sup ] -+ sup LD (3.26)

x,yeQ ]x*y|u

By a strongly Lipshitz domain £ we will understand a domain £,
where each x € d2 has a neighbourhood %, such that in some
coordinate system, with origin at x, 2 N %, is represented in % by
¢, <F(&), & = (& ,..., §,—1) with F a Lipshitz continuous function.

An analogous refinement of Theorem 3.2(b) then follows for
strongly Lipshitz domains using essentially the same method as
Morrey [9]. We will instead derive the generalization here directly
from a more general result of Spanne [13].

THeoreM 3.5 (Ref. [13]). Let Q, be a cube in E*, ucL,(Q,) and
suppose that for every parallel subcube Q of Q, ,

[ |u—uoldx <1Q1p(1Q 1), (3.27)

where ug = | Q |1 [oudx and p is a positive, nondecreasing function.
Then if IOP [tdt < oo for some & > 0, uec C(Q,) and the modulus of
continuity estimate

[ u(x) — u(y)| < const fr p/t dt, r=lx—yl, x,yeQ, (3.28)
0
holds.

As a corollary of Theorem 3.5, we then have

THEOREM 3.6. Let £ be a strongly Lipshitz domain, and let
u e WLy(Q) with [; gx(t)dt < 0. Then for any x, vy €

@) ~ u) < Kl [ ga)dt,  p=1x—y] (329)

where the constant K depends on n and Q.
Proof. Since 2 is strongly Lipshitz, it is sufficient to consider the
case where 2 is a cube. Using the Hoélder inequality (1.7), we have
[ 1Dulds <20 Dulal 15

—2(Duly| 2| B (T}T).
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By the Poincaré inequality for W'L,(Q) [12],
f | — ug | dx < const | Q2 |/ f | Du | dx. (3.30)
2 2

We may therefore obtain, for any parallel subcube £,

f | 4 — uy | dx < const | £ [1+1/» B-1 (ﬁ) || Dujlg .
o

Therefore, applying Theorem 3.5, we have

) — (3)| < const | Duls | B dt,  p— | —y

$lHL/n

< const || Dul|g fi, B7s) ds

by substituting s = =" Q.E.D.

We may express Theorem 3.6 in the form of a continuous imbedding
into a class of continuous functions. Let u(¢) denote an increasing,
continuous function of ¢ > 0 with u(0) = 0. We define the space
C.(R2) to be the set of functions, continuous in £ and satisfying

Hull, = |lu ”Cu(ﬁ) sup |u| + sup M

S (e —yy ~° G

The space C,(2) is a Banach space under the norm (3.31). From
Theorems 3.2(b) and 3.6, we have, therefore,

CoroLLARY 3.1. Let Q be strongly Lipshitz, |1 &s(t) dt <oo. Then
WLy(2) — C(2) where u(t) = [1n g5(s) ds.

Compactness of the Imbeddings

We begin with two criteria for compactness.

Lemma 3.3. Let Ay, A, be N functions with A, < A,. Let
|y, < Kl ¢llprr, . Then BiWLy , the unit ball in WLy is compact
inL, ,provided | Q| < co.

Proof. Since A4 = B, WL, is compact in L, it is compact in
measure. Hence, by the hypothesis and the criterion for convergence
mentioned in the introduction, 4" is compact in L 4, - Q.E.D.
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The second criterion refers to compactness in the C, spaces.
We say that two functions g, , p, of the type defined above satisfy
the relation p, < p, if

pot) = mO (),  t>0,
where p is a function of the same type. We then have

Lemma 3.4. B,C, , the umt ball in C, , is compact in C, if
P < pg -
Proof. We have

| u(x) — u(y)| _
[y S“Pl“i“’rf?&mﬂ()x 1)
<sup|u|—]—p,(e)|[u|[,,z ()sup{ul, forany e >0

§1+ o AR CLET

and since C, — C is compact by the Ascoli theorem, the result
follows from the above interpolation inequality. Q.E.D.

We now have, as a corollary of Theorems 3.2(a) and 3.6 and of the
above lemmas,

TueoREM 3.7. Let 2 be a bounded, admissible domain in E*. Then

(@) if [1gs(t)dt = o, the imbedding W'Ly(Q) — L (Q) is
compact for any C < B*.

(b) if f1 ga(t) dt << 0o and L2 is strongly szshztz, the imbedding
WLy(Q) — C,(RQ) is compact for any u(t) < [i2n g5(2) dt.

Traces on Hyperplanes

Let £ satisfy a cone-condition and 2, denote the intersection
of £2 with a k-dimensional hyperplane in E*. We then have the
following imbeddings for Sobolev spaces (see [1] or [10])
WAL(2) — Lypinp)($2p) forn 2k >n—pk=zn—pifp=1)
We extend this result to Orlicz—Sobolev spaces in the following way:

THeOREM 3.8. Let £2 be bounded and let it satisfy a cone condition;
then szl go(t)dt = cwandn — p << k < n, where p > 1 is such that
B(t1/7) is an N function, we have the imbedding WL g(£2) — L guyem(£2;).
For p = 1, we may let k = n — 1.
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Proof. We use an argument similar to the proof of Theorem 3.2.
Let u € WLy(£2) be bounded, and suppose that

L= [ llzgpe pingap = 1 ]lgear - (3.32)

Let C = (B¥)\/p-1/n = (B*)1/?*, Apply the above imbeddings to
the function C(u/l). We obtain

(7

<r{jre(@ll,, rlet)
:X”C' l

kp/(n—p)(2) 2,2

+7HC 7

r

From Eq. (3.32) and the definition of C, we have, therefore,

<Hle s

+7HC

2)

Applying the Holder inequality (1.7), we obtain

t<Fe

where D(t) = B('/?).
Now, since C = (B*)!/?*, we have

»1/p

(3.33)

Dl +y|C(

D

1 1 *, ’
€ = e (B (BY)
1
— e (BY)2B(B¥)
by Eq. (3.9), and so
€y = (_I_)Z’B* « BYB¥y
p*
_ (;}T)” B*-D-(B*) by the definition of D (3.34)
< (Pl*) D-YB¥*) by the expression (1.6).
Therefore, from Egs. (3.34) and (3.32), we obtain

fle (),

D

<
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Next, using Lemma 3.2, we have

Jle (o e <o [l (D)f

" K [ up;
<3 w K1 [ s
and hence we obtain from the expression (3.33)

4
1< ;)%n Dullp + 2K || u]l, - (3.3%)

From the expression (3.35) and Theorem 3.2(a), then follows the
estimate

L<C( L2, mp)l ulwie, (3.36)

for any I, not necessarily satisfying the restriction (3.32).

For unbounded u, consideration of the sequence u,, , as in the
proof of Theorem 3.2, yields the estimate (3.36) again. The theorem
is thus proved. Q.E.D.

As a corollary of the proof of Theorem 3.8, we note that the cone

condition may be relaxed in the following way:

CoroLLARY 3.2. The imbeddings of Theorem 3.8 continue to hold
if in the hypotheses we assume W'L,(2) — Ly, 16, )(82;), instead of Q
satisfying a cone condition.

From Lemma 3.3 also follows

CoroLLARY 3.3. Under the hypotheses of Theorem 3.8, the
imbeddings W'Ly(2) — L(82;) are compact for any C < (B¥*)k/n,
The Imbedding Theorem for WmLy(82)

For an N function B, we define a sequence of N functions C,,
v = 1, 2,... by the formulas

1 7 Cal)
G = [ e (3.37)
Co(x) = B(x).

We assume that f(l) C;1j(#+1m) dt < oo, by replacing C, if necessary
by an equivalent /N function. We obtain in this way a finite sequence
of N functions C,, C,,...,C,, where ¢ <n+ 1 is such that
J1 CA@®)[(#+1m) = oo, but 7 C7%()/(#11/m) dt < oo. Let us denote
this integer g by ¢(B).
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We define C™#(2) to be the space of functions m times continuously
differentiable having derivatives D*u, | « | = m in the spaces C*(f2),
defined by Eq. (3.31) with

[ullcmue = sup | Doulx) + sup. | Dou[lera - (3.38)

o | <<m,xe2
We can now state

THeOREM 3.9, Let Q2 be a bounded, admissible domain in E™. Then

(@) If m < qgB), WmLyQ)—>Lc(2) and the imbedding
WmLp(£2) — L(£2) is compact for any C < C,, .

(b) If m > ¢(B), WmLy(2) — L.(2) n C(£2).

(¢) If m < q(B) and 2 is strongly Lipshitz, then WmLy(2) —
Cr-a-1w(Q), where u(t) = [ n CY(s)/(s***/") ds and the imbedding
WmLy(R2) — Cm=aY(Q) is compact.

Theorem 3.9 is an immediate consequence of Theorems 3.2, 3.6
and 3.7. To conclude this section, we note that if we replace W™L(S2)
by WmE(R2) in Theorem 3.9, we obtain, in part (a), an imbedding
WmEp() — Ec (£2). This follows since the bounded functions are
dense in WmEy(£2), (in fact the sequence u,, , defined earlier in this
section, converges to u for any u in W'E(£2)).

4. COMPLEMENTARITY FOR ORLICZ-SOBOLEV SPACES

It is the purpose of this section to show that basically similar
kinds of relationships hold for linear functionals on Orlicz—Sobolev
spaces as hold for Orlicz spaces themselves. We first make a definition.

DerFINITION 4.1. Let X and Y be two Banach spaces such that
X CY* and YC X*. Then we shall say that X and Y are a com-
plementary pair if there exist closed subspaces X, C X and Y,CY
such that X,* = Y and Y;* = X.

The following proposition follows immediately from standard
theorems of functional analysis.

ProrosiTiON 4.1. Let X and Y be a complementary pair with
XoCX =Y *and Yo CY = X*. Then the unit ball of X is compact
in the weak* topology given by Y, , and similarly for the unit ball of Y.
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For many purposes it is useful to know a method by which, given
a complementary pair X = Y * and Y = X, *, and a closed subspace
E,C X, , one may construct spaces EC X and F = Ey* C Y such
that E and F form a complementary pair.

ProposiTioN 4.2. Let E, be a closed subspace of X,, where
X =Y *and Y = X * form a complementary pair. Then there exists a
complementary pair E and F such that E,CE =F*CX and
F,CF = E,*. Furthermore, the equality

E = wh*cl Ey = Fy* = (Ey*)* N X holds.

Proof. LetF = E *. Since E,C X, F = X *|E;* = Y|Es*~. Let
Fy, = (Y/Eyt), and finally let E = Fy*. Clearly, ECF* = EC X.

To show that Fo* = wk*cl E,, it is clear that wk*cl E, C F,*.
Let E, = wk*cl E, . The inclusion £, C E; C E = F,* then holds. If
vy € E and vy ¢ E;, then since E; is wk* closed, there must exist
Jo 1+ Egt € (Yo/Ey*) such that (vy, fy 4 Egt) = land (v, f, + Eg*) = 0
for every ve E;. But since E,CE;, (v,f, + Eyt) = 0 for every
v € Egt; hence f, € Egt. Therefore, (v, , f, + Eyt) = 0 since v, € Fy*.
This is a contradiction.

To show that (Ejt)L N X = Fy*, it is sufficient to show that
Fox C(Eyt)t N X since clearly (Eyt)> N X CFy*. But let v, € Fy*.
Then v, defines a linear functional on the equivalence classes
fo + Eyt. Therefore, for every eyt € Egt, (v, , €4t) = 0. This implies
vy € (Egt)t. Clearly, v, € X since Fy* C X. Q.E.D.

In the case of Orlicz—Sobolev spaces, one may regard WmLy(£2)
in a natural way as a subspace of the product space []¥ L, where
N is the number of multi-indices o, | o | < m. We obtain automatically
from this imbedding that the spaces W™Ly(Q) are reflexive if B and
B satisfy the 4, condition, i.e., when the spaces Ly(£2) are reflexive.
We examine the situation, in general, in the light of the preceding
propositiomn.

ProrosiTioN 4.3.  The spaces T Lp and [1 Lg form a complementary
pair.

This proposition is clear from the observation that Ly and Lg
form a complementary pair.
We now show that the Orlicz-Sobolev spaces W™L, and WmE,
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may be realized through the process of Proposition 4.2, as subspaces
of [TL; with Ey = WmE, , E = W™y 3

THeorReM 4.1.  The following characterization holds
E 3
WmLg = wk*cl WmEp = 31—1 Eg|[WmEgl*+: = [WmEg*t N ][] Ls.

Proof. The equality of the last three terms follows if one carries
through the process of Proposition 4.2, setting E, = W™Ey . To show
the first equality, we need to show first that £ C W™L, and second
that WmL,; C E, where E is defined as in Proposition 4.2. For the
first containment, let f = (f; ,..., f,,) € E. Then by the equalities of
Proposition 4.2, there exists a sequence f;, = (fi%,..., [,,¥) € E, = W™Ey
such that f;, — fin the weak* topology. Hence, in particular, since one
may take ge Ep of the form (0,0,..., g,,0,...) it follows that
(f*k — fo, 5 — 0 for every | s | < m and every g€ Ep. Therefore,
[k — f.eLs. To show that fe W™L; it is sufficient to show that
for every s, | s | < m, f, = D?*f; . This is equivalent to the statement
that for every p € C;*(£2)

f fipdn= f D ds.

But since f¥ — f, and f* = Dsf*, one may take

|| o—Dpopas| <|[ (f—sopat|+|[ (hi— o[>0

Therefore, EC W™L, .
To show that W=L; C E, a lemma will be necessary.

Lemma 4.1. Let A be an N-function, and suppose we E,. Then
there exists an N-function Ay > A such that weL, .

Proof. Let £2,=1{t 2;¢<|w(l) <i+ 1}, Since wekE,,
Jo A[(k + 1) w(t)] dt < o for every integer k. Furthermore, it is
clear that

ng[(k + 1) w(t)] dt = f fg Ak + 1) w()] dt < co.

3 Theorem 4.1 has been employed by Donaldson [4] to extend some aspects of
monotone operator theory for reflexive Banach spaces to the nonreflexive Orlicz—
Sobolev spaces.
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Since the series above converges for every k, there exists 7, such
that

i j Al(k + D] dt < 2,

Clearly, one may choose the sequence 7, so that n, increases and
n,— oo as k— co. Let ny = 0. Define an N function H by
dH(t)jdt = k4 1 for xe[nm,n,,). Let A, = Ao H. C(learly,
A, > A. Furthermore,

j ) dx = f ATH()] dx

_ ifQ.A[H(w)] dx+gl=fzk [ Aty ax
<i‘f A[H(w)] dx+§”2k+f A[(k + )] dx
i=0 Y 2 k=1 i=ny i

< nz f A[H(w)] dt + i 2k
i=0 ¥ 2; k=1
< o0

since on {1, £2,, the function w is bounded from the definition of

Q;. Thus wel,, . Q.E.D.

To complete the proof of the theorem, suppose there exists
fe WmL, — E. Since E is closed in the [T Ej topology, there exists
g €Tl E; such that (f, g) = 1 and (W™E;,, g) = 0. Since ge [1 Ej,
every component g° € Eg . Since the set of g% 1s finite, one may construct
by the lemma an N function B, such that g* € Lz C Ejfor every s, and
hence g e [T L, . Since B, >>B B > B, and ]"[LBCHEB Since
feWrLy, fe W Eg,, and there exists, therefore, a sequence of
C* functions f; such that I fx —fH,,,mLB0 — 0. So

(e — 18 < fe _fHW""LBO Hg”LEO -0

But f;, € C*(£2) C W™Ej . Hence by the above assumption |(f, — f, g)| =
I(f, &)l # 0. This is a contradiction. Q.E.D.
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