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On the Integrability of the Jacobian
under Minimal Hypotheses

TaDpEUSZ IwWANIEC & CAR1IO SBORDONE

Communicated by J. M. BALL

0. Introduction

For Q a domain in R" and f:Q2-R", f= (f,..., f*) a mapping of
Sobolev class WEZ(R2, R"), 1 = p <o, we denote by Df(x) : R”»R” the dif-
ferential and by J(x, f) = det Df(x) the Jacobian of f.

The Jacobian function occurs in many different contexts, such as the
geometric theory of measure and integration, the mapping degree theory,
quasiconformal analysis, nonlinear elasticity, etc. Most often the expression
J{(x, f) dx serves as a volume element on £, which in conjunction with the
formula

Jx, fyde=df* n---adf"=d(f1 df? n--- a df")

leads, via integration by parts, to important estimates.

In order to make use of these properties it is necessary to integrate the
Jacobian. The usual hypothesis ensuring this integrability has been that
fE€WE™(2, R™). A natural question now arises: under what conditions on f
is the Jacobian function locally integrable? Without any restrictions, there is
no reason to expect that the degree of integrability of J(x, f) is different from
that of [Df(x)|”. Surprisingly, just one condition, that J(x, f) does not
change sign in @, implies higher integrability of the Jacobian. STEFAN M-
LER [MU2] was the first to observe this phenomenon.

For notational simplicity, let us declare that f € WEE(Q, R") is orientation-
preserving if J(x, f) = 0 almost everywhere. MULLER has shown that the Jaco-
bian of an orientation-preserving mapping f € W(Q, R") actually belongs
to the Zygmund class L log L(E) for each compact set E C 2; see also
[CLMS] and [T]. In its most general form, the result can be rephrased as
follows

!(,—f)) dx = C(n, ) Sin(x)l” d,

Q

E

0.1) SJ(x,f) log (e +
E
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where Jr denotes the integral mean of the Jacobian over E. As a corollary
MULLER has improved RESHETNYAK’S theorem [R] on the weak convergence of
the Jacobians. Again we frame it in a slightly more general form [I2].

Corollary 0.1, Let fi€ Wi2(Q, R"), j =1, 2,..., be orientation-preserving map-
pings converging to f weakly in W'(Q, R"). Then

0.2) lim Jo) I fy) dr= [o() I (x, f) dr

for every ¢ €exp (), the closure of step functions in the norm ||||gxp0) (Sc€
Section 1 for the notation we use here and in the sequel).

If peCi(R2), the condition J(x, fi) = 0 is not required. In the proof of
this result there is hidden a weak form of the Jacobian function that we shall
eventually employ [B, MU 1, BM, DMU].

Definition 0.1. For a mapping f€ WE2(2, R"), with p =z n®/(n+ 1), the
weak Jacobian is a Schwartz distribution J; € 27 (£2) defined by the rule

0.3) Jelol == { frdft n--- n df"™ A dp
0
for all test functions ¢ € Cy° ().

The argument showing f"df' a---adf" ! aAdp to be integrable is
routine. By the Sobolev Imbedding Theorem f”eL{’gc(Q) and df' A A
dfr e LB =D (), as desired.

Here is one of our main estimates:

Theorem 1. Let f: R*—>R", f= (fL, f2...,f"), be a mapping of Sobolev class
whr=&(R", R"), with —o <& =< 1. Then

O4)  J1df' 17T f) des Cm fe] [t e [df w4 -
= C(n)|e| § |Df(x)|"~¢ dx.
Rn

The presence of the factor |e| in (0.4) is the essence of this inequality,
since, by Hadamard’s Inequality, we always have a pointwise estimate
|df'| =0T (x, f) s |df 22 |df?] - oldr.

The arguments establishing Theorem 1 are based on new estimates in the
Hodge Decomposition, see [I1].

Throughout what lies ahead, we are concerned mainly with the determination
of the minimal conditions on f to ensure local integrability of the Jacobian.

The primary result is the following consequence of Theorem 1.

Theorem 2. Let B C 3B be given concentric balls in R" and let f:3B—R" be
an orientation-preserving mapping of class Migs<n wbs(3B, R"), such that

(0.5) sup (n—s) 3§Bwf(x)|f dx < oo.

l=s<n
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Then J(-, f) € L1..(3B) and the following uniform estimate holds:
06 N/ d

n? n+l
=< C(n) <§ | Df (x) |+ dx) * + C(n)lim sup (n — 5) §|Df(x)|® dx
3B s7n 3B

< C(n) sup [(n — ) 3§B|Df(x)|s dx] s,

I=ss<n

Two classes of functions for which condition (0.5) is satisfied will be of
particular interest. The first class, denoted by weak-W'"(3B, R"), consists of
mappings with |Df | € weak-L"(3B). However, the emphasis will be on the sec-
ond class, called the Orlicz-Sobolev space D"log~'D(Q, R"); see the next
section for definitions. The point is that smooth mappings are dense in
D"log™1D(Q, R™).

In the latter case Theorem 2 reduces to the following result which should
be regarded as dual to that of MULLER.

Theorem 3. Let f: 2~ R" be an orientation-preserving mapping of the Orlicz-
Sobolev class D"log™'D(Q, R™). Then the Jacobian of f is locally integrable.
Moreover, for each compact subset E C Q, the following estimate holds

S S |Df(x)|" dx

0.7) J(x, f) dx = C(n, E) ,

E Q log<e + |Df(x)|)
|Df o

where | Df | denotes the integral mean of |Df| over Q.

Another result of this paper identifies the weak Jacobian J; as the point-
wise Jacobian J(-, f). ’

Theorem 4. Let f:Q2—R" be as in Theorem 3. Then
(0.8) fox)T(x, f)y dx=— [frdf' n---ndf*™' adp
2 o)

Jfor all test functions @€ Cy (£2).

As a result, we can now assert:
Corollary 1. Let f and f;, j = 1, 2, ..., be orientation-preserving mappings of the
Orlicz-Sobolev class D"log™'D(R, R"). Suppose that lLm fi=f weakly in
Wh2(Q, R") with some p > n*/(n + 1). Then

0.9) fim J0() 7@, /) dr = [p(0) T (s f) d

for every g€ CH(R).
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The question to face next is: What are really the minimal assumptions on
f:92—R" which guarantee that J(x, f) € L},.(2)? Theorem 2 is certainly the
best known to date. On the one hand, in the light of the two special cases,
weak-Wb™ (2, R") and D"log™'D (£, R"), it is not obvious how to formulate
minimal conditions, at least in terms of the familiar function spaces. On the
other hand, our example, see Section 6, illustrates undoubtedly that Theorem 3
does not leave much room for improvement. There is an example, due to
J. BalL & F. Murat [BM, counterexample 7.4] which shows that Theorem 4
and Corollary 1 fail for mappings f € weak-Wb*(Q, R"). It remains to argue
whether the above results stay valid if the condition J(x, f) = 0 a.e. is replaced
by J¢[p] =z O for all non-negative test functions ¢ € Cg* (£2).

In some respects estimates (0.1) and (0.7) determine the limitations on the
integrability theory of the Jacobian function. It would be possible at this mo-
ment to interpolate between these two limits. Indeed it has been already com-
municated to us by H. Brezis, N. Fusco and C. SBORDONE that

D ™ dx
SJ(x,f) logl"“(e + J"‘—”) dx = C(n, E) S DF
JE a( lDf(x)’>
E o log%le+ ——
|Df | o

for 0=a=1, where f:Q—=R" is an orientation-preserving mapping of
Orlicz-Sobolev class D"log™*D(Q, R").

As a closing remark, although we do not pursue the matter here, our
results relate directly to the existence and regularity problems in non-linear
elasticity [AF, B, BM, BU, CD, D, DM, DG, G, GMS, M, R, T] and quasi-
regular mappings [BI, GE, 13].

1. Notation and properties of some function spaces

In the Introduction we have been relatively inexact with the notation and
definitions. This section is devoted to giving more precise information about
some function spaces.

Let E be a measurable subset of R”. The usual Lebesgue space L?(E) is
equipped with the norm

1
lgllpze= (,35 lg(x)[? dx)P, lsp<oo
The average of a function g€ L!(E) is denoted by

1
gr=fgx)dx=— Sg(x) dx,
£ |E|
E
provided |E| (the Lebesgue measure of E) is positive and finite.
A measurable function ¢ on E C R" is said to be of Zygmund class

Llog L(E) if
(1.1) S |g(x)| log (e n |g(x)‘> dx < oo,
P lgle
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It is not readily apparent that the above integral defines an order-preserving
norm in L log L(E). Actually, the triangle inequality is fairly non-trivial; see
[IK]. In connection with Corollary 0.1 we should mention that the dual space,
denoted by Exp (E), consists of functions g such that

Lo 1 ‘
(1.2) & llexp 2y = ;I>1f(') m S eHE®! gy < oo

E
We shall now distinguish three classes of functions which interpolate between
LP(E) and Mi<,<, L7 (E).
The Marcinkiewicz class, denoted by weak-L?(E), consists of functions g
on E C R” such that
1

1 =
1.3 M, =] — g, (D) |P < oo,
(1.3) »(8) [IEI sup g*()] oo
where g, () =|{x€E;|g(x)| >t}| denotes the distribution function of g.
Recall that

(1.4) S|g(X)|SdX=s§°ts‘1g*(t) dt < oo
E 0

for all 1 =s<p.
A measurable function g on the set E C R", n = 2, belongs to the Orlicz
space L" log™!L(E) if

n
log (e + |g(x)])
E
We should observe that the corresponding Young function @:R*—
R*, &(r) =t"log (e +1t), is strictly increasing, convex and satisfies
lim, oz ' &(¢) =0, lim, ¢! ®(t) =oo. More importantly, ®(2t) < 2" (1).
The last inequality, known as the A,-condition, implies that the step func-
tions are dense in the norm topology of L” log 'L (E). We shall make use of
the Luxemburg norm

(1.6) “g||¢=inf{k>0; ggzs('g—(km)dxg}.
E

There is an advantage in using the following integral expression instead of

lgls 1

|g(x)|" dx "

E log (e + [___g(x)l)
|g[E

This is not a norm, but compares well with the Luxemburg norm, see Lem-
ma 1.2. For more properties of Orlicz spaces we refer to the recent book™ by
Rao & REexN [RR].

(.7 lgle =



134 T. Iwaniec & C. SBORDONE

The third class of functions on E C R”, denoted by L™ (E), consists of all
functions g €M< «,L°(E) such that -
1

1.8) [ &llny.e= sup [(n—s) Hg(x)fsds]s < oo,
I=s<n E

This is a norm in L™ (E) which makes L (E) a Banach space. We introduce
the following quantity
1

(t.9) (&)s,r = lim sup [(n =) §lg@)* dx] <

for g€ L™ (E).
The next two lemmas establish a relation between the above three classes
of functions.

Lemma 1.1. The Marcinkiewicz class weak-L"(E) is contained in L™ (E), and
the following uniform bounds hold:
(1.10) (8)ne=2M,(8),

111 18 lny.£ = nM,(g)
Jor all g eweak-L"(E).

Proof. If 1 = s < n, for each a > 0, one can split the integral in the right-hand
side of (1.4) to obtain

ES|g(x)[S dx = sgts‘lg*(t) dt +sj " lg (t) dt

§—

sa’ "
|E| My (g).
n

a
<s|E|fr'at+
0 -8

The second integral has been estimated by the inequality g, (¢) = |E| ¢ "M (g),
which is a direct consequence of the definition of the constant M,(g) (see
(1.3)). Setting a = M, (g) we arrive at the homogeneous inequality

(n— s)bf |g(x)|* dx = nIM,(2)]".

Now estimates (1.10) and (1.11) follow because n'” <2 and n'/*=n for
l=ss<n

The second lemma deals with the class L” log~'L(E).

Lemma 1.2. The Orlicz space L"log™'L(E) is contained in LM (E), and the
Jollowing uniform bounds hold:

(1.12) (@)ne =208k,
(1.13) | &llny.e < 4nlgle,
(1.14) [gle=elgls

for all geL"log™'L(E).
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Proof. We need two elementary inequalities:

(1.15) log*(e +1t) = A* (e + 1),
1 + At
(1.16) mint, = BT axit, 43
log(e + 1)
for ¢+ and A non-negative. These are left as an exercise.
It follows from the definition of the Luxemburg norm |g| =|g|l¢ that
lg@)|"dx L
1.17) lgll = § ",

E log <e+ [g(x)|>
gl
Let 1 = s < n. By the Hélder Inequality and by (1.15), for each k£ > 0, we can
write

Bk ﬁ)( s B
=l — log"~* (e + k
frer | § o 8 ) fosice ke
E . F E
s lgln n n
= n——sglog(e+k|g|) &(e+k|g[) )
B E E

Hence, we immediately obtain
1

S 1

n—s n=s lg]"
1.18 —~ y —5)" s "1 Y togte 515D
(1.18) |(n S)glgl = (n—5)" s"(e+klglp) §log(e+k1g|)

|-

E

Letting k= 1/|g|g yields (1.12) and (1.13). Of course, one must do some
arithmetic to obtain the constants 2 and 4n, respectively. In order to prove
(1.14), we put k=||g| ™" and s =1 in (1. 18) This yields

1g|E§( ‘Hg'ﬁ) el

Hence, by a routine calculation, we infer that

lgle=enfgl se"|gl
Finally, by inequality (1.16) and by identity (1.17), we conclude that

(61t = f1g" log™ (e+ B—')

8le

s max{t, ] flelr o (et [E) s et

as desired.
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Let 2 be a domain in R". We shall consider the Orlicz-Sobolev space
D"log D (£, R") consisting of all functions f:Q — R”" whose distributional
differential Df : Q2 — GL(n) has norm |Df| belonging to the Orlicz space
L"log7'L(2). The class of such functions may be given a norm

n? w
(1.19) 1 £ lortog-ipicn = ( § m"“) = +]Df|]lo-

Basic properties of the Orlicz-Sobolev spaces have been established by
DonaLpsoN & TRUDINGER [DT]. We infer from [DT] the following density lem-
ma analogous to that of MEYERs & SERRIN for Sobolev spaces.

Lemma 1.3. The class C§° (R", R") is dense in D" log™'D(R", R").
This result can be obtained by a standard convolution technique, which re-
quires the following property of the translation operator

lim [ g(x +y) — g(x)[|s = 0.
y-0

The latter can easily be verified, since the step functions are dense in
L™ log 'L(R"™).

2. Hodge decomposition

In this section we formulate a technical lemma which will play an impor-
tant role later. Let 2 C R” be a regular domain, for instance a Lipschitz do-
main. In our applications 2 will be the whole of R”. We begin by looking
at the familiar Poisson equation in Q:

2.1 divVu = divow,

where u is an unknown function of Sobolev class Wt (Q), 1 < r < oo, and
o= (w,..., w") is a given vector field in L"(2, R"). The existence and
uniqueness of the solution folllows by variational principles. Therefore we have
the Hodge decomposition of w

2.2) w=n+ Vu,

where 5 is a divergence-free vector field of class L"(2, R"), that is, divy = 0.
The gradient of u can be given an explicit integral representation in terms of
w. Employing the Calderén-Zygmund theory of singular integrals yields the
following estimate’

@.3) |V

lho +l1lne = Cn, n oo

Notice that, by the uniqueness of the decomposition, u =0 whenever
div v = 0. Similarly, # = 0 if w is the gradient of a function from wer ().
We would therefore expect the following stability property of the Hodge
decomposition under non-linear perturbations of w.
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Lemma 2.1. Let w be a vector field of class L™V =9 (Q, R") with r> 1 and

1
—o < g<1— —. Consider the Hodge decomposition
r

2.4) |~ w =7+ Vu

with u€ We™(Q) and divy = 0. The following estimates hold:
() If w = Vv is a gradient field with ve W9 (Q), then

Inll,e = Cn )| lo[7Gte

(ii) If w is divergence-free, then
[Vul,e = Cln, ) |e] o] rate-

We shall apply this result only for 2 = R” and for some r = %. In this
case Lemma 2.1 is just a rephrasing of what was shown in [I1]; see
Theorem 8.2. The stronger statement will be proved in the forthcoming paper
[IS].

3. Proof of Theorem 1

In this section we are dealing with mapping f= (f!, f2...,f") of
Sobolev class Wh*~¢(R", R"), — < ¢ < 1, without any assumption on the
sign of the Jacobian J(x, f) dx = df* an--- A df". As a preliminary step we
recall that

[drt =20 (x, )] = |dft| 8l dr? |- - | dfFm ).

Thus (0.4) always holds with constant equal to 1 in place of C(n)|e|. It
may therefore be assumed that |&| < % With this assumption we may apply

- 7

Lemma 2.1 with r = rlz = 1 and Q = R". Accordingly, we consider the
—&

Hodge decomposition

G.1) |VFU =8 Vf = 5 + Vu
with u € W (R") and divyq = 0. Therefore

3.2) Inln=t < C(my|e| | VF 1%

For notational simplicity it is advantageous to use differential forms instead
of vector fields. Thus a vector field # in R” will be identified with a differen-
tial form of degree 1 and the gradient Vu with du. Clearly

n—e&

df? A df? -+ A df"e L"1(RY).
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. — & - .
Since " and n—e are Holder conjugate exponents, by Stokes’ Theorem
via an approximation argument we find that
(3.3) §aundf*n--ndft="F§dudf*an---adf*)=0.
R =

Now, equation (3.1), Holder’s Inequality and Hadamard’s Inequality yield
Slaft|medft a df? a--- a df”
[RI’L
= Sﬂ AdfE A adff
ar
= llnllazz |df* a--- n df"[n=e

= Cm) el |df! 325 1df* Javer - 1 df ™ |n-e-
In the last step we have used (3.2). This completes the proof of Theorem 1.

A glance over this proof reveals that there exist more general inequalities
for integrals involving minors of the differential Df(x) of arbitrary order. For
this, however, one has to appeal to the Hodge decomposition for differential
forms of higher degree; see Theorem 8.2 in [I1]. This generalization and fur-
ther results will be presented in [IL].

4. Proofs of Theorem 2 and Theorem 3

From now on we shall consider only orientation-preserving mappings. Let
B = B(a, r) C B(a, 2r) = 2B C B(a, 3r) = 3B be given concentric balls in R”,
Let pe Cy°(2B) and w € Cy° (3B) be cut-off functions such that

o)
@)0=s¢=1,p=1o0nB |Vg|= (n),
r

c
) O=w=1, w=1on2B |Vy|= .
r

We shall examine an auxilliary mapping Fe W™~ ¢(R”, R*) with compact
support, defined by

@“.1) F=(uf's..., wf"™, of").
It is straightforward to see that
4.2)  oldf|7tdf Ao A dfPTE A dF”
=|dF'|"2dF* A~ A dF" —f"|df |76 df Ao A df"! A dg.
Applying Theorem 1 to the mapping F we find that
@3 FolVFIT I f) de

< [ |Ve||f||Df|" "¢+ C(n)|e]| § |DF|"~.
3B 3B
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In view of conditions (i) and (ii) we have an easy pointwise estimate
|DF| = C(n) r™" | f| + C(n)|Df|. Therefore,

(4.4) {IDF|"=* < C(n)-r*=" || f]""*+ C(n) ||DF|""".
3B 3B 3B
Notice that Df is not affected when a constant vector is added to f; thus
we may assume that the mean of f over the ball 3B is equal to zero. This

justifies the application of the Poincaré Inequality to the first integral in the
right-hand side of (4.4). Hence

4.5) f|DF|"=¢ = C(n) ||Df|" .
3B 3B

By conditions (i) and Holder’s Inequality we find that

S Vol | 7] |Df|"
3B

I+e (n+1) (n—1—g)
n(n—eg) | n(n—e) n(n—g) n(n—e)
égﬂ S|f| 1+e S|Df! n+1
3B 3B
Then, by the Poincaré-Sobolev Inequality with p = 7’1(”_:18) < n, we can write
n
l+e¢ n—p 1
n(n—e)\ n(n—eg) p \ m P
S 7] 1% - g i S IDf P
3B 3B 3B
Therefore, it
L C(n) n{n—eg) n
[ 1701151107177 2 €O oy
3B 3B
This, together with (4.5) reduces inequality (4.3) to

n+l
n(n—e)\ n

4.6 §Wf1|-mx,f> & < Cln) §|Dfr | cmlel §|Df|"-f.

B 3B 3B

All that remains is to examine the limit as & decreases to zero. Theorem 2
follows routinely from Fatou’s Lemma.

Finally, inequality (0.6) together with (1.7), (1.8) and (1.13) implies (0.7),
proving Theorem 3.

5. The weak Jacobian

In this section we shall prove formula (0.8) in Theorem 4. We may assume
that the test function @€ Cy°(Q) is non-negative. As in the proof of
Theorem 2, we shall consider an auxilliary test function ¥ € C§° (), equal to
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unity on the support of ¢. Thus, the mapping F = (ywf',..., wf*"}, ¢f™) has
compact support and belongs to the Orlicz-Sobolev space D" log™'D (£, R").
Clearly, for 0 < ¢ < 1 and for an arbitrary He¢ Cs5° () we can write

(5.1) Sg|df1[-8df1 A A dfP A d(ef™)
= [ |dF|"%dF' A--- A dF""! A d(F" — H)
fo

+ (|dF'|72dF' A--- A dF"™' A dH.
Q

In order to estimate the first integral in the right-hand side of (5.1) we apply
Theorem 1 to the mapping (F?, F?,..., F*~!, F"— H). After this, we appeal
to (1.8) and ({.14) in Lemma 1.2, to obtain

S |dF'|~¢dF' A+« A dF"™' A d(F" — H)
Q
= Cn)|e| [dF 125 | dF? lase - A" lnme | (F" — H) [lo—s
n—1l—eg 1
n—¢& n—&
= C(n)|e S |DF|"* € S |VF" — VH|"~¢

Q Q

= C(n)| 2| [|1DF| 36~ I VF" = VA||lx.0
< C)| Q|| |DF|[5™'=° ||DF" = VH||,.

Recall that the symbol | || stands for the Luxemburg norm in the Orlicz
space L" log7'L(Q).

We now return to identity (5.1) where we let & go to zero. Since He
Cs (8), there is no difficulty with the convergence of the second term in the
right-hand side of (5.1). Its limit is equal to zero, because {o dF' A--- A
dF" ' A dH = (=1)" ' (o d(HdF' A--- A dF""!) = 0. Therefore

lir%‘ Flaft| ¢ dft a---a df™=' a d(of™)
& Q

= Cm)| Q|| |DF|I3™ || VF" = VH] s,

for every He C§(R2). According to Lemma 1.3, with an appropriate choice
of H, the norm ||| VF" — VH|||s can be made as small as one likes. Thus the
above limit equals zero as well. This, after splitting the integral, is equivalent
to

lim [Swldfll"e df' n-eondf o § AP A A A df Ad¢]=o.
E— 0 Q

Clearly, the second term converges to 5 of*df' A--- Adf" A dp. Tt remains
to show that the first term above converges to 59 @ (x)J (x, f) dx. Recall that
we have already established the local integrability of the Jacobian. Therefore,
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the following pointwise estimate
|dft 2T (x, ) s (L+]df )T (x, f)
S |DF|" N+ T (x, f) €L (2)

justifies the use of Lebesgue’s Dominated Convergence Theorem. In conclu-
sion,

{ () J(x, f) dx =~ andfl Ao ndf* A do

@ o

for every ¢ € Cy° (Q), as desired.
Corollary 1 is now immediate; compare with [D].

6. An example

We consider the radial mapping
1

=1
6.1) fx) = > logh —
|x] | x|
_1
in the ballB=B(O,e ”). { -
For notational simplicity we introduce the function ¢(r) =— log” — , with
1 r r

0<r<e ". Then a rather elementary computation shows that

6.2) Df(x) = g(x) Id + ’“l% o' (%)),

where the tensor product x ®x is an nXn-matrix whose ij-entry equals x;x;,
Lj=1,2,...,n

o -1
We find that ¢ + r¢'=— ———— and |p+rp'|s¢ for r<e ™.

nlog —
r

Moreover, it follows from (6.2) that

-1
nlx|"’
Thus the integral §|x{<e—1/nf (x, f) dx is obviously divergent.

On the other hand | Df(x)|*=Trace (Df)" (Df) =np?+2|x| 9o’ +|x|%(9')*=
(n—1¢*+ (¢ + |x] ¢")2. Hence

det Df(x) = 9" (o +|x| @') =

(n — 1)2¢"(|x]) = |Df(x)]" = n? p"(|x])

or, equivalently,

K]

z 1 1
(n—1)?2|x]™"log — =|Df(x)|" =n?|x| " log — .

x| x|
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From this we readily deduce that

c(m) _ |Df(x)|" < Cm)
|x| log(e+ |Df(x)|> |x|
|Df |

which shows that f € weak — D" log~'D (B, R"). Notice that the Jacobian of
f is negative. However, with the aid of a reflection about an (n — 1)-dimen-
sional hyperplane we easily modify this example to obtain an orientation-
preserving mapping. Then we may conclude with the following statement.

Proposition 6.1. There exists a mapping f:B—R"” of a ball B C R" such that
. D
@) |Df|" log™! (e + Lﬂ) € weak — L1(B),

|Df |5

(ii) J(x, f) is positive everywhere, but fails to be locally integrable.
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