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 1 R Ho_�
dy��4%�!�#�\-!=B�vtYCd�^ Sobolev d�t�!4%�phC^pu 8+�_	\-�vtkw�D{��m*��!Vvpt\-0��YCd�� Sobolev d�t�ew��8� Adams[1]. phC^pu 8+t�ew�8ZF���F{v [1].

§1.1 Hölder UAE Lp UA
1.1.1 2$>(� Rn(n ≥ 2)y n{ Euclidd���7$� x = (x1, · · · , xn), y = (y1, · · · , yn) ∈
Rn t<��y 〈x, y〉 =

∑n
i=1 xiyi. $� x t3y |x| = 〈x, x〉1/2. � ei, i =

1, 2, · · · , n, y Rn Bt*T/&��� Ω 2 Rn Bt�a��fYC
χΩ(x) =

{
1, x ∈ Ω,

0, x /∈ Ωy�a Ω tV,YC�� Ω y`:���� |Ω| y Ω t n { Lebesgue :��YC f : Ω → R t3G�fy
supp(f) = Ω ∩ {x : f(x) 6= 0}.v C∞

0 (Ω) +,Py� Ω Py83Gt�h^`uYC ϕ : Rn → R P8IthC�k� n D8* α = (α1, α2, · · · , αn), (y α1, α2, · · ·, αn 2�(-C��
|α| = α1 + α2 + · · ·+ αn. α ^u NVy

∂α =
∂|α|

∂xα1
1 · · ·∂xαn

n

=
∂α1+α2+···+αn

∂xα1
1 · · · ∂xαn

n

.

∂α `dv~P tJqYC��� 0 = (0, · · · , 0)y 0 D8*�∂0 ydvNV�n k y�(-C"�� ∂k = {∂α}|α|=k.

1



� x ∈ Rn, A ⊂ Rn, �f x p A tRuy
dist(x,A) = inf

y∈A
|x− y|.

A t6D�fy
diam(A) = sup

x,y∈A
|x− y|.�| A,B ⊂ Rn, A � B tRuy

dist(A,B) = inf
x∈A,y∈B

|x− y|.� r > 0, x ∈ Rn.  ,v
B(x, r) = Br(x) = {y ∈ Rn : |x− y| < r},

B(x, r) = Br(x) = {y ∈ Rn : |x− y| ≤ r}^
S(x, r) = Sr(x) = {y ∈ Rn : |x− y| = r}+,_ x y3�_ r y�Dtj�%j^j*�

Rn Bk�j B(0, 1) t[�y ωn = |B(0, 1)| = σn−1

n
, VB σn−1 = 2πn/2

Γ(n/2+1)
yk�j* S(0, 1) t+*��

1.1.2 Hölder T�� C0(Ω) = C(Ω) yPy� Ω �CtYCtv[�� k y�(-C�`=y�h� m ≥ 1 y-C��
Ck(Ω) = {f : Ω → R : ∂αf ∈ C0(Ω), 0 ≤ |α| ≤ k}.

Ck
0 (Ω) = Ck(Ω) ∩ {f : suppf 8�d ⊂ Ω}.

Ck(Ω,Rm) = {f = (f 1, · · · , fm) : Ω → Rm : f i ∈ Ck(Ω), i = 1, · · · , m}.� f : Rn → Rm y9�tYC�� ω : [0,∞) → [0,∞) �\��_�	
(1) ω ���
(2) limt→0+ ω(t) = 0,
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(3) �| x, y ∈ Rn,

|f(x) − f(y)| ≤ ω(|x− y|), (1.1)�H ω y f t�C3�� ω(t) = Ktα, 0 < K < ∞, 0 < α ≤ 1, �H f �\Py�C K ^8C α t
Hölder _��\"

|f(x) − f(y)| ≤ K|x− y|α. (1.2)n α = 1 "�H f �\Py�C K t Lipschitz _��v"[ C0,α(Ω,Rm), 0 < α ≤ 1, +,Py�\8Cy α t Hölder _�ts�
f : Ω → Rm t�a�


C0,α(Ω,Rm) = {f : |f(x) − f(y)| ≤ K|x− y|α} .Hs� f >~ Hölder d� Ck,α(Ω,Rm), VB k ≥ 1 y-C� 0 < α ≤ 1, �
f ∈ Ck(Ω,Rm), d f tPy*~v~ k ,tMoC>~ C0,α(Ω,Rn). 


Ck,α(Ω,Rm) = {f : ∂αf ∈ C0,α(Ω,Rm), 0 ≤ |α| ≤ k}.

Ck,α(Ω,Rm) ��C
‖f‖

Ck,α(Ω,Rm
)
= max

0≤|α|≤k
sup
x∈Ω

|∂αf(x)| + sup
|α|=k

sup
x,y∈Ω,x 6=y

|∂αf(x) − ∂αf(y)|
|x− y|α5�Iy Banach d��

1.1.3 Lp T�� Ω ⊂ Rn, 1 ≤ p ≤ ∞. Lp(Ω) �fy� Ω BtPy p ^`�t`:YC
f : Ω → R t�a�


Lp(Ω) =

{
f(x) :

∫

Ω

|f(x)|pdx <∞
}
.�

Lploc(Ω) =

{
f(x) :

∫

V

|f(x)|pdx <∞, ∀V ⊂⊂ Ω

}
,

3




 Ω BPyJ5`�tYCt�a�(y V ⊂⊂ Ω ~U V ⊂ Ω.n 1 ≤ p <∞ "� Lp(Ω) Bt�Cx
‖f‖p,Ω =

(∫

Ω

|f(x)|pdx
)1/p

(1.3)9T�n p = ∞ "� Lp(Ω) Bt�Cx
‖f‖∞,Ω = esssupΩ|f(x)|. (1.4)9T��1:~kY~'tgg�� ‖f‖p,Ω �.I ‖f‖p.n f 2$��K*"�}v (1.3), (1.4) +, f t p �C�(y |f(x)| w2y$��K*t�C�|�� f = (f 1, f 2, · · · , fm) "�
|f | =

(
m∑

i=1

|f i|2
)1/2

.\" (1.3) Iy
‖f‖p,Ω =



∫

Ω

(
m∑

i=1

|f i|2
)p/2




1/p

, 1 ≤ p <∞.M6nG� Lp(Ω) Bt	M12YC��2YCtv�s��7YC f(x) ^
g(x) Hyv�t��QUr\7�:�pR$�v�� a, b > 0, p, q y Hölder �ht�
 p, q > 1, 1

p
+ 1

q
= 1. k� Zimer [1] Bt��1v+

ab ≤ ap

p
+
bq

q
.p ε > 0. !*1v+Bt a xy ε1/pa, b xy ε−1/pb, Hrp Young 1v+

ab ≤ εap

p
+
ε−q/pbq

q
. (1.5)+n p = q = 2 "
y Cauchy 1v+

ab ≤ ε

2
a2 +

1

2ε
b2. (1.6)� f ∈ Lp(Ω), g ∈ Lq(Ω), 1

p
+ 1

q
= 1, p ≥ 1, �y�*t Hölder 1v+

∫

Ω

fgdx ≤ ‖f‖p‖g‖q. (1.7)
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n p = q = 2 "� Hölder 1v+Iy Schwarz 1v+
∫

Ω

fgdx ≤ ‖f‖2‖g‖2.

Lp d�Bt�'1v+�
 Minkowski 1v+�A���	� f, g ∈ Lp(Ω),

p ≥ 1, �
‖f + g‖p ≤ ‖f‖p + ‖g‖p.k�YC f � Ω t� OV

fΩ = −
∫

Ω

f(x)dx =
1

|Ω|

∫

Ω

f(x)dx. (1.8)x Hölder 1v+`_iT	n 1 ≤ p ≤ q, |Ω| <∞ "�
(
−
∫

Ω

|f(x)|pdx
)1/p

≤
(
−
∫

Ω

|f(x)|qdx
)1/q

. (1.9)0$�x Hölder 1v+iT
∫

Ω

|f(x)|pdx ≤
(∫

Ω

|f(x)|p· q
pdx

) p
q
(∫

Ω

dx

) q−p
q

= |Ω|1− p
q

(∫

Ω

|f(x)|qdx
) p

q

.��U_ |Ω| -X p ^��rp (1.9).j\��Qv
[f ]p = |f |Ω =

(
−
∫

Ω

|f(x)|pdx
)1/p+, f t Lp �C�� p 7→ [f ]p k��

Hölder1v+`_iLp k 7YCg8�� fi ∈ Lpi(Ω), pi ≥ 1, i = 1, 2, · · · , k,d 1
p1

+ 1
p2

+ · · · + 1
pk

= 1. �y
∫

Ω

f1f2 · · · · fkdx ≤ ‖f1‖p1‖f2‖p2 · · · ‖fk‖pk
.+��bU_ |Ω| r

−
∫

Ω

f1f2 · · · fkdx ≤ [f1]p1 [f2]p2 · · · [fk]pk
.� 1 ≤ p ≤ q ≤ r, 0 ≤ λ ≤ 1, 1

q
= λ

p
+ 1−λ

r
, u ∈ Lr(Ω). n 0 < α < 1 "�p

α = λq, β = (1 − λ)q. x Hölder 1v+ (1.7) r
‖f‖qq =

∫

Ω

|f |qdx =

∫

Ω

|f |α|f |βdx ≤
(∫

Ω

|f |αydx
)1/y (∫

Ω

|f |βzdx
)1/z

,
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(y y = p
λq

, z = r
(1−λ)q

. x\iT
‖f‖q ≤ ‖f‖λp‖f‖1−λ

r . (1.10)�yn λ = 0, 1 "� (1.10) WI}�HYC Φ : Rn → R ygt���| x1, x2 ∈ Rn, 0 ≤ t ≤ 1,

Φ[(1 − t)x1 + tx2] ≤ (1 − t)Φ(x1) + tΦ(x2).� Φ(x) � Rn g� Ω ⊂ Rn y4`:� f ∈ L1(Ω), �y�*t Jensen 1v+
Φ

(
−
∫

Ω

f(x)dx

)
≤ −
∫

Ω

Φ[f(x)]dx.n 1 ≤ p ≤ ∞ "� Lp(Ω) d�2 Banach d�
n 1 ≤ p < ∞ "�R2` t
n 1 < p <∞"�R2X�t�\" Lp(Ω)t�Gd�y Lq(Ω),VB 1
p
+ 1

q
= 1.

§1.2 Schwartz �vE Sobolev mP*
1.2.1 Schwartz �u 2�LfYCt,C2xwH� Dirac ^ Schrödinger ~ 1933 B7^(vt� 1936 B Sobolev [1] _/wt���P*9t8+XT��4 2.1 s Ω � Rn Q|C)� V z7��['F1�m�1? Ω pfK9
V Q|�%��

f : C∞
0 (Ω) → V� Schwarz 
d�2m
d�k�9U� X ⊂⊂ Ω �i0|{*�~ ϕ ∈ C∞

0 (X)�7�-
|f [ϕ]| ≤ C(X)

∑

|α|≤k

sup|∂αϕ|. (2.1)�7�1? Ω pfK9 V |
d�n|F1.� D′(Ω,V).\�t� (2.1) Bt-C k ℄o~ X. !��H f � Ω BPyy�,�( (2.1)I}t`*-C k Hy f � Ω t,� f ∈ D′(Ω,V) � λ ∈ C∞(Ω) tJ��fy (λf)[ϕ] = f [λϕ].
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� f ∈ L1
loc(Ω,V). �f

f [ϕ] =

∫

Ω

ϕ(x)f(x)dx, ϕ ∈ C∞
0 (Ω). (2.2)�| X ⊂⊂ Ω, ϕ ∈ C∞

0 (X), y
|f [ϕ]| =

∣∣∣∣
∫

Ω

ϕ(x)f(x)dx

∣∣∣∣ =

∣∣∣∣
∫

X

ϕ(x)f(x)dx

∣∣∣∣ ≤ ‖f‖1,X sup |ϕ|.(U� f y Ω t�, 2�j\
L1
loc(Ω,V) ⊂ D′(Ω,V).�4 2.2 m L1

loc(Ω,V) Q|�~�H�
d��~ Dirac delta YC δa ∈ D′(Ω), y δa[ϕ] = ϕ(a). R2�, 2�l12/� 2��X 2.1 C∞
0 (Ω,V) � D′(Ω,V) BQ&�^b � Iwaniec, Martin [1, kw 4.1.1].

1.2.2 Sobolev lO)
Sobolev d�w�B��vpOV\t,C��4 2.3 �~ ω : Rn → R m�_B��k ω ? Rn z79E'|�`Il�9d B(0, 1),  ∫

Rn
ω(x)dx = 1. (2.3)_B� ω m� Sobolev _B��k ω 	�|9 C∞

0 (Rn).Z 2.1 p
ω1(x) =

{
c1(n) exp

(
1

|x|2−1

)
, � |x| < 1,

0, � |x| ≥ 1.(yF� c1(n) ( ω1(x) �\ (2.3). ω1(x) y Sobolev OV\�Z 2.2 p ω2(x) = c2(n)ϕ(|x|2 − 1
4
), (y

ϕ(t) =

{
e1/t, � t < 0,

0, � t ≥ 0.F� c2(n) ( ω2(x) �\ (2.3). ω2(x) y Sobolev OV\�
7



§1.3 Sobolev UAEsy�Y
1.3.1 Sobolev T���4�~ f ∈ C∞(Ω,V), ϕ ∈ C∞

0 (Ω), I} 5� >+
∫

Ω

ϕ(∂αf) = (−1)|α|
∫

Ω

(∂αϕ)f.n f ∈ D′(Ω,V) "��f
(∂αf)[ϕ] = (−1)|α|f [∂αϕ].� Ω ⊂ Rn ym�� V 2y�{<�d�� 1 ≤ p ≤ ∞, k = 1, 2, · · · . �f

Sobolev d� W k,p(Ω,V) x�*t 2_I	 f ∈ D′(Ω,V), d ∂αf(|α| ≤ k) =Bx Lp(Ω,V) BtYC+,�
Sobolev d� W k,p(Ω,V) Bt�Cy

‖f‖k,p =






∑

|α|≤k

∫

Ω

|∂αf(x)|pdx




1
p

, 1 ≤ p <∞,

max
|α|≤k

‖∂αf‖∞, p = ∞.

(3.1)

W k,p(Ω,V), 1 ≤ p ≤ ∞, ���C�2 Banach d��J5 Sobolev d� W k,p
loc (Ω,V) �fy

W k,p
loc (Ω,V) = {f : f ∈W k,p(Ω′,V), ∀Ω′ ⊂⊂ Ω}.d� W k,p

0 (Ω,V) �fy C∞
0 (Ω,V) ��~�C (3.1) t%�� W k,p

0 (Ω,V) W`GI� Sobolev f�'47y���X 3.1 C∞(Rn,V) ? W k,p
loc (Rn,V)(1 ≤ p ≤ ∞) QpW�

1.3.2 rx�X�4 3.1me< Ω ⊂ Rn ��9d B(a, r) ⊂ Ω|"$e<�j��i0 x ∈ Ω� y ∈ B(a, r), 7 [x, y] ⊂ Ω. m Ω ⊂ Rn � S Ie<�j� Ω 79�E`y��9Y�d|7��"$e<|b)��y� Rn Btj��[^|`Xg�y48m��
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�4 3.2 N'�%�� L : W 1,p(Ω) → R(p ≥ 1) m��4�j�w f ≡ 1u� L(f) = 1.Z 3.1 � f ∈W 1,1(Ω), �x
Lf = fΩ = −

∫

Ω

fdx�ft�C�<�Y L : W 1,1(Ω) → R yfqNV�Z 3.2 � ϕ ∈ C∞
0 (Ω), d ∫

Ω
ϕdx = 1. � f ∈ W 1,1(Ω), x

Lϕ(f) =

∫

Ω

f(x)ϕ(x)dx�ft�C�<�Y Lϕ : W 1,1(Ω) → R yfqNV�_�p V = R1 = R. �*t 3 7�w`� Martio, Rickman, Väisälä [1] B#p��X 3.1 s Ω ⊂ Rn � S Ie<� 1 ≤ p ≤ n. f
q

{
< n

n−p
, p < n,i0~, p = n.� W 1,p(Ω) ⊂ Lq(Ω), t?j~ C1 = C1(n, p, q,Ω) w{�i0�~ f ∈ W 1,p(Ω),7

‖f‖q,Ω ≤ C1‖ ▽ f‖p,Ω.�i-�4N'�� L : W 1,p(Ω) → R,

‖u− Lu‖q,Ω ≤ C2‖ ▽ u‖p,Ω, (3.2)CL C2 = C2(n, p, q, L, U) <∞ �j~��X 3.2 s Ω ⊂ Rn � S Ie<� p > n. i0 f ∈ W 1,p(Ω), t?N'�~
f ∗ w{ f = f ∗ ? Ω ,$rr�}���7 f ∈W 1,p(Ω), 7

esssupx∈Ω|f(f)| ≤ C3‖ ▽ f‖p,Ω,CL C3 = C3(n, p,Ω). �i��4N'�%�� L : W 1,p(Ω) → R, �?j~
C4 = C4(p, n, L,Ω) <∞, w{� f ∈W 1,p(Ω), 7

esssupx∈Ω|f(x) − L(f)| ≤ C4‖ ▽ f‖p,Ω. (3.3)
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�X 3.3(Poincaré �X) s Ω ⊂ Rn �79e<�t?j~ C5 = C5(p, n,Ω)w{�i0 f ∈W 1,p
0 (Ω), 7

‖f‖p,Ω ≤ C5‖ ▽ f‖p,Ω. (3.4)�(v�w 3.1, �w 3.2 ^�w 3.3 "���T�tg82VBtm�yj��[��*9T�7�wBt�C�m�t℄oH���k;\7kw�� Reshet-

nyak[1, z\��w 2.8].7X 3.1s U, V ⊂ Rn �79C)�σ : U → Rn � C1 I�
�^�σ(U) = V , σ |-7y~? U Q79���i0�~ v ∈W 1,1
loc (Ω),�~ u = v◦σ ∈W 1,1

loc (U),7
∂u

∂xi
=

n∑

j=1

(
∂v

∂yj
◦ σ
)
∂σj
∂xi

.� B = B(a, r) y Rn B_ a y3�_ r y�Dtj� B1 = B(0, 1) yk�j��p σ : x 7→ a+ rx y Rn Bt)x��y�σ(B1) = B. )x σ t Jacobi :�+y rn. � f ∈W 1,p(B), �xkw 3.1, g = f ◦ σ ∈W 1,p(B1), d� i = 1, 2, · · · , n,

∂g

∂xi
(x) =

∂f

∂yi
(a+ rx)r.j\ ∫

B1

∣∣∣∣
∂g

∂xi
(x)

∣∣∣∣
p

dx =

∫

B1

∣∣∣∣
∂f

∂yi
(a + rx)

∣∣∣∣
p

rpdx

= rp−n
∫

B

∣∣∣∣
∂f

∂yi
(a+ rx)

∣∣∣∣
p

rndx = rp−n
∫

B(a,r)

∣∣∣∣
∂f

∂yi

∣∣∣∣
p

dx.x\
‖g‖L1

p(B1) = r1−n/p‖ ▽ f‖p,B. (3.5)�d
‖g‖q,B1 =

(
1

rn

∫

B1

|f(a+ rx)|qrndx
)1/q

= r−n/q‖f‖q,B. (3.6)�y
gB1 = −

∫

B1

g(x)dx = −
∫

B

f(y)dy.
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� p ≤ n, q ≥ 1, (n− p)q ≤ n. F� (3.2) Bt L y�<�Y v 7→ vB1 rp
‖g − gB1‖Lq(B) ≤ C‖ ▽ g‖p,B1.x (3.5), (3.6) r

‖f − fB‖Lq(B) ≤ Cr1+n/q−n/p‖ ▽ f‖p,B(a,r), (3.7)(yt�C C 9℄o~ p, q, r.bU�n p > n "�x (3.3) r
esssupx∈B(a,r)|f(x) − fB| ≤ Cr1−n/p‖ ▽ f‖p,B. (3.8)�| p ≥ 1, x (3.4) r�| f ∈W 1,p

0 (B(a, r)), y
‖f‖Lp(B(a,r)) ≤ Cr‖ ▽ f‖p,B(a,r. (3.9)b 3.1 CÆ+ (3.7), (3,8) ^ (3.9) Btj B(a, r) xI�[ Q(a, r) WI}�

§1.4 3%{����	d�*�L\-!=B�vtu NV�� Ω y Rn BtXV�� V 2y�{<�d��
(1) W�NV

∇ =

(
∂

∂x1

,
∂

∂x2

, · · · , ∂

∂xn

)
: Ck(Ω,V) → Ck−1(Ω,Vn), k ≥ 1.

(2) 	�NV
div : Ck(Ω,Vn) → Ck−1(Ω,V)2W�NVt8+�h��fy

div(v1, · · · , vn) =
∂v1

∂x1
+ · · ·+ ∂vn

∂xn
.

(3) Laplace NV
△ = div∇ : Ck(Ω,V) → Ck−2(Ω,V).
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(4) u NV
D : Ck(Ω,Rm) → Ck−1(Ω,Rm×n)! f = (f 1, f 2, · · · , fm) s�yV Jacobi K*

Df(x) =

(
∂f i(x)

∂xj

)

1≤i≤m,1≤j≤n

=




∂f1

∂x1
, ∂f1

∂x2
, · · · , ∂f1

∂xn
∂f2

∂x1
, ∂f2

∂x2
, · · · , ∂f2

∂xn

· · ·
∂fm

∂x1
, ∂fm

∂x2
, · · · , ∂fm

∂xn


 .

(5) S<u NV
Dt : Ck(Ω,Rm) → Ck−1(Ω,Rn×m)�fy Dtf(x) = (Df(x))t.

(6) K*t	�
Div : Ck(Ω,Rm×n) → Ck−1(Ω,Rm)�fy

Div[F i
j ] = (divF 1, · · · , divFm),(y F 1, · · · , Fm y F t:$��

(7) E�NV
curl : Ck(Ω,Rn) → Ck−1(Ω,Rn×n)dvp f = (f 1, f 2, · · · , fn) ��fy

curl(f) = Df −Dtf =

(
∂f i

∂xj
− ∂f j

∂xi

)

1≤i,j≤n

.�*�7�w2�u NV5�tH�+��X 4.1 Laplace �T △ E
8�
△ = ∇(div) + Div(curl) : Ck(Ω,Rn) → Ck−2(Ω,Rn), k ≥ 2. (4.1)^b � f ∈ Ck(Ω,Rn). n {$�

∇(div f) + Div(curlf)
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tz k(1 ≤ k ≤ n) 7 �y
∂

∂xk

n∑

i=1

∂f i

∂xi
+

n∑

i=1

∂

∂xi

(
∂fk

∂xi
− ∂f i

∂xk

)

=

n∑

i=1

(
∂2f i

∂xk∂xi
+
∂2fk

∂x2
i

− ∂2f i

∂xi∂xk

)

=

n∑

i=1

∂2fk

∂x2
i

= △fk.x\iT (4.1).�X 4.2 s ϕ ∈ C∞(Ω), f ∈ D′(Ω,Rn), �
div(ϕf) = ϕdivf + 〈f,∇ϕ〉, (4.2)

D(ϕf) = ϕDf + f ⊗∇ϕ, (4.3)

curl(ϕf) = ϕcurl(f) + f ×∇ϕ, (4.4)CL|AP'�h'
a�1�
ξ ⊗ ζ = [ξiζj] ∈ Rn×n, ξ × ζ = ξ ⊗ ζ − ζ ⊗ ξ, ξ, ζ ∈ Rn.^b
div(ϕf) = div(ϕf 1, ϕf 2, · · · , ϕfn)

=
∂(ϕf 1)

∂x1
+
∂(ϕf 2)

∂x2
+ · · · + ∂(ϕfn)

∂xn

= ϕ

(
∂f 1

∂x1

+
∂f 2

∂x2

+ · · ·+ ∂fn

∂xn

)
+ f 1 ∂ϕ

∂x1

+ f 2 ∂ϕ

∂x2

+ · · ·+ fn
∂ϕ

∂xn
= ϕdivf + 〈f,∇ϕ〉.

D(ϕf) =

(
∂(ϕf i(x))

∂xj

)

1≤i,j≤n

=

(
ϕ
∂f i

∂xj
+ f i(x)

∂ϕ

∂xj

)

1≤i,j≤n

= ϕ

(
∂f i(x)

∂xj

)

1≤i,j≤n

+

(
f i(x)

∂ϕ

∂xj

)

1≤i,j≤n

= ϕDf + f ⊗∇ϕ.

curl(ϕf) = D(ϕf) −Dt(ϕf) =

(
∂(ϕf i)

∂xj
− ∂(ϕf j)

∂xi

)

1≤i,j≤n

=

(
ϕ
∂f i

∂xj
+ f i

∂ϕ

∂xj
− ϕ

∂f j

∂xi
− f j

∂ϕ

∂xi

)

1≤i,j≤n

= ϕ

(
∂f i

∂xj
− ∂f j

∂xi

)

1≤i,j≤n

−
[(

f i
∂ϕ

∂xj

)

1≤i,j≤n

+

(
f j
∂ϕ

∂xi

)

1≤i,j≤n

]

= ϕcurl(f) + f ×∇ϕ.

13



�w 4.2 2$�
§1.5 ���� e1, e2, · · · , en y Rn Bt*T/&��� l = 0, 1, · · · , n, � ∧l =

∧l(Rn) y
Rn  l $�t'd�� ∧0 = C,

∧1 = Cn.
∧l xpJ

eI = ei1 ∧ ei2 ∧ · · · ∧ eilt�<_a_I�VB I = (i1, i2, · · · , il), 1 ≤ i1 < i2 < · · · < il ≤ n, y|yB l-D� ∧l t*T�y {eI}. d� ∧l t'{Cy
dim

∧l
= C l

n,(y C l
n y_aC� ∧l Bt�7	M µ =

∑
I µIe

I ^ λ =
∑

I λIe
I , µ, λ t<�y

〈µ, λ〉 =
∑

I

µIλI ,(ytk^�PyyB l- Dk� Rn t[�8+�y
vol = e1 ∧ e2 ∧ · · · ∧ en ∈

∧n
(Rn).n l /∈ {0, 1, · · · , n} "�� ∧l(Rn) = {0}. α ∈ ∧l � β ∈ ∧k tp�y

α ∧ β = (−1)lkβ ∧ α ∈
∧l+k

.� A = (aij)1≤i,j≤n y n× n K*�� α1, α2, · · · , αn ∈ ∧1(Rn) = Cn, �
Aα1 ∧ Aα2 ∧ · · · ∧ Aαn = (detA)α1 ∧ α2 ∧ · · · ∧ αn.�| α1, α2, · · · , αl ∈

∧1, �f
Al#(α1 ∧ α2 ∧ · · · ∧ αl) = Aα1 ∧Aα2 ∧ · · · ∧ Aαl :

∧l
→
∧l

14



y A t l ^p(�n1:~kY~'t"l� Al# ��y A#. V,t��yB l-D J = (j1, j2, · · · , jl),

Al#(eJ) = Aej1 ∧ Aej2 ∧ · · · ∧Aejl
=

(
n∑

i1=1

ai1j1ei1

)
∧
(

n∑

i2=1

ai2j2ei2

)
∧ · · · ∧

(
n∑

il=1

ailjleil

)

=
∑

ai1j1a
i2
j2
· · ·ailjlei1 ∧ ei2 ∧ · · · ∧ eil

=
∑

I

AIJe
I ,(ytk^2�PyyB l- D I = (i1, i2, · · · , il) kt�� AIJ y_ A B
r i /∈ It9-:�-
r j /∈ J t9-�m��t l × l ,V+t:�+�

AIJ = det

(
aij
)
i∈I,j∈J

.(U Al# x AIJ +,y
Al# = (AIJ)I,J .� GL(n) yPy:�+��t n× n $K*tv[� S(n) ⊂ GL(n) yPy/���H�:�+y 1 t n× n K*tv[�7X 5.1 � A,B ∈ GL(n), 7

(1) (AB)# = A#B#;

(2) k detA 6= 0, � (A−1)# = (A#)−1 = A−1
# ;

(3) (At)# = (A#)t = At#;

(4) � ω ∈ ∧p, η ∈ ∧q, 7 A#(ω ∧ η) = (A#ω) ∧ (A#η).^b 8� Flanders [1, §II, 2.4].�` 5.1 k A 
a�"}?E�H5?E��m?E��6?E�E℄?E�� A# ,z�
Hodge4NV ∗ :

∧l → ∧n−l yx���+�ft�<NV	�| µ, λ ∈ ∧l,

µ ∧ ∗λ = 〈λ, µ〉vol.�*k��8*t,C�� l- D I = (i1, i2, · · · , il), �f I t�8* N − I y
(n− l)- D8* J = (j1, j2, · · · , jn−l), VB j1, j2, · · · , jn−l y_ N = (1, 2, · · · , n) B
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r i1, i2, · · · , il 5m��t"��y
∗eI = σ(I,N − I)eN−I ,(y σ(I,N − I) ∈ {−1, 1} ℄o~x (I,N − I) <xI N = (1, 2, · · · , n) t^C�n<x^CyGC"�σ(I,N − I) = 1, !� σ(I,N − I) = −1. jy σ(I,N − I) =

(−1)l(n−l)σ(N − I, I), P_
∗∗ = (−1)l(n−l) :

∧l
→
∧l

.7X 5.2 �i0 A ∈ GL(n), 7
At# ∗ A# = (detA)∗ :

∧l
→
∧n−l

.^b � µ ∈ ∧n−l, λ ∈ ∧l, �
〈At# ∗ A#λ, µ〉vol = 〈∗A#λ,A#µ〉vol

= A#µ ∧ ∗ ∗ A#λ = A#µ ∧A# ∗ ∗λ
= A#(µ ∧ ∗ ∗ λ) = A#〈∗λ, µ〉vol

= (detA)〈∗λ, µ〉vol,j\ (At# ∗ A#)λ = (detA) ∗ λ. kw 5.2 x λ t|<r4�
§1.6 ���)�� ∧k(Ω) = D′(Ω,

∧k). α ∈ ∧k Py��+,
α =

∑

I

αIdxI ,VB�C αI ∈ D′(Ω) y'7 2� I yyB k- D���| I, αI ∈ Lploc(Ω), � k$�tphC��nPyt{ x ∈ Ω I}�"[ C∞
0 (Ω,

∧k) ^ Lpm(Ω,
∧k) tf1QX/� Lpm(Ω,

∧k) Py��C
‖α‖m,p =



∫

Ω


∑

I




∑

|ν|=m

|DναI(x)|2






p/2

dx




1/p

.
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� k = 1, 2, · · · , n + 1, �poCNVy d :
∧k−1(Ω) → ∧k(Ω). n k =

0, 1, · · · , n "� Hodge NV d∗ :
∧k(Ω) → ∧k−1(Ω) �fy
d∗ = (−1)n(n−k) ∗ d∗

Hodge NV d∗ ypoCNV d t8+�h�� α ∈ C∞(Ω,
∧k), β ∈ C∞(Ω,

∧k+1),d:�y\7� Ω Py83G��
∫

Ω

〈α, d∗β〉dx = −
∫

Ω

〈dα, β〉dxÆNr4� Laplace NV △ = dd∗ + d∗d :
∧k(Ω) → ∧k(Ω) 9� k 8+ α t�Cdv�
� α =

∑
I α

IdxI , y
△α =

∑

I

△αIdxI ,(y △αI ya�tYC αI dv Laplace NV��4 6.1 m�
$x α ∈ ∧l(Ω) �[|�j� dα = 0; m`�:[|�j�
d∗α = 0. m α �bw|�j�t?�
$x β ∈ ∧l−1(Ω), w{ α = dβ; m`�:bw|�j�t?�
$x γ ∈ ∧l+1(Ω), w{ α = d∗γ.x Poincaré kw�[ntu 8+y%t��[ntu 8+y�%t�7X 6.3 s α ∈ Lp1(R

n,
∧k−1), β ∈ Lq1(R

n,
∧k+1), 1

p
+ 1

q
= 1, �

∫

Rn
〈dα, d∗β〉dx = 0.^b jy Lp1(R

n)∩C∞(Rn) ^ Lq1(R
n)∩C∞(Rn)  ,� Lp1(R

n) ^ Lq1(R
n) BQ&�P_`�� α ^ β Jq��|YC ϕ ∈ C∞

0 (Rn),

ϕ〈d∗β, dα〉dx = ϕ(dα ∧ ∗d∗β) = d(ϕα ∧ ∗d∗β) − dϕ ∧ α ∧ ∗d∗β.x Stokes �w�
∣∣∣∣
∫

Rn
ϕ〈dα, d∗β〉dx

∣∣∣∣ =
∣∣∣∣
∫

Rn
α ∧ dϕ ∧ d ∗ β

∣∣∣∣ .� R > 0, ϕ ∈ C∞
0 (B(0, 2R)), 0 ≤ ϕ ≤ 1, � B(0, R)  ϕ ≡ 1, d

|∇ϕ| ≤ 2

R
.
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�y`x α−α0 h\ α, (y α0 ∈
∧k−1 Py��C�x Hölder 1v+^ Poincarékwrp

∣∣∣∣
∫

Rn
ϕ〈dα, d∗β〉dx

∣∣∣∣ ≤ 2

R
‖β‖Lq

1(R<|x|<2R)‖α− α0‖Lp(|x|<2R)

≤ C(n, p, k)‖β‖Lq
1(R<|x|<2R)‖α‖Lp

1(Rn
)
.p R → ∞, x Lebesgue e=6��wr

‖β‖Lq
1(r<|x|<2R) → 0.kw 6.3 r2�� f = (f 1, f 2, · · · , fn) ∈W 1,lp

loc (Ω,Rn), p ≥ 1. x f {otbK
f ∗ : C∞

(
Rn,

∧l−1)
→ Lploc

(
Ω,
∧l−1)Hyk{�
� α ∈ C∞(Rn,

∧l−1), α =
∑

I α
IdxI , �

(f ∗α)(x) =
∑

I

αI(f(x))df i1 ∧ df i2 ∧ · · · ∧ df il−1.� α Py�<�C�� α tpoCy dα = β =
∑

J β
JdxJ . (78+Py��C�j\{ot l- 8+

(f ∗β)(x) =
∑

J

βJdf j1 ∧ df j2 ∧ · · · ∧ df jlt�C2 Jacobi K* Df(x) t l × l ,V+t�<_a�d2`:t�j\
f ∗β ∈ Lploc

(
Ω,
∧l)

.dv�Py��Ct l- 8+tNV f ∗ `ZT2�<)x Dtf(x) t l ^p(�

(f ∗dα)(x) = [Dtf(x)]#dα.p(y�*tdv+�7X 6.4 ��7�%�~| α ∈ ∧l−1(Rn), f ∈W 1,pl

loc (Ω,Rn), p ≥ 1, 7
d(f ∗α) = f ∗(dα),
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CLYfK8�
d�^b � fν ∈ C∞(Ω,Rn), ν = 1, 2, · · · , y�& W 1,pl
loc (Ω,Rn) BtnR6�p fts�B���yy d(f ∗

να) = f ∗
ν (dα), ν = 1, 2, · · · . l

f ∗
να → f ∗α, in Lploc

(
Ω,
∧l−1)

,

f ∗
ν (dα) → f ∗

ν (dα), in Lploc

(
Ω,
∧l)

.j\� D′(Ω,
∧l) B�

d(f ∗
να) → d(f ∗α).kw 6.4 r2�

§1.7 3%Gn8Y!/�L!=B�vt\-��kw�
1.7.1 2�4qs���*tkwTX Iwaniec, Migliaccio, Nania, Sbordone [1].7X 7.1 s X, Y ∈ Rn, n ≥ 2. �

||X|εX − |Y |εY | ≤
{

1−ε
2ε(1+ε)

|X − Y |1+ε, −1 < ε ≤ 0,

(1 + ε)(|Y | + |X − Y |)ε|X − Y |, ε > 0.
(7.1)^b 1�� X 6= Y . � 0 ≤ t ≤ 1,

∣∣∣∣
d

dt
|tX − tY + Y |ε(tX − tY + Y )

∣∣∣∣
= |tX − tY + Y |ε|X − Y |

+
∣∣ε|tX − tY + Y |ε−2〈tX − tY + Y,X − Y 〉(tX − tY + Y )

∣∣
≤ (1 + |ε|)|tX − tY + Y |ε|X − Y |

≤
{

(1 − ε)|t|X − Y | − |Y ||ε|X − Y |, −1 < ε ≤ 0,

(1 + ε)(|Y | + |X − Y |)ε|X − Y |, ε > 0.xB7�w� (7.1) tz�71v+�y�n −1 < ε ≤ 0 "�� t ∈ [0, 1] � rp
||X|εX − |Y |εY | ≤ |1 − ε||X − Y |1+ε

∫ 1

0

|t− a|εdt,
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(y
a =

|Y |
|X − Y | .j\ ∫ 1

0

|t− a|εdt ≤ max
b

∫ b+1

0

|τ |εdτ =

∫ 1/2

−1/2

|τ |εdτ =
1

2ε(1 + ε)
.kw 7.1 r2�

1.7.2 Hodge �F� (X,µ) y:�d�� E y` t' Hilbert d��� ξ, ζ ∈ E, V<��y
〈ξ, ζ〉. Lp(X,E) d�	V�C�fy

Lp(X,E) =

{
f :

∫

X

|f |pdµ < +∞
}
, ‖f‖p =

(∫

X

|f |pdµ
)1/p

.� 1 ≤ r1 ≤ r ≤ r2 ≤ +∞, T : Lr(X,E) → Lr(X,E) �Py r ∈ [r1, r2] yy4�<NV�V r �C�y ‖T‖r.k���<s�
Sε(f) =

( |f |
‖f‖r

)ε
f : Lr(X,E) → L

r
1+ε (X,E).7X 7.2 s r

r2
− 1 ≤ ε ≤ r

r1
− 1. ��i0 f ∈ Lr(X,E), 7

‖TSε(f) − Sε(Tf)‖ r
1+ε

≤ Cr|ε|‖f‖r, (7.2)CL
Cr =

2r(r2 − r1)

(r − r1)(r2 − r)
sup

r1≤s≤r2

‖T‖s.^b � |ε| ≥ (r−r1)(r2−r)
r(r2−r1)

, �
‖TSε(f) − Sε(Tf)‖ r

1+ε
≤ ‖TSε(f)‖ r

1+ε
+ ‖Sε(Tf)‖ r

1+ε

≤ ‖T‖ r
1+ε

‖Sε(f)‖ r
1+ε

+ ‖Tf‖r
≤ ‖T‖ r

1+ε
‖f‖r + ‖T‖r‖f‖r

≤ 2 sup
r1≤s≤r2

‖T‖s‖f‖r
≤ Cr|ε|‖f‖r.
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�*2/n |ε| < (r−r1)(r2−r)
r(r2−r1)

" (7.2) I}�� q y r t Hölder �h8C�

1
q

+ 1
r

= 1. �'O*[6~$Jtg6�
1

r2
− 1

r
≤ x ≤ 1

r1
− 1

r
(7.3)Bt!7'C z = x+ iy, �f Hölder �h8C

rz =
r

1 + rx
, qz =

q

1 − qx
.(U�g6� (7.3) Bt z, y r1 ≤ rz ≤ r2. k���<s�

Rzf =

( |f |
‖f‖r

)rz
f : Lr(X,E) → Lrz(X,E)^

Qzg =

( |g|
‖g‖q

)−qz

g : Lq(X,E) → Lqz(X,E).�y |Rzf | = ‖f‖−rxr |f |1+rx, |Qzg| = ‖g‖qxq |g|1−qx. j\� f ∈ Lr(X,E) ^ g ∈
Lq(X,E),

‖Rzf‖rz = ‖f‖r, ‖Qzg‖qz = ‖g‖q. (7.4)�g6� (7.3) B�f2�YC
φ(z) =

∫

X

〈TRzf − RzTf,Qzg〉dµ.x`4 φ(0) = 0. x Hölder 1v+^v+ (7.4) rp
|φ(z)| ≤

∫

X

|TRzf − RzTf ||Qzg|dµ
≤ ‖TRzf − RzTf‖rz‖Qzg‖qz
≤ (‖T‖rz + ‖T‖r)‖f‖r‖g‖q
≤ 2 sup

r1≤s≤r2

‖T‖s‖f‖r‖g‖q.Qp�I {
z : |z| ≤ ρ =

(r − r1)(r2 − r)

r2(r2 − r1)

}�V�g6� (7.3) B (jy ρ ≤ 1
r1
− 1

r
, ρ ≤ 1

r
− 1

r2
), ~2x Schwarz kwr

|φ(z)| ≤ 2
|z|
ρ

sup
r1≤s≤r2

‖T‖s‖f‖r‖g‖q.
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V,t�jy |ε| ≤ rρ, P_
∣∣∣φ
(ε
r

)∣∣∣ ≤ Cr|ε|‖f‖r‖g‖q.|
Sε(f) = R ε

r
(f), ‖Q ε

r
(g)‖ r

r−1−ε
= ‖g‖q,(U

‖TSε(f) − Sε(Tf)‖ r
1+ε

= sup
g∈Lq(X,E)

∣∣∣
∫
X
〈TSε(f) − Sε(Tf),Q ε

r
(g)〉dµ

∣∣∣
‖Q ε

r
(g)‖ r

r−1−ε

= sup
g∈Lq(X,E)

∣∣φ
(
ε
r

)∣∣
‖g‖q

≤ Cr|ε|‖f‖r.kw 7.2 2$��` 7.1 ?3K 7.2 |/s��k Tf = 0, �
‖T (|f |εf)‖ r

1+ε
≤ Crε‖f‖1+ε

r .^b x Tf = 0, T yy4�<NV^kw 7.2 r
1

‖f‖εr
‖T (|f |εf)‖ r

1+ε
=

∥∥∥∥
1

‖f‖εr
T (|f |εf)

∥∥∥∥
r

1+ε

=

∥∥∥∥T
( |f |
‖f‖r

)ε
f

∥∥∥∥
r

1+ε

= ‖TSε(f) − Sε(Tf)‖ r
1+ε

≤ Crε‖f‖r.i� 7.1 2$��*k� Riesz )xt,C�9� f ∈ C∞
0 (Rn), �f Riesz )x

Rν : Lp(Rn) → Lp(Rn), 1 < p <∞, ν = 1, 2, · · · , ny
Rνf(x) = cn

∫

Rn

(xν − yν)f(y)

|x− y|n+1
dy (7.5)(y

cn = π−(n+1)/2Γ

(
n+ 1

2

)
,
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(7.5) Bt� w2yN7� n D Riesz )x�fy
R = (R1,R2, · · · ,Rn) : Lp(Rn) → Lp(Rn,Rn).

n = 1 "t Riesz )xHy Hilbert )x	
Hf(x) =

1

π

∫ ∞

−∞

f(y)

x− y
dy.9�$� F = (f 1, f 2, · · · , fn) ∈ Lr(Rn,Rn), 1 < r < ∞, Poisson �L △u =

divF `x Rn Bt Riesz )x+,�
▽u = −(R⊗R)(F ) = K(F ).(y!��NV K = −(R ⊗ R) = −[Rij ] y�, Riesz )x Rij = Ri ◦ Rj ,

i, j = 1, 2, · · · , n t n× n K*�QpNV
H = Id −K : Lr(Rn,Rn) → Lr(Rn,Rn)x	�y�t$�_I�~2rpH~ F t Hodge  2

F = ▽u+H, div H = 0.x Riesz )xt Lr CÆrp\;CÆ+
‖ ▽ u‖r + ‖H‖r ≤ C(r)‖F‖r.(yt C(r) 9℄o~ r.� Ω ⊂ Rn ym��G = G(x, y) y Ω ⊂ Rn t Green YC�� h ∈ C∞

0 (Ω), � 
u(x) =

∫

Ω

G(x, y)h(y)dy9T	 Poisson �L △u = h t\72�VB u � Ω t'4y��� h Py	�8+�
 h = divF , F = (f 1, f 2, · · · , fn) ∈ C∞
0 (Ω,Rn), �x 5� rp

u(x) = −
∫

Ω

△yG(x, y)F (y)dy.
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j\ u tW�xWi� 
▽u(x) = −

∫

Ω

▽x ▽y G(x, y)F (y)dy = (KΩF )(x)+,�Hm� Ω ⊂ Rn y/�t��NV KΩ �Pyt Lr(Ω,Rn), 1 < r <∞ y4�j^�[y Rn Bt/�m���/�m� Ω k�NV
HΩ = Id −KΩ : Lr(Ω,Rn) → Lr(Ω,Rn).�y HΩ t7�x	�y�t$�_I�� F ∈ Lr(Ω,Rn), y Hodge  2

F = ▽u+H, divH = 0,-y\;CÆ
‖ ▽ u‖r,Ω + ‖H‖r,Ω ≤ C(r,Ω)‖F‖r,Ω.� Ω yj��[�� C(r,Ω) 1℄o~ Ω.p H = HΩ(| ▽ w|ε ▽ w), jy ▽w >~ HΩ t\�P_
‖H‖r/(1+ε) ≤ Cr(Ω, m)|ε|‖ ▽ w‖1+ε

r ,(y
Cr(Ω, m) ≤ 2r(s2 − s1)

(r − s1)(s2 − r)
(‖Hω‖s1 + ‖Hω‖s2),

s1 < r < s2 y�\
1 < s1 ≤

r

1 + ε
≤ s2 <∞t|C�kw 7.2 rp7X 7.3 s Ω ⊂ Rn �H�e<� w ∈ W 1,r

0 (Ω,Rm), r > 1, m ≥ 1. s
−1 < ε < r − 1. �t? φ ∈ W

r
1+ε

0 (Ω,Rm) �n��Q (divergence free) |?E
H ∈ L

r
1+ε (Ω,Rm×n), w{

|∇w(x)|ε∇w(x) = ∇φ(x) +H(x), (7.6)
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7�X|�-
‖H‖ r

1+ε
≤ Cr(Ω, m)|ε|‖∇w‖1+ε

r , (7.7)*tkwTX Iwaniec, Sbordone [1, �w 3], R2$�t Hodge  2��*tkwTX Greco, Iwaniec [2], RW2$�t Hodge  2�l1Vk u �'4y��7X 7.4 s B = B(a, r)� Rn Q|d�u ∈W 1,r(B), p > 1. �� ε ∈ (1−r, 1),

|∇u|−ε∇u ∈ Lr/(1−ε)(B,Rn) E
8�
|∇u(x)|−ε∇u(x) = ∇ϕ(x) +H(x), (7.8)CL ϕ ∈ W 1,r/(1−ε)(Rn),  H ∈ Lr/(1−ε)(Rn,Rn) zn��Q|�P�7�X|�-
‖H‖r/(1−ε) ≤ C(n, r)|ε|‖∇u‖1−ε

r , (7.9)CLj~ C(n, r) M.H9 n, r.^b 1�� B _
{y3�YC u `_jPp Rn �
u(x) = u

(
R2x

|x|2
)
, x ∈ Rn \B.�aZp ∫

R<|x|<2R

|∇u(x)|rdx =

∫

R/2<|x|<R

|∇u(x)|r
∣∣∣ x
R

∣∣∣
2r−2n

dx.j\ ∫

2B

|∇u(x)|rdx ≤ 4n
∫

B

|∇u(x)|rdx.�*� η ∈ C∞
0 (2B)y,	YC�(r 0 ≤ η ≤ 1, � B  η ≡ 1,d |∇η| ≤ c(n)/R.�f$PYC ω ∈W 1,r

0 (2B) ⊂W 1,r(Rn) y
ω(x) = η(x)[u(x) − u2B].x Poincaré 1v+rp

∫

Rn
|∇u|rdx ≤ C(n, r)

∫

2B

|∇u|rdx ≤ 4nC(n, r)

∫

B

|∇u|rdx. (7.10)
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ovkw 7.2, \��*t Hodge  2
|∇ω|−ε∇ω = ∇ϕ+H, (7.11)(y ϕ ∈W 1,r/(1−ε)(Rn), H ∈ Lr/(1−ε)(Rn,Rn), d

‖H‖r/(1−ε) ≤ c(n, r)|ε|‖∇ω‖1−ε
r .

(7.10) iT (7.9).�*tkwTX Iwaniec, Martin [1], R2u 8+t Hodge  2�7X 7.5 k ω ∈ Lp(Rn,
∧k), 1 < p <∞, �t? (k − 1) $x α � (k + 1) $x β, w{

ω = dα + d∗β, dα, d∗β ∈ Lp(Rn,
∧k). �
$x dα, d∗β z�-|�

α ∈ Kerd∗ ∩ Lp1
(
Rn,

∧k−1)
, (7.12)

β ∈ Kerd ∩ Lp1
(
Rn,

∧k+1)
, (7.13)7�X|-O�-

‖α‖
Lp

1(Rn
)
+ ‖β‖

Lp
1(Rn

)
≤ Cp(k, n)‖ω‖p, (7.14)CL Cp(k, n) M.H9 p, k, n.^b �2x\<��

dα + d∗β = 0, dα, d∗β ∈ Lp
(
Rn,

∧k)
,x\rp

d∗dα = 0, dd∗β = 0.j\ dd∗(dα) = 0, d∗d(d∗β) = 0. (70Q�a d∗d(dα) = 0 ^ dd∗(d∗β) = 0 rp
△dα = 0, △d∗β = 0.
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j\ dα ^ d∗β 2�^td Lp `��x Weyl kw (x u ∈ D′(Ω) d △u = 0 iT u �a�f��^) 4 dα ^ d∗β �a�f��^d Lp `��j\ dα = 0,

d∗β = 0.y2a�<�k2�*t Poisson �L
ω = △ϕ.V2 ϕ `x Riesz �1+,	n n = 2 "�

ϕ(x) =
1

2π

∫
ω(y) log |x− y|dy;n n ≥ 3 "�

ϕ(x) = −Γ(n/2 − 1)

4πn/2

∫
ω(y)dy

|x− y|n−2
.� ϕ = R(ω). ϕ t�,oC`x�++,	� i = 1, 2, · · · , n,

∂2ϕ

∂xi∂xj
= −RiRj(△ϕ) = −RiRj(ω),(y Ri y Riesz )x�x Riesz )xt Lp w�4
ϕ ∈ Lp2

(
Rn,

∧k)
,

‖ϕ‖
Lp

2(Rn
)
≤ Cp(k, n)‖ω‖p. (7.15)���

ω = △ϕ = (dd∗ + d∗d)ϕ = dα + d∗β,(y α ∈ Kerd∗∩Lp1
(
Rn,

∧k−1
)
, β ∈ Kerd∩Lp1

(
Rn,

∧k+1
)
. CÆ+ (7.13)x (7.15)rp�

1.7.3 zj Hölder s���*tkw }	�� Hölder1v+^ Lp`�<5�tH��8� Giaquinta[1,z
�1Z 1.2].7X 7.5 s 0 < r < d0 ≤ dist(x, ∂Ω), x ∈ Ω. j��9�~ g(x), h(x) ∈
Lp(Br), 1 < p <∞, nM

−
∫

B r
2

|g(x)|pdx ≤ θ −
∫

Br

|g(x)|pdx+ C

(
−
∫

Br

|g(x)|sdx
) p

s

+ C −
∫

Br

|h(x)|pdx (7.16)

27



CL 1 ≤ s < p, 0 ≤ θ < 1 
ZT-�t?L~ p′ = p′(θ, p, n, C) > p w{
g ∈ Lp

′

loc(Ω,R
n); b

(
−
∫

B r
2

|g(x)|p′dx
) 1

p′

≤ C

(
−
∫

Br

|g(x)|pdx
) 1

p

+ C

(
−
∫

Br

|h(x)|pdx
) 1

p

(7.17)

pPa=� � 1.1-1.3 .7[� Reshetnyak[1], Iwaniec, Martin[1], Zimer[1], Iwaniec

[1]. 1.4 .7[� Iwaniec [2]. 1.5-1.6 .7[� Iwaniec, Martin[1]. 1.7 .7[� Iwaniec,

Migliaccio, Nania, Sbordone [1], Greco, Iwaniec [1], Iwaniec, Sbordone [1,2] ℄ Giaquinta

[1].
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 2 R i℄O>�O*?�8s�2k')YC�tDV<��Vov�vL�n {d�?�8s�t,C2x Lavrent’ev ~�!/��!Bhk�t�� Lavrent’ev[1], V�eOFX)~�!/��!Bh��!/��!Bh5�K�CH� Reshetnyak X)	d�?/�s� (Reshetnyak H5y MAAH�S�T�;}) w�tOF� }	d�?/�s�tu	<^X�<vDV<���[0<RO Reshetnyak

[1]. Æmt�By� Martio, Rickman, Väsälä v{{vOF?�8s�tZe���
n�℄t3^31v+v��� }	3{d�?/�s�t/M℄w�^7 2w�v�� Martio, Rickman, Väsälä [1-3]. �!/�G!BhR� Iwaniec,

Martin [1] ^ Iwniaec [1] � ” ?�8 4 {�8 ”(� Donalson, Sullivan [1]) <dt�V�!Wi� t Calderón-Zgymund w��u �`Bt Hodge  2w��
Grassman hC^ Sobolev d�t ���k�d�?/�s�tOF� }	GC{	|{C�?/�s�t/�<�`rWi<v0Q�pr	hQ<;��-(r?/�s�tw��ov�ZtOFIynhP�z#bZ�!�#�?/�s�w���i?/�s���?/�s�_	kst?/�s�v�

§2.1 K- h\N=�
2.1.1 K- fZL;}��4� A,B ∈ Rn×n y�7 n ,�*�R$t<��fy

〈A,B〉 = Trace(BtA) = Trace(AtB) =
n∑

i=1

〈Aei, Bei〉.K* A = (aij)1≤i,j≤n t Hilbert-Schmidt �C�fy
|A| =

√
〈A,A〉 =

(
n∑

i=1

|Aei|2
)1/2

=

(
n∑

i=1

(aij)
2

)1/2

.�$w!vp A t���C
‖A‖ = max{|Av| : |v| = 1}.
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x Hadamard 1v+rp
nn/2| detA| ≤ ‖A‖n,v[I}nd9n A y�<�8)x�� Ω ⊂ RnyX��f = (f 1, f 2, · · · , fn) ∈W 1,p

loc (Ω,R
n), p ≥ 1. � f tu K*y Df(x) ∈ Lploc(Ω,R

n×n), V�ot Jacobi :�+y J(x, f) = Jf(x) = detDf(x).�4 1.1 5r f : Ω → Rn m� K- \H�5r� K ≥ 1, k f ∈W 1,n
loc (Ω,Rn),

|Df(x)|n ≤ KJf (x), a.e. x ∈ Ω. (1.1)8k f ��^|��m`� K- \�$5r�
2.1.2 K- fZL;}� Caccioppoli s��!*/ } K- ?/�s�t Caccioppoli 1v+�3,`�<dyVi���X 1.1 s f ∈W 1,n

loc (Ω,Rn)�K-\H�5r��i0j�P C = (C1, C2, · · · , Cn)�i0 ϕ(x) ∈ C∞
0 (Ω), �X| Caccioppoli }xnM
∫

Ω

|ϕDf |ndx ≤ (nK)n
∫

Ω

|(f − C) ⊗∇ϕ|ndx. (1.2)(y ⊗ y$�t!���� §1.4.^b x (1.1), Hölder 1v+_	
Jf (x)dx = df 1 ∧ df 2 ∧ · · · ∧ dfnr

∫

Ω

|ϕDf |ndx =

∫

Ω

ϕn|Df |ndx ≤ K

∫

Ω

ϕnJf(x)dx

= K

∫

Ω

ϕndf 1 ∧ df 2 ∧ · · · ∧ dfn

= K

∫

Ω

d
[
ϕn(f 1 − C1)df 2 ∧ · · · ∧ dfn

]
−K

∫

Ω

(f 1 − C1)dϕn ∧ df 2 ∧ · · · ∧ dfn

= −K
∫

Ω

(f 1 − C1)dϕn ∧ df 2 ∧ · · · ∧ dfn

≤ K

∫

Ω

|(f − C) ⊗∇ϕn||df 2| · · · |dfn|dx
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≤ nK

∫

Ω

|(f − C) ⊗∇ϕ||ϕDf |n−1dx

≤ nK

(∫

Ω

|(f − C) ⊗∇ϕ|ndx
)1/n (∫

Ω

|ϕDf |ndx
)(n−1)/n

,

(1.3)*ioRLBvp	 Poincaré kw d ◦ d = 0 ^ Stokes >+
∫

Ω

dg =

∫

∂Ω

g,

(1.2) x (1.3) rp�
Caccioppoli 1v+0a Poincaré 1v+�`_iT�� Hölder 1v+���

Hölder 1v+�W3,`�<�|pj BR ⊂ B2R ⊂⊂ Ω. p�w 1.1 Bt ϕ(x) ∈ C∞
0 (Ω) �\ 0 ≤ ϕ(x) ≤ 1,

ϕ(x) � BR dy 1, � B2R 5pdy 0, d |∇ϕ| ≤ 2/R. p C = fB2R
y f �j

B2R t� OV�pz 1 � (3.7) Bt q = n, p = n
2
. x (1.2) r

∫

BR

|Df |ndx ≤
∫

Ω

|ϕDf |ndx

≤ (nK)n
∫

Ω

|(f − fB2R
) ⊗∇ϕ|ndx

= (nK)n
∫

B2R

|(f − fB2R
) ⊗∇ϕ|ndx

≤ (2nK)n

Rn

∫

B2R

|f − fB2R
|ndx

≤ C(n)Kn

Rn

(∫

B2R

|Df |n/2dx
)2

.��U_ |B2R| = ωnR
n, rp

−
∫

BR

|Df |ndx ≤ C(n)Kn

(
−
∫

B2R

|Df |n/2dx
)2/n

. (1.4)(2\7�� Hölder 1v+��X 1.2 t? p > n, w{�i0 K- \H�5r f ∈ W 1,n
loc (Ω,Rn), 7 f ∈

W 1,p
loc (Ω,Rn).^b f t Lp(p > n) `�<x Sobolev ^��wrp� Df t Lp(p > n) `�<x (1.4) ^z\�kw 7.5 rp�
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§2.2 (K1, K2)- h\N=�!/\�# K- ?/�s�;Lt (K1, K2)- ?/�s���*t�f21�I^�ÆE [1] 9Tt��4 2.1 5r f : Ω → Rn m� (K1, K2)- \H�5r� K1 > 0, K2 ≥ 0, k
f ∈W 1,n

loc (Ω,Rn), Jf(x) > 0, a.e. Ω, 
|Df(x)|n ≤ K1Jf (x) +K2, a.e. x ∈ Ω. (2.1)8k f ��^|��m`� (K1, K2)- \�$5r�*�fBn K2 = 0 "�x~ Jf(x) ≤ |Df(x)|, a.e.Ω, P_ K1 ≥ 1. ("t

(K1, 0)- ?/�s�� K- ?/�s�\;�
Gilbarg, Trudinger[1] �\��7)�t?�<m��L"����(t6vO*t (K1, K2)- ?/�s� (x~R�m�6�Lw�Bt�Vdv�|Hm�s�)  }t Hölder �C<���rp	�,m�6�L� Sobolev d�B�2t C1,α
loc �SCÆ�_� }	?�<m�6�L Dirichlet '7�Z2ta�<�j\O*t (K1, K2)- ?/�s��m�6�LtOFPy\�tf�

2.2.1 (K1, K2)- fZL;}� Hölder [.++;1��R�+!*/�Æ_t_� f ∈ W 1,n(Ω,Rn) 5��OF (K1, K2)- ?/�s�t
Hölder �C<^�nYY`u<�HYC u : Ω → R � Ω B1)[��Q� Ω B�nYYy u(x) ≥ 0, �'�nYYy u(x) ≤ 0.�X 2.1 s f ∈W 1,n(Ω,Rn) � (K1, K2)- \H�5r�

∫

Ω

|Df(x)|ndx = M < +∞,�? Ω |i0:T)p� f SVL~� α | Hölder 	4�`Q
α =





1/K1, wK1 > 1 u,i0�9 1 |H~, wK1 = 1 K2 > 0 u,
1, wK1 = 1 K2 = 0 u,
1, wK1 < 1 u. (2.2)
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��k V )�Y�9 Ω, ��i0 x, y ∈ V ,

|f(x) − f(y)| ≤ L|x− y|α,CL|j~ L M.H9 V , j~ K1, K2, �~ n, V z Ω \9|AJ/*j~ M .�Z s�
f(x) =

{
x|x|α−1, x 6= 0,

0, x = 0,(y α = 1/K1 +/�w 2.1 Bt8C 1/K1 2`wt�jy |f(x) − f(0)| = |x|α.�` 2.1 s Ω � Rn Q|e<� F (Ω, K1, K2,M) ��7? Ω pSV
∫

Ω

|Df(x)|ndx ≤ M| (K1, K2)- \H�5r f ∈ W 1,n(Ω,Rn) |h��� F (Ω, K1, K2,M) ? Ω |i0:T)pz}�-ON'|��4 2.1 m5r f �7 N %P�j�i0Qg) E ⊂ Ω ? f 5rJ�|�zQg)��` 2.2 K1 < 1 u| (K1, K2)- \H�5r�F1\�$5r�7 N %P�^b x Reshetnyak [1, �w 2.2] 4�J5 Lipschitz s�Py N <��0a�w 2.1 (r��4 2.2 m5r f : Ω → Rn ?~ a ∈ Ω E��kt?�%5r L : Rn → Rnw{��7 x ∈ Ω,

f(x) = f(a) + L(x− a) + β(x)|x− a|CLw x→ a u� β(x) → 0. 5r L m� f ?~ a |�
��*t�w+/ (K1, K2)- ?/�s�2�nYY`ut��X 2.2 s f ∈W 1,n(Ω,Rn)� (K1, K2)-\H�5r���,$�7| x ∈ Ω,�%5r Df(x) z f ?~ x |�
�^b {vi� 2.1, � Reshetnyak [1, �w 1.2] `r�y2�w 2.1, >V�7��kw��*t Morrey kwnX Reshetnyak [1,

P79-80], 2/� Reshetnyak [1, P335-338].
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7X 2.1 s Ω ⊂ Rn �CT)� f : Ω → Rk � W 1,m(Ω,Rk) I�~�CL
1 ≤ m ≤ n. /st? α(0 < α ≤ 1), M < +∞ � δ > 0, w{�i0X<J�� δ|d B(a, r) ⊂ Ω, ∫

B(a,r)

|Df(x)|mdx ≤Mrn−m+mα, (2.3)�t?N'�~ f̃ , w{,$rr7 f(x) = f̃(x), b f̃ ?i0d B(x, r) ⊂ Ω,

r ≤ δ/3 and r < ρ(x)/3 p|Dxk� CM1/mrα, CL C < +∞ �j~��*tvG1v+nX Reshetnyak [1, P80-81].7X 2.2 s Ω ⊂ Rn, 5r f : Ω → Rn |9 W 1,n(Ω,Rn). ��i0 a ∈ U �,$�7| t ∈ (0, ρ(a)),

∫

B(a,t)

Jf(x)dx ≤ t

n

∫

S(a,t)

|Df(x)|ndσ(x), (2.4)CL dσ �dX S(a, t) p|X'=��^b 7�9T\-&Vt�f�� A : Rn → Rn y�<s�� ν y Rn tk�$�� Pν y[6~ ν t Rn t (n− 1)- yVd�� Qν = A(Pν). A � Pν t�=y (n− 1)- {F4d� Pν pF4d� Qν t�<s��V:�+�y △ν(A).�<s� A|Pν t�C�y1DR |A|. �$y
△ν(A) ≤ |A|Pν|n−1,x\iT
△ν(A) ≤ |A|n−1.� Ω y Rn Bt|m�� a ∈ Ω, f : Ω → Rn y W 1,n ss���

V (t, f) =

∫

B(a,t)

Jf(x)dx,(y 0 < t < ρΩ(a), d�
F (t, f) =

∫

S(a,t)

△ν(x)[Df(x)]dσ(x).(y dσ(x) yj* S(a, t) t*�	M�d ν(x) y S(a, t) �{ x tk��$��*t� �y�Py t ∈ (0, ρ(a)) y�f�
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n f >~ C1 s�d f t Jacobi:�+YY��"�F (t, f) �yy� f s�5� S(a, t)t%t (n−1)- {*��V (t, f)yx\vItm�ty$[��3n�fn*t*��n f >~ W 1,n "*t� `+,n*t*��x △ν(A) ≤ |A|n−1,�Py(r Df(x) y�ft x,

△ν [Df(x)] ≤ |Df(x)|n−1.x\rp
F (t, f) ≤

∫

S(a,t)

|Df(x)|n−1dσ(x).��nPy t ∈ (0, ρ(a)),

V (t, f) ≤ (1/nβn)[F (t, f)]n/(n−1),(y βn = ω
1/(n−1)
n . *t1v++/��PyPy9�*�t Rn Bt%n*B�j*t[�`f�x*t�71v+rp���nPy t ∈ (0, ρ(a)),

∫

B(a,t)

Jf(x)dx ≤ (1/nβn)

(∫

S(a,t)

|Df(x)|n−1dσ(x)

)n/(n−1)

.

Hölder 1v+iT
∫

S(a,t)

|Df(x)|n−1dσ(x)

≤
(∫

S(a,t)

|Df(x)|ndσ(x)

)1−1/n(∫

S(a,t)

dσ(x)

)1/n

.+z�z�7� v~ ωnt
n−1. g�rp

∫

B(a,t)

Jf(x)dx ≤ t

n

∫

S(a,t)

|Df(x)|ndσ(x).x Morrey kw^vG1v+`r�*t�7kw�7X 2.3 s Ω ⊂ Rn �C)� f � (K1, K2)- \H�5r�� x ∈ Ω, r < ρ(x),s
v(x,K1, K2, n, r) =

{
w(r)

rn/K1
+ K2ωn

K1−1
rn−n/K1, wK1 6= 1 u,

w(r)
rn +K2nωn ln r, wK1 = 1 u, (2.5)
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CL
w(r) =

∫

B(x,r)

|Df(x)|ndx.��~ r 7→ v(x,K1, K2, n, r) 	3�^b � r < ρ(x), �f 2.1 iT
∫

B(x,r)

|Df(x)|ndx ≤ K1

∫

B(x,r)

|Jf(x)|dx+K2

∫

B(x,r)

dx

= K1

∣∣∣∣
∫

B(x,r)

Jf(x)dx

∣∣∣∣ +K2|B(x, r)|
(2.6)jy J(x, f) � Ω B1)[�xkw 2.2, ��nPyt r ∈ (0, ρ(x)),

∣∣∣∣
∫

B(x,r)

Jf (x)

∣∣∣∣ ≤
r

n

∫

S(x,r)

|Df(x)|ndσ(x) (2.7)x (2.6), (2.7) rp
∫

B(x,r)

|Df(x)|ndx ≤ K1r

n

∫

S(x,r)

|Df(x)|ndσ(x) +K2ωnr
n. (2.8)� ∫

S(x,r)

|Df(x)|ndσ(x) = s(r).x Fubini �wr��Py r ∈ (0, ρ(x)), w(r) =
∫ r
0
s(t)dt. x\4YC w U��Cd��nPyt r ∈ (0, ρ(x)),

w′(r) = s(r).x (2.8) r�Py r,

w(r) ≤ K1rw
′(r)

n
+K2ωnr

n.(v�~
K1rw

′(r)

n
− w(r) +K2ωnr

n ≥ 0.��J_ r−(n/K1)−1 r
K1w

′(r)

nrn/K1
− w(r)

rn/K1+1
+K2ωnr

n−n/K1−1 ≥ 0.x\r
∂v(x,K1, K2, n, r)

∂r
≥ 0,

36



(y v(x,K1, K2, n, r) x (2.5) �f�~2YC r 7→ v(x,K1, K2, n, r) ���7X 2.4 s Ω ⊂ Rn �C)� f � (K1, K2)- \H�5r�
∫

Ω

|Df(x)|ndx = Mn.��PK�~ f ?'
01�}09YN'�~ f̃ . ���U-)�Y�9 Ω |) V , f̃ ?/ a ∈ V �!�X< r < d/3 |i0d B(a, r) p|Dxk� Crα,CL d = dist(V, ∂Ω).^b � a ∈ V ,

w(a, r) =

∫

B(a,r)

|Df(x)|ndx ≤Mn.xkw 2.3, YC r 7→ v(a,K1, K2, n, r) ��� 4 Cg8	 � 1 K1 > 1. �Py r ∈ (0, d),

v(a,K1, K2, n, r) =
w(a, r)

rn/K1
+

K2ωn
K1 − 1

rn−n/K1

≤ v(a,K1, K2, n, d) ≤Mnd−n/K1 +
K2ωn
K1 − 1

dn−n/K1

:= C1(K1, K2,M, d, n).

(2.9)j\
w(a, r) ≤ C1r

n/K1 − K2ωn
K1 − 1

rn ≤ C1r
n/K1. � 2 K1 = 1, K2 > 0.

v(a,K1, K2, n, r) =
w(a, r)

rn
+K2nωn ln r

≤ v(a,K1, K2, n, d) ≤Mnd−n +K2nωn ln d.
(2.10)x\��| 0 < α < 1,

w(a, r) ≤ [Mnd−n +K2nωn ln d)]rn −K2nωnr
n ln r

= Mnd−nrn +K2nωnr
n ln(d/r)

=
[
Mnd−nrn(1−α) +K2nωnr

n(1−α) ln(d/r)
]
rnα.

(2.11)jy�| 0 < α < 1, limr→0+ rn(1−α) ln(d/r) = 0, �� 1, a� δ:0 < δ < d, (r
K2nωnr

n(1−α) ln(d/r) ≤ 1, �!\ r ∈ [δ, d], a� M1 (r K2nωnr
n(1−α) ln(d/r) ≤
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M2, P_� K2nωnr
n(1−α) ln(d/r) ≤ min(1,M2) := M0. (U� Mnd−nrn(1−α) ≤

Mnd−ndn(1−α) = Mnd−nα, P_�| r ∈ (0, d),

w(a, r) ≤ (Mnd−nα +M0)r
nα := C2r

nα. � 3 K1 = 1, K2 = 0. (2.10) iT
w(a, r) ≤Mnd−nrn := C3r

n. � 4 K1 < 1. (2.9) �Py r ∈ (0, d) }I}�(U
w(a, r) ≤ C1r

n/K1 +
K2ωn
1 −K1

rn =

[
C1r

n/K1−n +
K2ωn
1 −K1

]
rn

≤
[
C1d

n(1−K1)/K1 +
K2ωn
1 −K1

]
rn := C4r

nZaPyg8�� 0 < r ≤ δ,

∫

B(a,r)

|Df(x)|ndx ≤ Crα,(y α y (1.2) �f� C 9℄o~ K1, K2,M, d, n. 0Qxkw 2.3 rp��X 2.1 �^b � V y Ω t8V�� γ = min{δ/3, d/3}, (y δ ykw 2.1Bt�C� d = dist(V, ∂Ω). \��f� (x, y) ∈ V × V tYC h:

h(x, y) =

{
|f(x) − f(y)|/|x− y|α, x 6= y,

0, x = y� H y (x, y) ∈ V × V , d(r |x − y| ≥ γ t�a�� G = (V × V ) \ H . �a
H 28t�x�C<� h � H y4�xkw 2.4 4 h � G }y4�(U h �
V × V y4�~2�| x, y ∈ V , |f(x) − f(y)| ≤ L|x− y|α.

2.2.2 (K1, K2)- fZL;}� Lp(p > n) R5+� f ∈W 1,n
loc (Ω,Rn). x f � f(Ω) {oTtk{NV�y f ∗, V,t�R�

f(Ω) t[�8+ α = dy1 ∧ dy2 ∧ · · · ∧ dyn tk{2
(f ∗α)(x) = df 1 ∧ df 2 ∧ · · · ∧ dfn = Jf(x)dx

1 ∧ dx2 ∧ · · · ∧ dxn. (2.12)
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�~ l u 8+ α = α1 ∧ α2 ∧ · · · ∧ αl, VB αi, 1 ≤ i ≤ l y 1 u 8+�x
Hadamard 1v+�y

|α1 ∧ α2 ∧ · · · ∧ αl| ≤ |α1| · |α2| · · · |αl|. (2.13)7X 2.5 s5r f ∈W 1,n
loc (Ω,Rn)� (K1, K2)-\H�5r��X|l℄ Hölder}xnM

−
∫

BR/2

|Df |ndx ≤ θ −
∫

BR

|Df |ndx+ C

(
−
∫

BR

|Df |sdx
)n

s

+ ωn|K2| (2.14)CL n
2
≤ s < n, 0 ≤ θ < 1, ωn z Rn Q|v�d��'
� 0 < R < d0 ≤

dist(x, ∂Ω), ∀x ∈ Ω.^b �~ Rn t[�8+ α = dy1∧dy2∧· · ·∧dyn, `_rpRtk{ (2.12)2\7[n8+�0$��p
ω =

1

n

n∑

k=1

(−1)k−1(yk − ck)dy1 ∧ dy2 ∧ · · · ∧ d̂yk ∧ · · · ∧ dyn+BVy`T"t"+,*"2�r}�C y�7$� C = (c1, c2, · · · , cn) ∈ Rn,�
df ∗ω = d

[
1

n

n∑

k=1

(−1)k−1(fk − ck)df 1 ∧ df 2 ∧ · · · ∧ d̂fk ∧ · · · ∧ dfn
]

= Jf(x)dx
1 ∧ dx2 ∧ · · · ∧ dxn = f ∗α.

(2.15)�~ Sobolev s W 1,n
loc (BR,R

n) s��`_v f ∈ C1(BR,R
n) n"<�(y BR =

B(x,R) ⊂ Ω. p\7�(t$SYC φ(x) ∈ C∞
0 (Ω), x 5u 1v+^ (2.15),y

d(φf ∗ω) = dφ ∧ f ∗ω + φ(x)df ∗ω = dφ ∧ f ∗ω + φ(x)Jf(x)dx,(y dx = dx1 ∧ dx2 ∧ · · · ∧ dxn. :N Stokes >+r
∫

Ω

φ(x)Jf(x)dx = −
∫

Ω

dφ ∧ f ∗ω,~2
∣∣∣∣
∫

Ω

φ(x)Jf (x)dx

∣∣∣∣ ≤
1

n

∫

Ω

n∑

k=1

|dφ||fk− ck||df 1 ∧ df 2 ∧ · · · ∧ d̂fk ∧ · · · ∧ dfn|dx (2.16)
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:N Hadamard 1v+ (2.13) ^�!1v+	 |df i| ≤ |Df |, i = 1, 2, · · ·, n, y
|df 1 ∧ df 2 ∧ · · · ∧ d̂fk ∧ · · · ∧ dfn| ≤ |Df |n−1. (2.17)�! (2.17) h� (2.16), x~ |fk − ck| ≤ |f − C|, ~2

∣∣∣∣
∫

Ω

φ(x)Jf(x)dx

∣∣∣∣ ≤
∫

Ω

|∇φ||f − C||Df(x)|n−1dx,|:N�f 2.1 Bt+ (2.1), rp
∫

Ω

φ(x)|Df(x)|ndx

≤ |K1|
∣∣∣∣
∫

Ω

φ(x)Jf(x)dx

∣∣∣∣ + |K2|
∫

Ω

φ(x)dx

≤ |K1|
∫

Ω

|∇φ||f − C||Df |n−1dx+ |K2|
∫

Ω

φ(x)dx.�_ φ(x) = ψn(x), ψ(x) ∈ C∞
0 (Ω) h�+��x Hölder 1v+rp

∫

Ω

ψn(x)|Df(x)|ndx

≤ n|K1|
(∫

Ω

|φ(x)Df(x)|ndx
)n−1

n
(∫

Ω

|∇ψ(x)||f − C|ndx
) 1

n

+|K2|
∫

Ω

ψn(x)dx.

(2.18)

�Q5SYC 0 ≤ ψ ≤ 1, (r ψ(x) = 1, x ∈ BR/2 ^ ψ(x) = 0, x ∈ Ω \ BR -d
|∇ψ(x)| ≤ C(n)

R
, x ∈ Ω. p C = fR = 1

|BR|

∫
BR
f(x)dx, ~2+ (2.18) Iy

∫

BR/2

|Df(x)|ndx

≤ Cn|K1|
R

(∫

BR

|Df(x)|ndx
)n−1

n
(∫

BR

|f − fr|ndx
) 1

n

+ |K2||BR|

≤ C

R

(∫

BR

|Df(x)|ndx
)n−1

n

· R1+n( 1
n
− 1

s
)

(∫

BR

|Df(x)|sdx
) 1

s

+ ωn|K2|Rn,

(2.19)

(y n
2
≤ s < n, ωn +, Rn Btk�j[��{v Young 1v+ (�z 1 � (1.3) +), (2.19) Iy
∫

BR/2

|Df(x)|ndx

≤ Cδ

∫

BR

|Df(x)|ndx+ Cδ−(n−1)Rn(1−n/s)

(∫

BR

|Df(x)|sdx
)n

s

+ ωn|K2|Rn.

(2.20)
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+�'bU~ Rn, rp
−
∫

BR/2

|Df(x)|ndx ≤ Cδ −
∫

BR

|Df(x)|ndx+ Cδ−(n−1)

(
−
∫

BR

|Df(x)|sdx
)n

s

+ ωn|K2|.p δ < 1
C

, +`.I
−
∫

BR/2

|Df(x)|ndx ≤ θ −
∫

BR

|Df(x)|ndx+ C

(
−
∫

BR

|Df(x)|sdx
)n

s

+ ωn|K2|.(y 0 ≤ θ < 1, n
2
≤ s < n. kw 2.5 r2��X 2.2 t?E'L~ p = p(n,K1, K2) > n, w{�i0 (K1, K2)- \H�5r f ∈W 1,n

loc (Ω,Rn), �7 f ∈W 1,p
loc (Ω,Rn).^b �~ (K1, K2)- ?/�s��xkw 2.5 r4Mu� Df(x) �\��

Hölder 1v+ (2.14). xkw 1.1, a�`�8C p = p(n,K1, K2) > n, (r Df ∈
Lploc(Ω,R

n×n), f !�t Lp `�<y Sobolev^��wrp�~2 f ∈ W 1,p
loc (Ω,R

n).r2��` 2.3 j� f ∈W 1,n
loc (Ω,Rn) z Ω p|-� (K1, K2)- \H�5r�ZT7

f ∈ Cα
loc(Ω,R

n), α = 1 − n/p, CL p |��K 2.2, b�9 Ω |i-�:T) G,nM
|f(x1) − f(x2)| ≤ C|x1 − x2|α, x1, x2 ∈ G.(2�w 2.2 ^ Sobolev ^��wt6*0Q�dy\7ovt|V�� Sobolev d� W 1,n

loc (Ω,Rn) B\���8+t\s��<m�6�L_�� Jf (x) > 0, a.e. Ω.

Dtf(x)H(x, f)Df(x) = J
n
2
f (x)G(x, f) + P (x, f), (2.21)(y H(x, f), G(x, f) ^ P (x, f) 2�H�/�d`:t$ n ,�*�-�\�~| ξ ∈ Rn \ 0, y

a) 〈H(x, f)ξ, ξ〉 ≥ λ(x, f)|ξ|2,
b) 〈G(x, f)ξ, ξ〉 ≤ Λ1(x, f)|ξ|2,
c) 〈P (x, f)ξ, ξ〉 ≤ Λ2(x, f)|ξ|2,-d

Λ1(x, f)

λ(x, f)
≤ L1 <∞,

Λ2(x, f)

λ(x, f)
≤ L2 <∞.
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n{C n = 2 "��$rp��8+t?�<'�L	�~ z ∈ C, y
fz = µ1(z, f)fz(z) + µ2(x, f)fz(z) + µ3(z, f),VB µ1(x, f) ^ µ2(x, f) �\

|µ1(x, f)| + |µ2(x, f)| ≤ µ0 < 1.n n = 2 "��L_ (2.21) 2\7Py_��<"tD�$�L_�6*OFh:f�(y!�L_ (2.21) Ssy (K1, K2)- ?/�s�nYw�ovi�
2.3, `_rp�L_ (2.21) � W 1,n

loc (Ω,Rn) B�2t Hölder �C<CÆ��~| ξ ∈ Rn \ {0}, _�L_ (2.21) rp
ξtDTf(x)H(x, f)Df(x)ξ = J

n
2 (x, f)ξtG(x, f)ξ + ξtP (x, f)ξ,


〈H(x, f)Df(x)ξ,Df(x)ξ〉 = J
n
2 (x, f)〈G(x, f)ξ, ξ〉+ 〈P (x, f)ξ, ξ〉. (2.22):N�� a), b), c), _+ (2.22) rp

λ(x, f)|Df(x)ξ|2 ≤ J
n
2 (x, f)Λ1(x, f)|ξ|2 + Λ2(x, f)|ξ|2,


|Df(x)ξ|2 ≤
(

Λ1

λ
J

n
2 (x, f) +

Λ2

λ

)
|ξ|2 ≤ (L1J

n
2 (x, f) + L2)|ξ|2.P_

|Df |2 ≤ L1J
n
2 (x, f) + L2._Rv1v+

(a + b)α ≤ 2α−1(aα + bα), a, b ∈ R+, α > 1rp
|Df |n ≤ (L1J

n
2 (x, f) + L2)

n
2 ≤ 2

n−2
2 L

n
2
1 J

n
2 (x, f) + 2

n−2
2 L

n
2
2 .�

K1 = 2
n−2

2 L
n
2
1 , K2 = 2

n−2
2 L

n
2
2
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:Ni� 2.3, rp�X 2.3 sÆ>#�oW (2.21) SV	4 a), b), c). ���? Sobolev I
W 1,n
loc (Ω,Rn) Q|l8 f ∈ Cα

loc(Ω,R
n), CL 0 < α = α(λ,Λ1,Λ2, n) < 1.

§2.3 { K- h\N=�
2.3.1 z K- fZL;}��4�4 3.1 5r f ∈ W 1,p

loc (Ω,R
n), 1 ≤ p < ∞ m�l K- \H�5r� K ≥ 1,j�

|Df(x)|n ≤ KJf (x), a.e. x ∈ Ω. (3.1)*�fBn Sobolev `�8C p ≥ n "
y K ?/�s��*�fBtt ” � ” 28 Sobolev `�8C p < n tg8�\" Jf(x) 1\�J5`��
2.3.2 z K- fZL;}�ZL+�X 3.1 t?O�E'L~ q = q(n,K) < n < p = p(n,K), w{i0l K-\H�5r f ∈W 1,q

loc (Ω,R
n), �7 f ∈W 1,p

loc (Ω,Rn), + f � K- \H�5r�OF`�8C*~d�{Cts�"�\7�vt��2(v Hodge  2��*tkw2 Iwaniec, Sbordone [1] {v Hodge  2t��rpt�VB� Jf(x)t"[ y�=�7X 3.1 s f ∈W 1,p−ε
loc (Rn,Rn), −∞ < ε < 1, �

∫

Rn
|df 1|−εJf(x)dx ≤ C(n)|ε|‖df 1‖1−ε

n−ε‖df 2‖n−ε · · · ‖dfn‖n−ε

≤ C(n)|ε|
∫

Rn
|Df(x)|n−εdx.kw 3.1 t\7H�0$21v+z�VyjV |ε|, (!��*tioYpDVdv�7X 3.2 t? ε0 = ε0(n,K) ∈ (0, 1), w{�i0 |ε| < ε0 *i0l K- \H�5r f ∈ W 1,n−ε

loc (Ω,Rn), �X|l℄ Hölder }xnM
−
∫

B

|Df |n−εdx ≤ C(n,K)

(
−
∫

3B

|Df |sdx
)(n−ε)/s

+ θ −
∫

3B

|Df |n−εdx, (3.2)`Q B ⊂ 3B ⊂⊂ Ω �i0�!d� 0 < θ < 1, n−ε
2
< s < n− ε.
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^b � 0 ≤ ε < 1, B = B(a, r) ⊂ 2B = B(a, 2r) ⊂ 3B = B(a, 3r) ⊂⊂ Ω yb3j�� φ ∈ C∞
0 (2B), ψ ∈ C∞

0 (3B) (φ, ψ  ,� 2B, 3B 5py�) y�75SYC��\
(i) 0 ≤ φ ≤ 1, nx ∈ B "φ = 1, |∇φ| ≤ 2

R
;

(ii) 0 ≤ ψ ≤ 1, nx ∈ 2B "ψ = 1, |∇ψ| ≤ 2
R\�x�+�ft$PYC F ∈W 1,n−ε

0 (Ω,Rn),

F = (ψ(f 1 − C1), ψ(f 2 − C2), · · · , ψ(fn−1 − Cn−1), φ(fn − Cn)),(y C1, · · · , Cn y|�C�� 2B y
φ|df 1|−εdf 1∧· · ·∧dfn = |dF 1|−εdF 1∧· · ·∧dF n−(fn−Cn)|df 1|−εdf 1∧· · ·∧dfn−1∧dφ.�$PYC F ovkw 3.1, Qp |f i − Ci| ≤ |f − C|, C = (C1, · · · , Cn), {v
Hadamard 1v+ |df i| ≤ |Df |, i = 1, 2, · · · , n _	 Jf(x) ≥ 0 t��rp
∫

B

|df 1|−εJf(x)dx ≤
∫

3B

|∇φ||f − C||Df |n−1−εdx+ C(n)ε

∫

3B

|DF |n−εdx. (3.3)x F t�f	_� (i)(ii), arCÆ+
|DF | ≤ C(n)r−1|f − C| + C(n)|Df |,j\

∫

3B

|DF |n−εdx ≤ C(n)rε−n
∫

3B

|f − C|n−εdx+ C(n)

∫

3B

|Df |n−εdx.p
C = f3B =

1

|3B|

∫

3B

|f |dx,�+z�z\"ovz\�1v+ (3.7)(VB p = q = n− ε), rp
∫

3B

|f − f 3B|n−εdx ≤ C(n)rn−ε
∫

3B

|Df |n−εdx,~2 ∫

3B

|DF |n−εdx ≤ C(n)

∫

3B

|Df |n−εdx. (3.4)
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x (3.1) 	 Hadamard 1v+��� (3.3), (3.4) (r
∫

B

|Df |n−εdx ≤
∫

B

|df 1|−ε|Df |ndx ≤ K1

∫

B

|df 1|−εJf (x)dx

≤ K1

∫

3B

|∇φ||f − f3B||Df |n−1−εdx+K1C(n)ε

∫

3B

|Df |n−εdx.p ε0 = 1
3nK1C(n)

, C(n) �+��n 0 ≤ ε < ε0 "� K1C(n)ε = θ1 < 3−n. x
Hölder 1v+rp
∫

B

|Df |n−εdx

≤ K1C(n)

r

(∫

3B

|f − f 3B|n−εdx
) 1

n−ε
(∫

3B

|Df |n−εdx
)n−1−ε

n−ε

+ θ1

∫

3B

|Df |n−εdx

≤ K1C(n)

[
rε−nτ−(n−1−ε)

∫

3B

|f − f 3B|n−εdx+ τ

∫

3B

|Df |n−εdx
]

+ θ1

∫

3B

|Df |n−εdx.p τ P *�( K1C(n)τ < (3−n−θ1)
2

, (y 0 < θ2 = K1C(n)τ + θ1 < 3−n. ovkw 3.1 rp
∫

B

|Df |n−εdx ≤ C(n,K1)r
ε−n

∫

3B

|f − f 3B|n−εdx+ θ2

∫

3B

|Df |n−εdx

≤ C(n,K1)r
n(s−n+ε)

s

(∫

3B

|Df |sdx
)n−ε

s

+ θ2

∫

3B

|Df |n−εdx

≤ C(n,K1)r
n−n(n−ε)

s

(∫

3B

|Df |sdx
)n−ε

s

+ θ2

∫

3B

|Df |n−εdx.(y n−ε
2
< s < n− ε. ��U_ |B|, rp (3.2) +�kw 3.2 2$��X 3.1 �^b � q = n − ε0

2
, f ∈ W 1,q

loc (Ω,R
n) y� K ?/�s���

I = {r ∈ [q, n] : f ∈ W 1,r
loc (Ω,R

n)}. �y q ∈ I. x*� Hölder 1v+t\;CÆ`4�a I y%t�|xkw 1.1 4�a I yXt�(U I = [q, n]. |�
f ∈W 1,n

loc (Ω,Rn) I}�� Hölder 1v+�Da� p > n (r f ∈W 1,p
loc (Ω,R

n). j\�| f ∈W 1,q
loc (Ω,R

n), �y f ∈W 1,p
loc (Ω,Rn), 
 f y K- ?/�s��

2.3.3 z K- fZL;}� Caccioppoli &s���X 3.2t?O�E'L~ q(n,K) < n < p(n,K),w{�U� q, p ∈ (q(n,K), p(n,K)),U�SV (3.1) 5r f ∈ W 1,q
loc (Ω,R

n) |9 W 1,p
loc (Ω,R

n). ���i0 φ ∈ C∞
0 (Ω)nM Caccioppoli #}x

‖φDf‖q ≤ Cq(n,K)‖f ⊗∇φ‖q, (3.4)
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`Q ⊗ �AP'�OF`�8C*~d�{Cts�t�\7��2{v McShane j!�(7��!�2 Lewis XTt�� Lewis [1].�*tH~ Sobolev YC^4tM{CÆ2�w 3.2 2/t�V�� Hedberg

[1]. 7X 3.3 s u ∈ W 1,p(Rn), 1 < q < ∞,  x � y z u | Lebesgue ~SV
x ∈ B0(x0, r). ZT

|u(x) − uB0 | ≤ crM(|∇u|χ2B0)(x0), (3.5)

|u(x) − u(y)| ≤ c|x− y|(M(|∇u|)(x) +M(|∇u|)(y)), (3.6)`Q c = c(n) > 0, χE z) E |�F�~� vB0 z v ? B0 = B(x0, r) p|_B�� Mh z h | Hardy-Littlewood XuK�~��X 3.2 �^b >V2/a� q(n,K) < n (r�~| q(n,K) < q ≤ n,� f ∈W 1,q
loc (Ω,R

n) �\ (3.1), ��~Pyt5SYC φ ∈ C∞
0 (Ω), y

∫

Ω

|φDf |qdx ≤ C(n,K)

∫

Ω

|f ⊗∇φ|qdx. (3.7)�� φ ∈ C∞
0 (Ω), B0 = Br(x0) ⊂⊂ Ω, φ ≥ 0.7�3nx"< f tz\7 � f1. � u = f1φ d� Rn \ B0 Pny 0. 9�

u ∈W 1,q(Rn). �~ λ > 0, �
Fλ = {x ∈ B(x0, r) : M(g)(x) ≤ λ,dx2ut Lebesgue {},(y�� B0  g = |φDf | + |f ⊗ ∇φ|, � Rn \ B0  g = 0. �aG/��a

Fλ∪(Rn\B0)��~ c = c(n) ≥ 1, u2 cλ-Lipschitz�Ct�0$�� x, y ∈ Fλ.x~ |∇u| ≤ c(n)g, x (3.6) y
|u(x) − u(y)| ≤ c|x− y|(M(|∇u|)(x) +M(|∇u|)(y))

≤ c|x− y|(M(g)(x) +M(g)(y))

≤ cλ|x− y|.
(3.8)� x ∈ Fλ, y ∈ Rn \ B0, � ρ = 2dist(x,Rn \ B(x0, r)). x~ |{z ∈ B(x, ρ) :

u(z) = 0}| ≥ |B(x, ρ) ∩ (Rn \B0)| ≥ c(n)|B(x, ρ)|, |x~ Poincaré 1v+�rp
|uB(x,ρ)| ≤ c(n)ρ|∇u|B(x,ρ) ≤ cρMg(x) ≤ cλ|x− y|.

46



j\x (3.5),

|u(x) − u(y)| = |u(x)| ≤ |u(x) − uB(x,ρ)| + |uB(x,ρ)|
≤ cρM(|∇u|)(x) + cλ|x− y|
≤ cρMg(x) + cλ|x− y| ≤ cλ|x− y|.

(3.9)�Q x, r ∈ Rn\B0,0��y�x~PytVRtgg`_�HRr�D u|
Fλ∪(Rn

\B0)H~�C cλ2 Lipschitz�Ct�ov�|t McShanej!�w��$� u|
Fλ∪(Rn

\B0)Pny Rn t Lipschitz �CYC uλ, dPy�bt�C��$\�s� fλ =

(uλ, φf2, φf3, · · ·, φfn). jy f ∈ W 1,q
loc (Ω,R

n), v\7�kt"<w��y��
q ≥ n− 1, ∫

Ω

J(x, fλ)dx = 0,j\ ∫

Fλ

J(x, φf)dx ≤ −
∫

Ω\Fλ

J(x, fλ)dx. (3.10)��y |fi∇φ| ≤ C(n)|f ⊗∇φ|, |∇(φfi)| ≤ c(n)g. (-CÆ� (3.10) �ad�
Jacob +,yu 8+t,J��$rp

∫

Fλ

φnJf(x) ≤ c(n)

(
λ

∫

Ω\Fλ

gn−1 +

∫

Fλ

|f ⊗∇φ|gn−1

)
.(71v+�~Pyt λ > 0 �I}�(U��$�1v+��b"J_ λ−1−ε, (y�~6i��C ε > 0. H~ λ � (0,∞) � �`m+)� t,�rp

∫

Ω

φnJf (x)

∫ ∞

Mg(x)

λ−1−εdλdx

≤ c(n)

(∫

Ω

gn−1

∫ Mg(x)

0

λ−εdλdx+

∫

Ω

|f ⊗∇φ|gn−1

∫ ∞

Mg(x)

λ−1−εdλdx

)
.

(3.11)�${v\6}vt f t?/�<�Hy
∫

Ω

φn|Df |nM(g)−εdx ≤ c(n)K

∫

Ω

|f ⊗∇φ|gn−1M(g)−εdx

+
εc(n)K

1 − ε

∫

Ω

gn−1M(g)1−εdx.
(3.12)
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_��Y��$9v Hölder 1v+^ Hardy-Littlewood `f7�wnqI2/RL�VFp3nt*t ε. �\�*�y
∫

Ω

(|Df ||φ|)n−εdx ≤
(∫

Ω

|Df |n|φ|nM(g)−εdx

)n−ε
n
(∫

Ω

M(g)n−εdx

) ε
n

≤ c(n)

(∫

Ω

|Df |n|φ|nM(g)−εdx

)n−ε
n
(∫

Ω

gn−εdx

) ε
n

.

(3.13)*tz�71v+��$ov	 Hardy-Littlewood `f7�w
∫

Ω

M(g)n−εdx ≤ c(c)

∫

Ω

gn−εdx, (3.14)(y�C c(n) `_3ntF�(r� 0 ≤ ε ≤ 1 �R� ε �H���Qp`_�� ∫

Ω

gn−εdx ≤ 2n−ε
∫

Ω

(|Df ||φ|)n−εdx. (3.15)!�� Caccioppoli 1v+ (3.4) H~�C c(n,K) = 1 I}�j\x (3.13), �
∫

Ω

gn−εdx ≤ c(n)

∫

Ω

|Df |n|φ|nM(g)−εdx. (3.16)�\�*�{v Hölder 1v+^ (3.14), �$CÆ (3.12) tz��x (3.16) ^
(3.12),

∫

Ω

gn−εdx ≤ c(n)

∫

Ω

|Df |n|φ|nM(g)−εdx

≤ c(n)K

(∫

Ω

|f ⊗∇φ|n−εdx
) 1

n−ε
(∫

Ω

gn−εdx

)n−ε−1
n−ε

+c(n)K
ε

1 − ε

∫

Ω

gn−εdx.

(3.17)

F�\B*t 0 < ε < 1 (r c(n)Kε/(1 − ε), �w 3.2 r2�
§2.4 { (K1, K2)- h\N=�

3.4.1 z (K1, K2)- fZL;}��4�4 4.1 m f = (f 1, f 2, · · · , fn) ∈ W 1,q
loc , 1 ≤ q <∞ �l (K1, K2)- \H�5r� 0 < K1 <∞, 0 ≤ K2 <∞, k

|Df(x)|n ≤ K1n
n/2Jf(x) +K2 (4.1)
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k q ≤ n, �m f � (K1, K2)- \H�5r�8k f z�^|��m`� (K1, K2)-\�$5r�(yt ” � ” <28 f t Sobolev `�8C q *~d�t{C n tg8�\" Jf(x) 1\�2J5`�t�
2.4.2 z (K1, K2)- fZL;}�ZL+�X 4.1 �i0SV 0 < K1n

(n+4)/22n+1 × 100n
2
[23n/2(25n + 1)](n − q1) < 1| q1, �t?E'L~ p1 = p1(n, q1, K1, K2) > n, w{�i0l (K1, K2)- \H�5r f ∈ W 1,q1

loc (Ω,Rn), �7 f ∈ W 1,p1
loc (Ω,Rn), + f �
j01�| (K1, K2)- \H�5r�b 4.1 *t�w+/�y	rp (K1, K2)- ?/�s�t/�<�1&Vk

f ∈W 1,n
loc (Ω,Rn), \7)�td� f ∈W 1,q1

loc (Ω,Rn)(q1 < n) H\B	�dy*0Qt\76*i��x Sobolev ^��wrp� (K1, K2)- ?/�s�t Hölder �C<0Q��$��V2/��` 4.1 s q1, p1 j�K�}��9i0|l (K1, K2)- \H�5r f ∈
W 1,q1
loc (Ω,Rn) , �7 f ∈ C0,α

loc (Ω,Rn), `Q α = 1 − n
p1

b� Ω Q|i0:T)

G ⊂⊂, 7
|f(x1) − f(x2)| ≤ C|x1 − x2|α, ∀x1, x2 ∈ G.7�9T�7kw�R$��w 4.1t2/!Vvp��*tkwnX Borjarski,

Iwaniec [1].7X 4.1 k u ∈W 1,p(Br)(1 ≤ p <∞), ��i0 0 < σ ≤ 1, 7
‖u− uBσr‖Lp(Br) ≤

(
2

σ

)n/p
diam(Br)‖∇u‖Lp(Br),`Q

Bσr = −
∫

Bσr

u(x)dx =
1

|Bσr|

∫

Bσr

u(x)dx� u(x) ? Bσr p|'
_B�7X 4.2 s u ∈W 1,p
loc (Ω), ��i0d Br ⊂⊂ Ω, 7

‖u− uBσr‖Lp(Br) ≤ 21+n/pr‖∇u‖Lp(Br). (4.2)
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^b xkw 4.1 B σ = 1 
r��*tkwnX Borjarski, Iwaniec [1].7X 4.3 s 1 ≤ p < n. k u ∈W 1,p
loc (Ω,Rn), ��i0 Br ⊂⊂ Ω, 7

‖u− uBσr‖L np
n−p (Br)

≤ C(n)
p

n− p

(
p

p− 1

)(n−p)/np

‖Du‖Lp(Br). (4.3)!/��Bt C(n) V8(7�C�7X 4.4 s ω ∈ Lτ(1−ε)(Ω,∧l), τ ≥ 7/4, ε < 1/2,∧l � l s�
$x�DR
Hodge 
8

|ω|−εω = dα + d∗β, α ∈ Lτ1(Ω), β ∈ Lτ1(Ω,∧rl+1), (4.4)k ω �[| (+ dω = 0), �
‖d∗β‖τ ≤ 100n

2

τ |ε|‖ω‖1−ε
τ(1−ε), (4.5)k ω �:[| (+ d∗ω = 0), �

‖dα‖τ ≤ 100n
2

τ |ε|‖ω‖1−ε
τ(1−ε). (4.6)7X 4.5 k F = (F 1, F 2, · · ·, F n) ∈ W 1,n−ε

0 (Ω,Rn)(0 < ε < 1/2), ��i0
i = 1, 2, · · ·, n, 7

∣∣∣∣
∫

Ω

|dF i|−εJF (x)dx

∣∣∣∣ ≤ 2n× 100n
2|ε|‖dF 1‖n−εε · · · ‖dF i‖n−εε · · · ‖dF n‖n−εε

≤ 2n× 100n
2|ε|
∫

Ω

|DF (x)|n−εdx. (4.7)b 4.4 �kw� JF (x) t"[ y�=�VB\7H�0$21v+z�VyjV |ε|, jyx Hadamard 1v+ |dF i| ≤ |DF |(i = 1, 2, · · ·, n), yM{CÆ
|dF i|−εJF (x) ≤ |dF 1| · · · |dF i|1−ε · · · |dF n| ≤ |DF (x)|n−ε. (U� (4.7) +z�tjV 2n× 100n

2|ε| \xy 1 [I}�7X 4.5 �^b x Poincaré kw4 dF i(i = 1, 2, · · ·, n) y%t�xkw 4.4,� Hodge  2
|dF i|−εdF i = dα + d∗β, (4.8)
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VB α, β y83��yCÆ+ (VB τ = n−ε
1−ε

)

‖d∗β‖n−ε
1−ε

≤ 100n
2n− ε

1 − ε
|ε|‖dF i‖1−ε

n−ε < 2n× 100n
2|ε|‖dF i‖1−ε

n−ε, (4.9)�y dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n ∈ L
n−ε
1−ε (Ω,

∧l)(VB`T""+,*"�r}). jy n−ε
1−ε

� n−ε
n−1
y Hölder �h8C�x Stokes �wrp

∫

Ω

dα ∧ dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n

=

∫

Ω

d(αdF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n)

=

∫

∂Ω

αdF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n = 0.

(4.10)

x (4.9) ^ (4.10), Hölder 1v+	 Hadamard 1v+rp
∣∣∣∣
∫

Ω

|dF i|−εJ(x, F )dx

∣∣∣∣ =

∣∣∣∣
∫

Ω

dF 1 ∧ · · ·|dF i|−εdF i ∧ · · · ∧ dF n

∣∣∣∣

= |(−1)i−1(

∫

Ω

dα ∧ dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n

+

∫

Ω

d∗β ∧ dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n)|

= |(−1)i−1

∫

Ω

d∗β ∧ dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n|

≤ ‖d∗β‖n−ε
1−ε

‖dF 1 ∧ · · · ∧ ˆdF i ∧ · · · ∧ dF n‖n−ε
1−ε

≤ 2n× 100n
2|ε|‖dF 1‖n−ε · · · ‖dF i‖1−ε

n−ε · · · ‖dF n‖n−ε.

(4.7) +`mt1v+x Hadamard 1v+�r�2$��X 4.1 �^b � f ∈ W 1,n−ε
loc (Ω,Rn) y� (K1, K2)- ?/�s��p Ω1 =

{x ∈ Ω : |Df(x)| ≥ 1},Ω2 = {x ∈ Ω : |Df(x)| < 1},Ω1 ∩ Ω2 = ∅. � x0 ∈ Ω |�
B = B(x0, r) ⊂ B(x0,

3
2
r) = 3

2
B ⊂ B(x0, 2r) = 2B ⊂⊂ Ω y Ω Btb3j�jy

∫

B

|Df(x)|n−εdx =

∫

B∩Ω1

|Df(x)|n−εdx+

∫

B∩Ω2

|Df(x)|n−εdx

≤
∫

B∩Ω1

|Df(x)|n−εdx+ |B|, (4.13)xK*�Ct�f |Df(x)|2 =
∑n

i=1 |df i(x)|2,∀x ∈ B ∩ Ω1, &a� i ∈ {1, 2, · · ·, n},(r √
n|df i(x)| ≤ |Df(x)|. !��y�� |Df(x)|2 =

∑n
i=1 |df i(x)|2 < |Df(x)|2.
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(U�p A1 = {x ∈ B ∩ Ω1 :
√
n|df 1(x)| ≥ |Df(x)|},A2 = {x ∈ B ∩ Ω1 − A1 :

√
n|df 2(x)| ≥ |Df(x)|} · · ·,An = {x ∈ B ∩ Ω1 − ∪n−1

i=1 Ai :
√
n|dfn(x)| ≥ |Df(x)|}.�y B ∩ Ω = ∪ni=1Ai, Ai ∩Aj = ∅(i 6= j). \"�x� (K1, K2)- ?/�s�t�f	 Hadamard 1v+� (4.13) +z�z\"Iy

∫

B∩Ω1

|Df |n−εdx =

n∑

i=1

∫

Ai

|Df |n−εdx ≤
n∑

i=1

∫

Ai

|df i|−ε|Df |ndx

≤
n∑

i=1

[K1n
n/2

∫

Ai

|df i|−εJf(x)dx+K2

∫

Ai

|df i|−εdx].
(4.14)7��CÆ (4.14) +tz�"�x Ai t�f`r

∫

Ai

|df i|−εdx ≤ √
n
ε
∫

Ai

|Df |−εdx ≤ n|B|,j\
K2

n∑

i=1

∫

Ai

|df i|−εdx ≤ n2K2|B|. (4.15)yCÆ (4.14) +tz 1 "�p ϕ ∈ C∞
0 (3

2
B) ^ ψ ∈ C∞

0 (2B)(ϕ,ψ  ,� 3
2
B,2B 5py�) y�75SYC��\

(1) 0 ≤ ϕ ≤ 1, ϕ ≡ 1 n x ∈ B,|∇ϕ| ≤ 4
r
;

(2) 0 ≤ ψ ≤ 1, ψ ≡ 1 n x ∈ 3
2
B,|∇ψ| ≤ 4

r
.� i = 1, 2, · · ·, n− 1, \�x��ft$PYC F ∈W 1,n−ε

0 (Ω,Rn),

F = (ψ(f 1 − C1), ψ(f 2 − C2), · · ·, ψ(fn−1 − Cn−1), ϕ(fn − Cn)),(y C1, · · ·, Cn yi�t|�C�� 3
2
B y

ϕ|df i|−εdf 1 ∧ · · · ∧ dfn
= |dF i|−εdF 1 ∧ · · · ∧ dF n − (fn − Cn)|df i|−εdf 1 ∧ · · · ∧ dfn−1 ∧ dϕ. (4.16)�$PYC F ovkw 4.5 , Qp |fn − Cn| ≤ |f −C|, C = (C1, C2, · · ·, Cn), {v Hadamard 1v+_	 Jf(x) > 0 t���rp

∫

Ai

|df i|−εJf (x)dx ≤
∫

B

|df i|−εJf(x)dx

≤
∫

2B

|∇ϕ||f − C||Df |n−1−εdx+ 2n× 100n
2

ε

∫

2B

|DF |n−εdx,
(4.17)
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x F t�f	_� (1)(2), arCÆ+ |DF | ≤
√

2(4r−1|f − C| + |Df |), j\
∫

2B

|DF |n−εdx ≤
√

2
n−ε

2n−ε(4n−εrε−n
∫

2B

|f − C|n−εdx+

∫

2B

|Df |n−εdx).p C = f2B = 1
|2B|

∫
2B

|f |dx, �+z�z\"ovkw 4.2 rp
∫

2B

|Df |n−εdx ≤
√

2
n−ε

2n−ε(25n−4ε + 1)rn−ε
∫

2B

|Df |n−εdx

< 23n/2(25n + 1)rn−ε
∫

2B

|Df |n−εdx,
(4.18)h� (4.17) +�

∫

Ai

|df i|−εJf(x)dx

≤
∫

2B

|∇ϕ||f − C||Df |n−1−εdx+ 2n× 100n
2

[23n/2(25n + 1)]

∫

2B

|Df |n−εdx.
(4.19)� i = n, 9V\�$PYC

F = (ϕ(f 1 − C1), ψ(f 2 − C2), · · ·, ψ(fn − Cn)),vbUt��rp (4.19) +�|
∫

2B

|∇ϕ||f − f2B||Df |n−1−εdx ≤ 4

r

∫

2B

|f − f2B||Df |n−1−εdx, (4.20)p q′ = n(n−ε)
1+ε

, p′ = n(n−ε)
(n+1)(n−1−ε)

, � 1 < q′, p′ < ∞, 1
q′

+ 1
p′

= 1. x Hölder 1v+rp ∫

2B

|f − f2B||Df |n−1−ε

≤
(∫

2B

|f − f2B|
n(n−ε)

1+ε dx

) 1+ε
n(n−ε)

(∫

2B

|Df |
n(n−ε)

n+1 dx

) (n+1)(n−1−ε)
n(n−ε)

,�p p
′′

= n(n−ε)
n+1

,q
′′

= n(n−ε)
1+ε

, � 1 < p
′′

< n, q
′′

= np
′′

n−p′′
, x+	kw 4.3 r

∫

2B

|f − f2B||Df |n−1−ε

≤ C(n)
p
′′

n− p′′

(
p
′′

p′′ − 1

)n−p
′′

np
′′
(∫

2B

|Df |n(n−ε)
n+1 dx

) n+1
n(n−ε)

×
(∫

2B

|Df |n(n−ε)
n+1 dx

) (n+1)(n−1−ε)
n(n−ε)

≤ C(n)n

(
n2

n2 − n + 1

) 2
n(n−1)

(∫

2B

|Df |n(n−ε)
n+1 dx

)n+1
n

,
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(4.21)�a (4.13)∼(4.15) +^ (4.19)∼(4.21) +r
∫

2B

|Df |n−εdx ≤
n∑

i=1

K1n
n/2

{
4

r
C(n)n

(
2

n2 − n+ 1

) 2
n(n−1)

(∫

2B

|Df |
n(n−ε)

n+1

)n+1
n

+2n× 100n
2

[23n/2(25n + 1)]ε

∫

2B

|Df |n−εdx
}

+ (n2K2 + 1)|B|,�'U_ |B| = ωnR
n(ωn y Rn Bk�j[�), rp

−
∫

B

|Df |n−εdx

≤ 2n+3K1n
(n+2)/2C(n)n

(
n2

n2 − n + 1

) 2
n(n−1)

ω1/n
n

(
−
∫

2B

|Df |n(n−ε)
n+1

)n+1
n

+K1n
(n+4)/22n+1 × 100n

2

[23n/2(25n + 1)]ε−
∫

2B

|Df |n−εdx+ (n2K2 + 1)

= C1(n,K1)

(
−
∫

2B

|Df |n(n−ε)
n+1

)n+1
n

+ C2(n,K1)ε−
∫

2B

|Df |n−εdx+ C3(n,K2).VB C1(n,K − 1), C2(n,K1), C3(n,K2) tp71QX/�p ε0 = C2(n,K1)
−1 > 0,(Un ε < ε0 "� 0 < C2(n,K1)ε = θ < 1, \"+Iy

−
∫

B

|Df |n−εdx ≤ C1

(
−
∫

2B

|Df |n(n−ε)
n+1

)n+1
n

+ θ −
∫

2B

|Df |n−εdx+ C3(n,K2),jy n(n−ε)
n+1

< n − ε, +y\7H~ |Df | t�� Hölder 1v+�� q1 = n − ε.xkw 4.6, a� p′ > q1, (r |Df | ∈ Lp
′

loc(Ω). (U��� I = {p ∈ [n − ε, n] :

|Df | ∈ Lploc(Ω)}, ��y q1 ∈ I dx*t� Hölder 1v+t\;CÆ4 I y%t�|xkw 4.6 4 I yXt�D I = [n− ε, n], 
 |Df | ∈ Lnloc(Ω). *tio�
p = n bI}�xkw 4.6 a� P1 = p1(n, q1, K1, K2) > n, (r |Df | ∈ Lp1loc(Ω), �x Sobolev ^��w`r f ∈W 1,p1

loc (Ω,Rn). 2$�
2.4.3 z (K1, K2)- fZL;}� Caccioppoli &s���X 4.2 t?O�~ q(n,K1, K2) < n < p(n,K1, K2), SV�9i0 q, p ∈
(q(n,K1, K2), p(n,K1, K2)),U�SV (4.1)|5r f ∈W 1,q

loc (Ω,R
n)�|9W 1,p

loc (Ω,R
n).���9i0 φ ∈ C∞

0 (Ω) �V7}x
∫

Ω

|φDf |qdx ≤ C(n,K1)

∫

Ω

|f ⊗▽φ|qdx+ C(n,K2, |Ω|) (4.22)
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`Q ⊗ `yAP'� C(n,K1), C(n,K2, |Ω|) z
a.H9 n,K1, n,K2, |Ω| |j~�^b 9>2/a� q(n,K1, K2) < n (r�|t q(n,K1, K2) < q ≤ n , �
f ∈W 1,q

loc (Ω,R
n) �\ (4.1) +�9��~Pyt5SYC φ ∈ C∞

0 (Ω) (4.22)I}��$1��� φ ∈ C∞
0 (B0), B0 = B(x0, r) ⊂⊂ Ω, 0 ≤ φ ≤ 1.�� B0  g = |φDf | + |f ⊗ ▽φ| , � Rn \ B0 g = 0 . �$9T�7�a

Ω1 = {x ∈ Ω : g > 1} ^ Ω2 = {x ∈ Ω : g ≤ 1}, �yy Ω = Ω1 ∪Ω2 ^ Ω1 ∩Ω2 = ∅
(d�).ov�*t0�	�Q h = (h1, h2, · · · , hn) 2s W 1,n(Ω) Bts��de*YC
 hk, k = 1, 2, · · · , n � ∂Ω y 0. 9��

∫

Ω

J(x, h) = 0 (4.25)ny��Q�$9���~6 q < n, h ∈ W 1,q(Ω), de*YC5\� ∂Ω y 0,

(4.25) \�21I}t�y	ovv+ (4.25), (�T�BDV��$V+ h t\7e*YC�� h1, � Ω v`f7YCn-
R�9�v+ (4.25) I}�~=+mts���$7�3nt"< f tz\7 �YC f1. � u = f1φ, �RPn(rR
Rn \B0 y 0. 9� u ∈W 1,q(Rn). �~ λ > 0, �

Fλ = {x ∈ B(x0, r) ∩ Ω1 : M(g)(x) ≤ λ xy u t Lebesgue {}�$`_G/ u ��a Fλ ∪ (Rn \B0) 2 cλ-Lipschitz �Ct�~ c = c(n) > 0. 2/8� [15]. y	q-<�(y�$9T cλ-Lipschitz�C<t2/��� x, y ∈ Fλ.x~ | ▽ u| ≤ c(n)g, x (4.24) �
|u(x) − u(y)| ≤ c|x− y|(M(| ▽ u|)(x) + M(| ▽ u|)(y))

≤ c|x− y|(M(g)(x) + M(g)(y))

≤ cλ|x− y|�Q x ∈ Fλ , y ∈ Rn \ B0, � ρ = 2dist(x,Rn \ B(x0, r)). jy |{x ∈ B(x, ρ) :

u(x) = 0}| ≥ |B(x, ρ) ∩ (Rn \B0)| ≥ c(n)|B(x, ρ)|, |x Poincaré 1v+��
|uB(x,ρ)| ≤ c(n)ρ| ▽ u|B(x,ρ) ≤ cρM(g)(x) ≤ cλ|x− y|
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j\x (4.23),

|u(x) − u(y)| = |u(x)| ≤ |u(x) − uB(x,ρ)| + |uB(x,ρ)|

≤ cρM(| ▽ u|)(x) + cλ|x− y|

≤ cρMg(x) + cλ|x− y| ≤ cλ|x− y|�Q x, y ∈ Rn \B0,, 9�0��yI}�jyPytVQtgg�`_�HRr��y u|
Fλ∪(Rn

\B0)
H~�C cλ 2 Lipschitz �Ct�x�|t McShane Pn�w�H~�bt�C�$! u|

Fλ∪(Rn
\B0)
Pny\7 Lipschitz �CYC uλ in Rn .ym�$\�s� fλ = (uλ, φf2, · · · , φfn). x~ f ∈W 1,q

loc (Ω,R
n), \7�kt"<w�H`_rp�Q q ≥ n− 1, 9�

∫

Ω1

J(x, fλ)dx = 0j\� ∫

Fλ

J(x, fλ)dx = −
∫

Ω1\Fλ

J(x, fλ)dx (2.26)�� |fi▽ φ| ≤ c(n)|f ⊗▽φ| , | ▽ (φfi)| ≤ c(n)g. �(-CÆ� (2.26) 0aYn�d� Jacobian +,I\7<�t8+��$Hy
∫

Fλ

φnJf (x)dx ≤ c(n)

(
λ

∫

Ω1\Fλ

gn−1dx+

∫

Fλ

|f ⊗▽φ|gn−1dx

)(71v+�~Pyt λ > 0 �I}�9���~67 ε > 0, �Rt�'b"J_
λ−1−ε �6 ε > 0, (7Ci��� (0,∞) \� λ, `m+)	`�8Cdrp

∫

Ω1

φnJf (x)

∫ ∞

Mg(x)

λ−1−εdλdx ≤ c(n)

(∫

Ω1

gn−1

∫ Mg(x)

0

λ−εdλdx

+

∫

Ω1

|f ⊗▽φ|gn−1

∫ ∞

Mg(x)

λ−1−εdλdx

)�$ov1v+ (4.1), �~ f . x\
∫

Ω1

φn|Df |nM(g)−εdx ≤ c(n)K1

∫

Ω1

|f ⊗▽φ|gn−1M(g)−εdx

+
εc(n)K1

1 − ε

∫

Ω1

gn−1M(g)1−εdx+K2

∫

Ω1

φnM(g)−εdx (4.27)
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_��Y�$9ov Hölder 1v+^ Hardy-Littlewood `f7�waRF�\B*t ε nqI2/�\�*�$y
∫

Ω1

(|Df ||φ|)n−εdx ≤
(∫

Ω1

|Df |n||φ|nM(g)−εdx

)n−ε
n
(∫

Ω1

M(g)n−εdx

) ε
n

≤ c(n)

(∫

Ω1

|Df |n||φ|nM(g)−εdx

)n−ε
n
(∫

Ω1

gn−εdx

) ε
n

(2.28)(y�$ov	 Hardy-Littlewood `f7�w�
∫

Ω1

M(g)n−εdx ≤ c(n)

∫

Ω1

gn−εdx (4.29)(y`_F��C c(n) > 0 �\� 0 ≤ ε ≤ 1, R1℄o~ ε ���$Qp`_�� ∫

Ω1

gn−εdx ≤ 2n−ε
∫

Ω1

(|Df ||φ|)n−εdx (4.30)jy�Q (4.30) 1I}�9�
2n−ε

∫

Ω1

(|Df ||φ|)n−εdx <
∫

Ω1

(|Df ||φ|+ |f ⊗▽φ|)n−εdx

≤ 2n−1−ε

[∫

Ω1

(|Df ||φ|)n−εdx+

∫

Ω1

|f ⊗▽φ|n−εdx
](~U ∫

Ω1

(|Df ||φ|)n−εdx <
∫

Ω1

|f ⊗▽φ|n−εdx (4.31)�y ∫

Ω2

(|Df ||φ|)n−εdx ≤
∫

Ω2

gn−εdx ≤ |Ω2| ≤ |Ω| (4.32)�a (4.31) ^ (4.32) Hy
∫

Ω

(|Df ||φ|)n−εdx ≤
∫

Ω

|f ⊗▽φ|n−εdx+ |Ω|j\�1v+ (4.22) H~ C(n,K1) = 1 ^ C(n,K2, |Ω|) = |Ω| I}x (4.30) ^ (4.28) �y
∫

Ω1

gn−εdx ≤ c(n)

∫

Ω1

|Df |n||φ|nM(g)−εdx (4.33)
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�\�*��${v Hölder 1v+^ (4.29) nCÆ (4.27) tz�x (4.33) ^
(4.27), ∫

Ω1

gn−εdx ≤ c(n)

∫

Ω1

|Df |n|φ|nM(g)−εdx

≤ c(n)K1

(∫

Ω1

|f ⊗▽φ|n−εdx
) 1

n−ε
(∫

Ω1

gn−εdx

)n−ε−1
n−ε

+
εc(n)K1

1 − ε

∫

Ω1

gn−εdx+K2

∫

Ω1

φnM(g)−εdx (4.34)(y�$�^ov	 (4.29). (4.34)z�`m\"`_{v Hölder’s1v+^ (4.29)nCÆ�wxG��$y
K2

∫

Ω1

φnM(g)−εdx ≤ K2

∫

Ω1

M(g)n−1−εdx

≤ K2

(∫

Ω1

M(g)n−εdx

)n−1−ε
n−ε

(∫

Ω1

dx

) 1
n−ε

≤ C(n)K2|Ω1|
1

n−ε

(∫

Ω1

gn−εdx

)n−1−ε
n−ε(71v+�a (4.34) Hy

∫

Ω1

gn−εdx ≤ C(n)K1

(∫

Ω1

|f ⊗▽φ|n−εdx
) 1

n−ε
(∫

Ω1

gn−εdx

)n−ε−1
n−ε

+
εc(n)K1

1 − ε

∫

Ω1

gn−εdx+ C(n)K2|Ω1|
1

n−ε

(∫

Ω1

gn−εdx

)n−1−ε
n−εF�\B*t 0 < ε < 1 (r εc(n)K1/(1 − ε) ≤ 1/2 x*t1v+�$rp

∫

Ω1

gn−εdx ≤ C(n,K1)

∫

Ω1

|f ⊗▽φ|n−εdx+ C(n,K2, |Ω|)(71v+� (4.32) 0aHrp	�$Vr0Q�2$�
2.4.4 z (K1, K2(x))- fZL;}��DR5+�4 4.2 m f ∈ W 1,q

loc (Ω,R
n), 1 ≤ q < ∞, �l (K1, K2(x))- \H�5r�

0 < K1 <∞, 0 ≤ K2(x) <∞, k
|Df(x)|n ≤ K1Jf(x) +K2(x). (4.35)
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k q ≥ n, �m f � (K1, K2(x))- \H�5r�n K2(x) = K2 "��f 4.2 ��f 4.1 \;�!*/�H~YC K2(x) 3nt_���{vvG1v+	�� Hölder 1v+�rp� (K1, K2(x))- ?/�s�t3,`�<��*t�fnX Onninen[1].�4 4.3 k f = (f 1, f 2, · · · , fn) ∈ W
1, n2

n+1

loc (Ω,Rn), b�U-�L_ i =

1, 2, · · · , n, �7
∫

Ω

ϕ(x)Jf (x)dx = −
∫

Ω

f i(x)J(x, f 1, · · · , f i−1, ϕ, f i+1, · · · , fn)dx (4.36)nM�`Q ϕ ∈ C∞
0 (Ω) �{*�~��m f SV
e'
���Z�� f ∈W

1, n2

n+1

loc (Ω,Rn), Jf(x) ≥ 0, a.e.,yy��!s��|Df |n ∈ LPloc(Ω),(y P y Orlicz YC� t 7→ P (t
n

n+1 ) �P ft t 2�t�d
∫ ∞

1

P (t)

t2
dt = ∞� f �\ 5� ���� Onninen[1].!*/NV0Qy�X 4.3 s f = (f 1, f 2, · · · , fn) ∈W
1, n2

n+1

loc (Ω,Rn) �l (K1, K2(x))- \H�5r� 0 < K1 < ∞, 0 ≤ K2(x) < ∞, K2(x) ∈ Ltloc(Ω), t > 1. j� f SV
e'
�� (4.36), ZTt? q > n, w{ f ∈ W 1,q
loc (Ω,R

n). �a|� f �
j01�|
(K1, K2(x))- \H�5r�dy*0Qt\76*ov�\�3{d�Py�7V,K*t Beltrami�L_

Dtf(x)H(x)Df(x) = J2/n(x, f)G(x) +K(x) (4.37)(y H(x), G(x), K(x) y/���HtK*�d�\_�_�	a� 0 < α1 ≤ β1 <

∞, 0 < α2 ≤ β2 <∞ ^ 0 < α3(x) ≤ β3(x) <∞, (r�| ξ, η ∈ Rn, y
α1|ξ|2 ≤ 〈H(x)ξ, ξ〉 ≤ β1|ξ|2 (4.38)

α2|η|2 ≤ 〈G(x)η, η〉 ≤ β2|η|2 (4.39)

α3(x)|ζ |2 ≤ 〈K(x)ζ, ζ〉 ≤ β3(x)|ζ |2 (4.40)
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b � (4.37) +BtK* K(x) ≡ 0, � (4.37) IyPy�7V,K* H(x) ^
G(x) t Beltrami �L_�|� H(x) ≡ Id(dvK*), � (4.37) Iya�f�t3{d�t Beltrami �L_�H~ Beltrami �L_t��T���z 4 ���$y�*t0Q��X 4.4 s f = (f 1, f 2, · · · , fn) ∈W

1, n2

n+1

loc (Ω,Rn) �SV	4 (4.38)∼(4.40)|�7m��F?E| Beltrami�oW (4.37)|�18�SV
e'
�� (4.36).j� β3(x) ∈ L
nt
2
loc(Ω), t > 1, ZTt? q > n, w{ f ∈W 1,q

loc (Ω,R
n).�*tkwnX Onninen[1], !��w 4.3 t2/BYDVdv�7X 4.7 s f ∈ W

1, n2

n+1

loc (Ω,Rn), Jf (x) ≥ 0. j�5r f SV
e'
��
(4.36), ZT�i0| x0 ∈ Ω �,$�7| r ∈ (0, dist(x0, ∂Ω)), f SV}S}x

∣∣∣∣
∫

Br

Jf (x)dx

∣∣∣∣ ≤ I(n)

(∫

∂Br

‖D♯f(x)‖dS
) n

n−1

(4.41)`Q I(n) = (n n−1
√
ωn−1)

−1, ‖D♯f(x)‖ = sup
{
|D♯f(x)h| : |h| = 1, h ∈ Rn

}
, � D♯f� Df |:2T?E�\�K* A ∈ Rn×n t�C�C ‖A‖ = sup {|Ah| : |h| = 1, h ∈ Rn} ^ |A| =

(TraceAtA)1/2. �$y��kw7X 4.8 s A ∈ Rn×n, A♯ � A |:2T?E��7
‖A♯‖ ≤ C|A|n−1 (4.42)CL C �M; n 7�|j~�^b a4 |A♯| ≤ C(n)|A|n−1. |xy�{&��<d�B�Ctv�<40�I}��X 4.3 �^b xkw 4.7 4 f �\vG1v+ (4.36), j\

∣∣∣∣
∫

Br

Jf(x)dx

∣∣∣∣
n−1

n

≤ I(n)
n−1

n

∫

∂Br

‖D♯f(x)‖dS (4.43)+bzH~ r _ R/2 p R � �y
∫ R

R/2

∣∣∣∣
∫

Br

Jf(x)dx

∣∣∣∣
n−1

n

dr ≤ I(n)
n−1

n

∫ R

R/2

∫

∂Br

‖D♯f(x)‖dSdr (4.44)
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x Jf(x) �(4
∫ R

R/2

∣∣∣∣
∫

Br

Jf(x)dx

∣∣∣∣
n−1

n

dr ≥ R

2

∣∣∣∣∣

∫

BR/2

Jf(x)dx

∣∣∣∣∣

n−1
n

(4.45){vkw 4.8 r
∫ R

R/2

∫

∂Br

‖D♯f(x)‖dSdr =

∫

BR\BR/2

‖D♯f(x)‖dx

≤
∫

BR

‖D♯f(x)‖dx ≤ C

∫

BR

|Df(x)|n−1dx

(4.46)�a (4.44)∼(4.46), y
R

∣∣∣∣∣

∫

BR/2

Jf(x)dx

∣∣∣∣∣

n−1
n

≤ 2CI(n)
n−1

n

∫

BR

|Df(x)|n−1dx+0a� (K1, K2(x))- ?/�s�t�fr
∫

BR/2

|Df(x)|ndx ≤ K1

∫

BR/2

Jf(x)dx+

∫

BR/2

K2(x)dx

≤ K1

(
2C

R

) n
n−1

I(n)

(∫

BR

|Df(x)|n−1dx

) n
n−1

+

∫

BR/2

K2(x)dx��U_ |BR/2| = ωn
(
R
2

)n
(ωn y Rn Bk�j[�), rp

−
∫

BR/2

|Df(x)|ndx ≤ C(n,K1)

(
−
∫

BR

|Df(x)|n−1dx

) n
n−1

+ −
∫

BR/2

K2(x)dx(yt C(n,K1) 9℄o~ n ^ K1. x K2(x) ≥ 0 4
−
∫

BR/2

K2(x)dx =
1

ωn(
R
2
)n

∫

BR/2

K2(x)dx ≤ 2n

ωnRn

∫

BR

K2(x)dx = 2n −
∫

BR

K2(x)dx~2
−
∫

BR/2

|Df(x)|ndx ≤ C(n,K1)

(
−
∫

BR

|Df(x)|n−1dx

) n
n−1

+ 2n −
∫

BR

K2(x)dx+y\7H~ |Df | t�� Hölder 1v+�xkw 1.1 4a� q > n, (r
|Df(x)| ∈ Lqloc(Ω). �x Sobolev ^��w(r�w 4.3 50Q�
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�X 4.4 �^b y2�w 4.4, 9>2/ f 2\7� (K1, K2(x))- ?/�s�
`�� (4.37) +bz�'p�`r
Trace

(
Dtf(x)H(x)Df(x)

)
= Trace

(
J2/n(x, f)G(x) +K(x)

)
(4.47)j H(x) /���H�D{v (4.38) +4 (4.47) +b�y

Trace
(
Dtf(x)H(x)Df(x)

)

= Trace(Dtf(x)
√
H(x)

t√
H(x)Df(x))

= Trace ((
√
H(x)Df(x))t(

√
H(x)Df(x)))

= |
√
H(x)Df(x)|2 ≥ nα1|Df(x)|2

(4.48)� (4.47) +z'{v (4.39),(4.40) +
Trace

(
J

2
n (x, f)G(x) +K(x)

)

= Trace(J
2
n (x, f)G(x) + TraceK(x)

= J
2
n (x, f)TraceG(x) + TraceK(x)

≤ nβ2J
2
n (x, f) + nβ3(x)

(4.49)0a (4.47)∼(4.49) r
|Df(x)|2 ≤ β2

α1
J

2
n (x, f) +

β3(x)

α1x\(r
|Df(x)|n ≤ 2

n−2
2

(
β2

α1

)n
2

Jf (x) +

(
β3(x)

α1

)n
2p K1 = 2

n−2
2

(
β2

α1

)n
2
, K2(x) =

(
β3(x)
α1

)n
2
, `4 f 2\7� (K1, K2(x))- ?/�s��dx β3(x) ∈ L

nt
2
loc(Ω), t > 1, 4 K2(x) ∈ Ltloc(Ω). {v�w 4.3 (r�w 4.4 50��

§2.5 �3�h\N=�
2.5.1 �2fZL;}��4� Ω 2 Rn BtXV�� f = (f 1, f 2, · · ·, fn) ∈W 1,p

loc (Ω,R
n)(1 ≤ p <∞) y��7$�s��� Jacobi K*

Df =

(
∂f i

∂xj

)

1≤i,j≤n
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tz k ,V+y AJI , VB k D8*
I = (i1, i2, · · ·, ik), J = (j1, j2, · · ·, jk)pX~ N = (1, 2, · · ·, n) t\7yBH��
 1 ≤ i1 < i2 < · · · < ik ≤ n ^

1 ≤ j1 < j2 < · · · < jk ≤ n.�~��7$� f(x) �\ Jf(x) = 0, a.e. Ω "�� n ,�* Df(x) t>y
l : 1 ≤ l < n(�*Pt<d� l = 0 WI}). �\��<s�tNV�O��C"���^� f(x) t87 �d	3nt^B�-�(U9V\� Df(x) BPyt l ,NV+ AII H`_	� I = (i1, i2, · · ·, il) yPyt l DyB8*��

Jl(x, f) =
1

C l
n

∑

I

detAII , (5.1)VB^+�PyyBt l D8* I = (i1, i2, · · ·, il) kt� C l
n 2\7_aC�7���<s�k�N�O��C,C�� E ^ F  ,2�7 n {F4d��v L(E,F ) +,_ E p F �<s�tv[��~ A ∈ L(E,F ),‖A‖ =

sup|ξ|≤1,ξ∈E |Aξ|. v detA +,�<s� At:�+�� Im(A) = A(E), Ker(A) =

A−1(0), -v A∗ n+,�<s� A t�hNV�� A∗ $�2K* A tS<�kv Reshetnyak[1] t��0�7X 5.1 � A ∈ L(E,F ), A 6= 0. 9�
(1)E = KerA⊕ ImA∗,KerA ∩ ImA∗ = ∅;
(2)d� E ^ F B ,a�$�/&_ u1, u2, · · ·, ul 2Vd� ImA∗ t\_�^ v1, v2, · · ·, vl(1 ≤ l ≤ n) 2 ImA t\_��_	a��C λi > 0(i = 1, 2, · · ·, l),(r

Aui = λivi, A
∗vi = λiui; i = 1, 2, · · ·, l; (5.2)

(3)

A∗Aui = λ2
iui, AA

∗vi = λ2
i vi; i = 1, 2, · · ·, l; (5.3)�s� A∗A ^ AA∗ tVQPy��V,7Vy��� A = Df ∈ L(Ω,Rn) d Df 6= 0 � λi1, λi2 , · · ·, λil(λik > 0, 1 ≤ k ≤ l) 2xkw 5.1 B (2) Prp A∗A tV,7O�:� ui1, ui2, · · ·, uil 2xkw� 1.1 �rp
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t�o~ λik t/&$�_�H λi1, λi2 , · · ·, λil 2�<s� Df tN�O��C�3n&x^B�(r 0 < λi1 ≤ λi2 ≤ · · · ≤ λil, �ot$�_ uik , k = 1, 2, · · ·, l Hy2�<s� A tN$�_�sJx� vik , k = 1, 2, · · ·, l Hy�<s� A∗ tN$�_��~|��$� ξ ∈ Rn \ {0},

ξ = ξ1u1 + ξ2u2 + · · ·, ξnun, |ξ| ≤ 1,xkw 5.1 Bt (5.2) rp
|Aξ|2 = λ2

i1
ξ2
i1

+ λ2
i2
ξ2
i2

+ · · · + λ2
il
ξ2
il
≤ λ2

il
|ξ|2 ≤ λ2

il
.|p$� ξ = (0, · · ·, 0, ξil, 0, · · ·, 0), |ξil| = 1 "�y |Aξ| = λil, j\

‖A‖ = ‖Df‖ = sup
|ξ|≤1

|Aξ| = λil. (5.4)� ϕ : Rn → Rn 2\7/&)x�(r ϕ(vi) = ui, i = 1, 2, · · ·, n. 9��~aIs� B = A · ϕ, rp
Bvik = A · ϕ(vik) = A(uik) = λikvik , k = 1, 2, · · ·, l;

Bvik = 0, k = l + 1, l + 2, · · ·, n.P_�~ Jf(x) Bt6\��`3,CNV+ AII , y
det(AII) = det(BI

I ) = λi1λi2 · · · λil.t Hadamard 1v++/
det(AII) ≤ ‖A‖l.��

K(A) = sup
I

‖A‖l
| det(AII)|

, (5.5)(yt I 2( det(AII) 6= 0 Py l DyB8*�:N (5.4) ^ (5.5), �y K(A) ≥ 1.�4 5.1 -�	j�P5r f = (f 1, f 2, · · ·, fn) ∈W 1,l
loc(Ω,R

n)(1 ≤ l < n), m�z Ω p%| K- \H�5r�j�
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(1)Nqt? Df(x)|-�	Q|XÆ7~|Tx AII ,w{ Jl(x, f) > 0 a.e. Ω,�
Jl+1(x, f) = Jl+2(x, f) = · · · = Jn(x, f) = 0 a.e. Ω;

(2)

|Df(x)|l ≤ KJl(x, f) a.e. Ω,CL|j~ K(1 ≤ K <∞) m�5r f(x) |t�o�b 5.1 0$��f 5.1 Bt l W`p l = n, (" Jf(x) > 0, a.e. Ω [Z��|f�t K- ?/�s�t�f\;�
2.5.2 �2 K- fZL;}� Lp R5+_��Y����1b?aT�t�C��Q9℄o~ n, l,K, d0 = dist(a, ∂Ω)

(∀a ∈ Ω), �!vb\7Y7 C n+,�� ∧l(Rn)(1 ≤ l ≤ n) +,x dxI =

dxi1 ∧ dxi2 ∧ · · · ∧ dxil !It l- 8+t$�d��VB I = (i1, i2, · · ·, il) y l DyB8*��*t�7,C`� Reshetnyak [1] ^ Iwaniec, Martin [2]. �~s� f ∈
W 1,p
loc (Ω,Rn), 1 ≤ p <∞, x f � f(Ω) B l- 8+P{otk{NV�y f ∗. �~|t�7 l- 8+

α =
∑

I

αIdxI ∈
∧l

, β =
∑

I

βIdxI ∈
∧l

,V<��y 〈α, β〉�~ l- 8+
α = αi1 ∧ αi2 ∧ · · · ∧ αil,(y αik , 1 ≤ k ≤ l 2 1- u 8+��

|αi1 ∧ αi2 ∧ · · · ∧ αil| ≤ C|αi1| · |αi2| · · · |αil|, (5.6)+B C t2\79℄o~ n, l t�C�� Ω t[�8+y
vol = dx = dx1 ∧ dx2 ∧ · · · ∧ dxn ∈

∧n
(Rn),
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Hodge 4NV ∗ :
∧→ ∧n−l �\
α ∧ ∗β = β ∧ ∗α = 〈α, β〉vol, ∀α, β ∈

∧l
(Rn), (5.7)�Q J = N − I +,yB l D8* I = (i1, i2, · · ·, il) t�8* (�8*8t2_

N = (1, 2, · · ·, n) B
U	M ik ∈ I ��t8*), 9�
∗dxI = σ(I,N − I)dxN−I ,(yt σ(I,N − I) ∈ {−1, 1}, +,H� (I,N − I) B�BCt"[

nGH�"�p σ = 1 
nWH�"�p σ = −1. P_
∗ ∗ α = (−1)l(n−l)α, α ∈

∧l
. (5.8)�~ l- 8+

v = dyI = dyi1 ∧ dyi2 ∧ · · · ∧ dyilVB I = (i1, i2, · · ·, il). f � v t\7k{y
(f ∗v)(x) = df i1 ∧ df i2 ∧ · · · ∧ df il =

∑

I1

detAII1dx
I1 ,VBt^+B I1 = (i11, i

1
2, · · ·, i1l ) yPyyBt l- D8*�\7�ktS2`4 f ∗v2\7[n8+�0$��p

u = (−1)(k−1)yikdyi1 ∧ dyi2 ∧ · · · ∧ ˆdyik ∧ · · · ∧ dyil,*+VBV`T""+,*"V�r}��y
df ∗u = d((−1)(k−1)f ikdf i1 ∧ df i2 ∧ · · · ∧ ˆdf ik ∧ · · · ∧ df il)

= df i1 ∧ df i2 ∧ · · · ∧ df il = f ∗v.+/	 f ∗v 2\7[n8+�9�t l- D8* I = (i1, i2, · · ·, il), �
dxJ = ∗dxI

66



VB J = (j1, j2, · · ·, jn−l) y I t\7�8*�x~/([tH��(yt J 1&2yBt���7'�
a = (a1, a2, · · ·, an) ∈ Rn.7X 5.2 �9 (l − 1)- $x

ω = (−1)k−1(fik − aik)dx
i1 ∧ dxi2 ∧ · · · ∧ ˆdxik · · · ∧dxil , f ik ∈W 1,p

loc (ω,R),j�f η = ϕ(x)dxJ � Ω p�7:I)| (n− l)- $x�CL ϕ(x) ∈ C∞
0 (Ω), J �

I |:L_�� ∫

Ω

d(ω ∧ η) = 0. (5.9)^b 1�� f ik ∈ C1(Ω). 1y��~ f ik(x) ∈ W 1,p
loc (Ω), 1 ≤ p < ∞, p αh(x)y f ik(x) t\7JqsjV�� αh ∗ f ik ∈ C1(Ω), �d� W 1,p

loc (Ω) t�Cf��y
αh(x) ∗ f ik → f ik(h→ 0).P_9Vv αh ∗ f ik h\ f ik H`_	�x~ ϕ(x) ∈ C∞

0 (Ω), `_� ϕ(x) d\7�Pnp�f� Rn �~2
d(ω ∧ η) = d[((−1)k−1(f ik − aik)dxi1 ∧ dxi2 ∧ · · · ∧ ˆdxik ∧ · · · ∧ dxil) ∧ (ϕ(x)dxJ)]

= d[(−1)k−1(f ik − aik)ϕ(x)dxi1 ∧ dxi2 ∧ · · · ∧ ˆdxik ∧ · · · ∧ dxil] ∧ dxJ

=

(
l∑

k=1

∂[(fik − aik)ϕ(x)]

∂xik
dxI

)
∧ ∗dxJ

=
l∑

k=1

∂[(fik − aik)ϕ(x)]

∂xik
dx,�~*^+Bt!\"�x~ ϕ(x)(f ik − aik) ∈ C1

0 (Rn), y
∫ +∞

−∞

∂[(fik − aik)ϕ(x)]

∂xik
dxk = 0.D ∫

Ω

d(Ω ∧ η) = 0r2�
67



�X 5.1 /� f : Ω → Rn z Sobolev I W 1,l
loc(ω,R

n)(1 ≤ l < n) Q%| K-\H�5r
ZT-�t?-�L~ p = p(l, n,K) > l, w{ f ∈W 1,p
loc (Ω,R

n).^b 1��� f ∈ C1(Ω). �
ω = (−1)k−1(yik − aik)dyi1 ∧ dyi2 ∧ · · · ∧ ˆdyik ∧ · · · ∧ dyil,

ϕ(x) ∈ C∞
0 (Ω) y\7�(t5SYC�� η = ϕ(x)dxJ , (yt J y I t\7�8*�(r dxJ = ∗dxI , ~2

d(η ∧ f ∗ω) = dη ∧ f ∗ω + (−1)n−lη ∧ df ∗ω

= dη ∧ f ∗ω + (−1)n−lη ∧
(∑

I1

detAII1dx
I1

)
.

(5.10):Nkw 5.1 rp
∫

Ω

dη ∧ f ∗ω = −(−1)n−l
∫

Ω

η ∧
(∑

I1

detAII1dx
I1

)

= (−1)n−l+1

∫

Ω

ϕ(x)dxJ ∧
(∑

I1

detAII1dx
I1

)

= (−1)n−l+1

∫

Ω

∑

I1

ϕ(x) detAII1dx
J ∧ dxI1

= (−1)n−l+1

∫

Ω

∑

I1

ϕ(x) detAII1 ∗ dxI ∧ dxI1

= (−1)n−l+1

∫

Ω

ϕ(x) detAIIdx.!*v+�'b"�Pyt l DyB8* I k^�rp
∫

Ω

ϕ(x)
∑

I

detAIIdx ≤ C l
n

∫

Ω

|dη ∧ f ∗ω|dx.x (5.1) y ∫

Ω

ϕ(x)Jl(x, f)dx ≤
∫

Ω

|dη ∧ f ∗ω|dx.jy
f ∗ω = (−1)k−1(f ik − aik)df i1 ∧ df i2 ∧ · · · ∧ ˆdf ik ∧ · · · ∧ df il,

68



-\�p |f ik − aik | ≤ |f − a|, |df i| ≤ |Df |, i = 1, 2, · · ·, n, x (2.1), P_
|f ∗ω| = |fik − aik ||df i1 ∧ df i2 ∧ · · · ∧ ˆdf ik ∧ · · · ∧ df il|

≤ C|fik − aik ||df i1||df i2| · · · | ˆdf ik| · · · |df il|

≤ C|f − a||Df |l−1.|jy dη = dϕ(x) ∧ dxJ , P_ |dη| = |∇ϕ(x)| �
∫

Ω

ϕ(x)Jl(x, f)dx ≤ C

∫

Ω

|∇η||f − a||Df |l−1dx (5.11)�!kst K- ?/�s��fh�p (5.11). -� ϕ(x) = ξl(x), ξ(x) ∈
C∞

0 (Ω) y�(t5SYC	 0 ≤ ξ ≤ 1, ξ(x) = 1, x ∈ BR/2 
 ξ(x) = 0, x ∈ Ω \BRd |∇ξ| ≤ C
R
. �y

∫

Ω

ξl|Df |ldx ≤ K

∫

Ω

ξlJl(x, f)dx

≤ C

∫

Ω

|ξDf |l−1|(f − a)∇ξ|dx

≤ C

(∫

Ω

|ξDf |l−1dx

) l−1
l
(∫

Ω

|(f − a)∇ξ|ldx
) 1

l

.D (∫

Ω

|ξDf |ldx
) 1

l

≤ C

(∫

Ω

|(f − a)∇ξ|ldx
) 1

l

,~2 (
1

|Ω|

∫

Ω

|ξDf |ldx
) 1

l

≤ C

R

(
1

|Ω|

∫

Ω

|f − a|ldx
) 1

l

.p a = f = 1
|BR|

(
∫
Ω
f(x)dx) h�+�x^�1v+rp
(
−
∫

BR/2

|Df |ldx
) 1

l

≤ C

(
−
∫

BR

|Df |sdx
) 1

s

(5.12)(y s = nl
n+l

≤ l. D� Hölder 1v+I}�:N Gehring 61v+�a�\78C p = p(n, l,K) > l, (r f ∈W 1,p
loc (Ω,R

n).

2.5.3 �2z K- fZL;}� Hölder [.+
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!*/aR Morrey 6kw }kst K- ?/�s� Hölder �C<<CÆ��~ 0 < R ≤ d0 = dist(x, ∂Ω)(a ∈ Ω), �
B(a,R) = {x ∈ Ω : |x− a| < R},

S(a,R) = {x ∈ Ω : |x− a| = R}.7X 5.3 s f : Ω → Rn z Sobolev I W 1,l
loc(Ω,R

n)(1 ≤ l ≤ n) |-�5r�ZT�9,$�7| 0 < R ≤ d0, �7
∫

B(a,R)

Jl(x, f)dx ≤ R

n

∫

S(a,R)

|Df(x)|ldx, (5.13)CL| Jl(x, f) j (5.1) �y�:Nkw 5.3, H�+ (7.7) ^ Morrey 6kw (�kw 2.1), rpt��J5
Hölder �C<��X 5.2 s f ∈W 1,l

loc(Ω,R
n)(1 ≤ l ≤ n). j� f zj�1 1.1 |%| K- \H�5r
ZTw l > n(K−1)

K
u� f ? Ω p|i0-�:T) G pz Hölder N'|�b Hölder L~
α = 1 − n(K − 1)

lK
.^b x~ f(x) ∈ W 1,l

loc(Ω,R
n) 2kst K- ?/�s��:N�f 5.1, (5.7)^kw 5.3, y ∫

B(a,R)

|Df(x)|ldx ≤ K

∫

B(a,R)

Jl(x, f)dx

≤ KR

n

∫

S(a,R)

|DF (x)|ldx (5.14)�
W (R) =

∫

B(a,R)

|Df(x)|ldx,

S(R) =

∫

S(a,R)

|Df(x)|ldx.� W ′(R) = S(R). _�x1v+ (5.14) rp
W (R) ≤ KR

n
W ′(R),

70



P_
−(
W (R)

Rn/K
)′ ≤ 0.j\ h(R) = W (R)

Rn/K H~ R 2\7�$YC�x~ 0 < R ≤ d0 = dist(a,Ω), ~2
W (R)

Rn/K
≤ W (d0)

d
n/K
0

= d
−n/K
0

∫

B(a,d0)

|Df(x)|ldx

≤ d
−n/K
0 ‖Df‖l,
 ∫

B(a,R)

|DF (x)|ldx ≤ d
−n/K
0 ‖Df‖lRn/K .:N Morrey kw`r�w 5.2.

2.5.4 �2zfZL;}� Caccioppoli &s���X 5.3 s f ∈ W 1,q
loc (Ω,R

n) (q ≥ max{1, l − 1}, 1 ≤ l ≤ n), ��1Q�}|%l K \H�5r�t?O�E'L~ q(n, l,K) < l < p(n, l,K), w{�i� q, p ∈ (q(n, l,K), p(n, l,K)), i-%l K \H�5r f ∈ W 1,q
loc (Ω,R

n), �7
f ∈W 1,p

loc (Ω,R
n), �i0| φ ∈ C∞

0 (Ω), �X| Caccioppoli }xnM
∫

Ω

|φDf |qdx ≤ C(n, l,K)

∫

Ω

|f ⊗▽φ|qdx,CL ⊗ `yAP'�� C(n, l,K) `yM; n, l � K 7�|j~�^b �y�`�� φ ∈ C∞
0 (B0), B0 = B(x0, r) ⊂⊂ Ω, d 0 ≤ φ(x) ≤ 1. k�

g =

{
|φDf | + |f ⊗▽φ|, x ∈ B0,

0, x ∈ Rn \B0.7���s� h = (h1, h2, · · · , hl), 1 ≤ l ≤ n, 2\7>~ Sobolev d� W 1,l(Ω, Rl)ts���dVBt\7 ��|� hk, 1 ≤ k ≤ l, � ∂Ω y���x Stokes >+�rp
∫

Ω

dh1 ∧ dh2 ∧ · · · ∧ dhl ∧ en−l

= (−1)k−1

∫

Ω

d(hkdh1 ∧ · · · ∧ d̂hk ∧ · · · ∧ dhl ∧ en−l)

= (−1)k−1

∫

∂Ω

hkdh1 ∧ · · · ∧ d̂hk ∧ · · · ∧ dhl ∧ en−l = 0.

(5.15)
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(y en−l = dxi1 ∧ · · · ∧ dxin−l
, 1 ≤ i1 < · · · < in−l ≤ n y| n − l ^8+�`T""+,*"�r}�\�n#��9� h ∈ W 1,q(Ω, Rl), q < l, dVBt\7 �� ∂Ω y��� (5.15) 1\�I}�y	�ks� K ?/�s�{v>+

(5.15), �$tH 2� h tVB\7 ��|� h1, 3nt)s�(r�)s5mt h, `_{v (5.15).�ks� K ?/�s� f ∈W 1,q
loc (Ω,R

n),\�Rtz\7 � f 1. � u = φf 1,� Rn \B0 !Vj!y 0, ~2 u ∈W 1,q(Rn). � λ > 0, �
Fλ = {x ∈ B(x0, r) : M(g)(x) ≤ λ,dxyut Lebesgue {}.(y M(g) y g t Hardy-Littlewood `fYC�{v [9] BrptH~ Sobolev sYCtCÆ+�`_2/ u ��a Fλ ∪ (Rn \B0) 2 cλ-Lipschitz �Ct�2/8� [8]. x McShane j!�w�! u|

Fλ∪(Rn
\B0)
j!y Rn Bt cλ-Lipschitz �CYC uλ. \�s�

fλ = (uλ, φf
2, · · · , φfn).j f ∈W 1,q

loc (Ω,R
n), x\7"<RL�-{v Stokes >+`4	� q ≥ l − 1, �

∫

Ω

detA
(1,2,··· ,l)
λ(1,2,··· ,l)dx =

∫

Ω

duλ ∧ d(φf 2) ∧ · · · ∧ d(φf l) ∧ dxl+1 ∧ · · · ∧ dxn

= −
∫

Ω

d(φf 2duλ ∧ d̂(φf 2) ∧ · · · ∧ d(φf l) ∧ dxl+1 ∧ · · · ∧ dxn)

= −
∫

∂Ω

φf 2duλ ∧ d̂(φf 2) ∧ · · · ∧ d(φf l) ∧ dxl+1 ∧ · · · ∧ dxn = 0.(y
A

(1,2,··· ,l)
λ(1,2,··· ,l) =




∂uλ
∂x1

, · · · , ∂uλ
∂xl

∂(φf 2)

∂x1
, · · · , ∂(φf 2)

∂xl
· · · , · · · , · · · ,
∂(φf l)

∂x1

, · · · , ∂(φf l)

∂xl


y Dfλ tz\7 l ,V+�~2

∫

Fλ

detA
(1,2,··· ,l)
λ(1,2,··· ,l)dx = −

∫

Ω\Fλ

detA
(1,2,··· ,l)
λ(1,2,··· ,l)dx. (5.16)
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�x |f i ▽ φ| ≤ c(n)|f ⊗▽φ| ^ | ▽ (φf i)| ≤ c(n)g, �a (2.2) rp
∫

Fλ

φl detA
(1,2,··· ,l)
(1,2,··· ,l)dx ≤ c(n)

∫

Fλ

|f ⊗▽φ|gl−1dx+ cλ

∫

Ω\Fλ

gl−1dx, (5.17)(y A
(1,2,··· ,l)
(1,2,··· ,l) y Df(x) tz\7 l ,V+�(71v+�Py λ > 0 I}� (5.17)!\"J_ λ−1−ε(ε tp7i�), � λ _ 0 p ∞ � �-&x� ^B�rp
∫

Ω

φl detA
(1,2,··· ,l)
(1,2,··· ,l)

∫ ∞

M(g)(x)

λ−1−εdλdx

≤ c(n)

(∫

Ω

gl−1

∫ ∞

0

λ−εdλdx+

∫

Ω

|f ⊗▽φ|gl−1

∫ ∞

M(g)(x)

λ−1−εdλdx

)
.

(5.18)bw��|tyB l D8* I = (i1, i2, · · · , il), y
∫

Ω

φl detA
(i1,i2,··· ,il)
(i1,i2,··· ,il)

∫ ∞

M(g)(x)

λ−1−εdλdx

≤ c(n)

(∫

Ω

gl−1

∫ ∞

0

λ−εdλdx+

∫

Ω

|f ⊗▽φ|gl−1

∫ ∞

M(g)(x)

λ−1−εdλdx

)
.!+�PytyB l D8*k^�{v Jl(x, f) t�f�rp

∫

Ω

φlJl(x, f)

∫ ∞

M(g)(x)

λ−1−εdλdx

≤ c(n, l)

(∫

Ω

gl−1

∫ ∞

0

λ−εdλdx+

∫

Ω

|f ⊗▽φ|gl−1

∫ ∞

M(g)(x)

λ−1−εdλdx

)
.

(5.19)�xks� K ?/�s�t�f�4
∫

Ω

φl|Df |lM(g)−εdx

≤ c(n, l)K

∫

Ω

|f ⊗▽φ|gl−1M(g)−εdx+
εc(n, l)K

1 − ε

∫

Ω

gl−1M(g)1−εdx.
(5.20)\�*�

∫

Ω

(|Df ||φ|)l−εdx ≤
(∫

Ω

|Df |l|φ|lM(g)−εdx

) l−ε
l
(∫

Ω

M(g)l−εdx

) ε
l

≤ c(n, l)

(∫

Ω

|Df |l|φ|lM(g)−εdx

) l−ε
l
(∫

Ω

gl−εdx

) ε
l

.

(5.21)(y{v	 Hölder 1v+^ Hardy-Littlewood �w
∫

Ω

M(g)l−εdx ≤ c(n, l)

∫

Ω

gl−εdx, (5.22)
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VBn 0 ≤ ε ≤ 1 "��C c(n, l) > 0 `_F�t� ε �H��$`_��
∫

Ω

gl−εdx ≤ 2l−ε
∫

Ω

(|Df ||φ|)l−εdx. (5.23)jy!��1v+ (1.2) ��C c(n, l,K) = 1 I}�(U�x (5.21) ^ (5.23) rp
∫

Ω

gl−εdx ≤ c(n, l)

∫

Ω

|Df |l|φ|lM(g)−εdx. (5.24)�\�*�x (5.24) 	 (5.20) rp
∫

Ω

gl−εdx ≤ c(n, l)

∫

Ω

|Df |l|φ|lM(g)−εdx

≤ c(n, l)K

(∫

Ω

|f ⊗▽φ|l−εdx
) 1

l−ε
(∫

Ω

gl−εdx

) l−1−ε
l−ε

+ c(n, l)K
ε

1 − ε

∫

Ω

gl−εdx.F� ε 3n*�(r c(n, l)Kε/(1 − ε) < 1/2, 
r�w 5.3 50��
§2.6 NB� n- �r℄�{ (K1, K2(x))- h\N=�

2.6.1 70CE%-�!/9TPy7 n- {)�t� (K1, K2(x))- ?/�s�t�f� K1 > 0,

K2(x) ≥ 0, -9T3,`�<0Q�� k, n,m ∈ N , n ≥ 2. d� (Rn)k ^ (Rn)m +,y (Rn)k = Rn × · · · × Rn

︸ ︷︷ ︸
k times

^
(Rn)m = Rn × · · · × Rn

︸ ︷︷ ︸
m times

. � x ∈ (Rn)k ^ y ∈ (Rn)m, (v�[
x = (x1, · · · , xk) = ((x1

1, x
2
1, · · · , xn1 ), (x1

2, x
2
2, · · · , xn2 ), · · · , (x1

k, x
2
k, · · · , xnk))^

y = (y1, · · · , ym) = ((y1
1, y

1
2, · · · , y1

n), (y
2
1, y

2
2, · · · , y2

n), · · · , (ym1 , ym2 , · · · , ymn )),(y
xj = (x1

j , x
2
j , · · · , xnj ) ∈ Rn, yi = (yi1, y

i
2, · · · , yin) ∈ Rn, j = 1, · · · , k, i = 1, · · · , m.
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� U y (Rn)k Btm�� f = (f 1, · · · , fm) : U → (Rn)m y W 1,r
loc (U), 1 ≤ r < ∞ss�� Jacob K* f ′(x) y fK*

f ′(x) = (f ′
ij(x))i=1,··· ,m,j=1,··· ,k, f ′

ij(x) =

(
∂f iℓ
∂xtj

)

1≤ℓ,t≤n

∈ Rn×n,R� U �nYYy�f�� i = 1, · · · , m ^ j = 1, · · · , k, � Jij(x, f) = det f ′
ij(x).!��� Jij(x, f) �(� i = 1, · · · , m, j = 1, · · · , k.�4 6.1 5r f = (f 1, · · · , fm) ∈ W 1,r

loc (U, (R
n)m), 1 ≤ r <∞, m��7��

n- �^P|l (K1, K2(x))- \H�5r� K1 > 0, K2(x) ≥ 0, a.e., k? U Q�X|}xnM
∑

i,j

|f ′
ij(x)|n ≤ K1n

n/2
∑

i,j

Jij(x, f) +K2(x). (6.1)k r ≥ n, � f m��7�� n- �^P| (K1, K2(x))- \H�5r�b 6.1 �f 6.1 B ” � ” tVf28 f t`�8C r *~{C n tg8�\" Jij(x, f), i = 1, · · · , m, j = 1, · · · , k 1\�J5`��b 6.2 �Py_ (Rn)k p (Rn)m t� (K1, K2(x))- ?/�s�tv[y
G(K1, K2(x)). � k = m = 1 ^ K2(x) ≡ K2, s G(K1, K2(x)) � Rn �t�
(K1, K2)- ?/�s�ts\;�n r ≥ n, K1 = K, K2(x) = 0, a.e. "�s
G(K1, K2(x)) = G(K, 0) �s G(K) \;�!/NV0Qy�*t/�<�w��X 6.1 s K2(x) ∈ Ltloc(U), t > n. t?L~ q = q(n, k,m,K1) < n < p =

p(n, k,m,K1), w{ W 1,q
loc (U, (R

n)m) Q|i0�7�� n- �^P|l (K1, K2(x))-\H�5r�|9 W 1,p
loc (U, (R

n)m), + (K1, K2(x))- \H�|�
2.6.2 Fm7X�*� C(∗, · · · , ∗) y9℄o~)� ∗, · · · , ∗ t�C��1bt?aRt7`=1\U�� BR yB3� 0 �Dy R > 0 tj� BR(x) = BR + x, x ∈ (Rn)k.

|BR| +, BR t nk- { Lebesgue :��� x0 ∈ (Rn)k ^ g ∈ L1(BR(x0)), �
gBR(x0) = −

∫

BR(x0)

gdx =
1

|BR(x0)|

∫

BR(x0)

gdx
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y g � BR(x0) t� OV�k� (Rn)k tu 8+ Ωj , j = 1, · · · , k,

Ωj = (−1)(j−1)ndx1 ∧ · · · ∧ d̂xj ∧ · · · ∧ dxk ∈
∧(k−1)n

,(yt`T""+,*"�r}��)� xj = (x1
j , · · · , xnj ) ∈ Rn, < dxj = dx1

j ∧
· · · ∧ dxnj . �y dx = dx1 ∧ · · · ∧ dxk = dxj ∧ Ωj , j = 1, 2, · · · , k.7X 6.1 s F = (F 1, · · · , Fm) ∈ W 1,n−ε((Rn)k, (Rn)m), −∞ < ε ≤ 1, CL
F i = (F i

1, · · · , F i
n) ∈ Rn. ��U- i = 1, · · · , m, j = 1, · · · , k, 7

∫

(Rn
)k

|dF i
1 ∧ Ωj |−εdF i

1 ∧ · · · ∧ dF i
n ∧ Ωj ≤ C(n)|ε|

∫

(Rn
)k

|F ′
ij(x)|n−εdx.b 6.1 *tkw� dF i

1 ∧ · · · ∧ dF i
n ∧ Ωj t�Ct"[ y�=�jV |ε|2!�t�7X 6.1 �^b x Iwaniec, Sbordone [1, �w 1] rp

∫

(Rn
)k

|dF i
1 ∧ Ωj |−εdF i

1 ∧ · · · ∧ dF i
n ∧ Ωj

=

∫

(Rn
)k−1

dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk
∫

Rn
|dF i

1 ∧ Ωj |−ε detF ′
ij(x)dxi

≤ C(n)|ε|
∫

(Rn
)k−1

dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxk
∫

Rn
|F ′
ij(x)|n−εdxi

= C(n)|ε|
∫

(Rn
)k

|F ′
ij(x)|n−εdx.
yPk��*tkw`xz\�t Poincaré kwrp�7X 6.2 s 1 ≤ r <∞, U ⊂ (Rn)k. k u ∈ W 1,r

loc (U), ��i0d BR(x0) ⊂⊂
U , 7

‖u− uBR(x0)‖r,BR(x0) ≤ 21+ nk
r R‖∇u‖r,BR(x0),CL ∇u � u |���7X 6.3 s 1 ≤ r <∞, U ⊂ (Rn)k. �� f = (f 1, · · · , fm) ∈W 1,r

loc (U, (R
n)m),7

‖f i − f iBR(x0)‖r,BR(x0) ≤ n21+ nk
r R‖f ′(x)‖r,BR(x0), i = 1, · · · , m,CL f ′

i(x) = (f ′
i1(x), · · · , f ′

ik(x)) =
(
∂f i

ℓ

∂xt
j

)
1≤ℓ,t≤n,1≤j≤k

� n× nk ?E�
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^b � ℓ = 1, · · · , n, xkw 6.2 r
‖f iℓ − f iℓBR(x0)

‖r,BR(x0) ≤ 21+ nk
r R‖∇f iℓ‖r,BR(x0),(U�

‖f i − f iBR(x0)‖r,BR(x0) ≤
n∑

ℓ=1

‖f iℓ − f iℓBR(x0)‖r,BR(x0)

≤ 21+ nk
r R

n∑

ℓ=1

‖∇f iℓ‖r,BR(x0) ≤ n21+ nk
r R‖f ′

i(x)‖r,BR(x0) ≤ n21+ nk
r R‖f ′(x)‖r,BR(x0).kw 6.3 2$��*tkw`� Borjarski, Iwaniec [1] B#p�7X 6.4 s 1 ≤ r < nk. k u ∈W 1,r

loc (U), ��i0d BR(x0) ⊂⊂ U , 7
‖u− uBR(x0)‖ nkr

nk−r
,BR(x0) ≤ C(nk)

nk

nk − r

(
r

r − 1

)nk−r
nkr

‖∇u‖r,BR(x0).

2.6.3 �X 6.1 �^b� f ∈W 1,n−ε
loc (U, (Rn)m)yPy7 n-{)�t� (K1, K2(x))-?/�s��VB 0 < ε < 1
2
m*T��<

U1 = {x ∈ U : |f ′(x)| ≥ 1} and U2 = {x ∈ U : |f ′(x)| < 1}.�y U = U1 ∪ U2, U1 ∩ U2 = ∅. �| i = 1, · · · , m ^ j = 1, · · · , k, y
Jij(x, f) = det f ′

ij(x) = ∗
(
df i1 ∧ · · · ∧ df in ∧ Ωj

)
,(y ∗ y Hodge 4NV�1v+ (6.1) `D.y

∑

i,j

|f ′
ij(x)|n ≤ K1n

n/2 ∗
(∑

i,j

df i1 ∧ · · · ∧ df in ∧ Ωj

)
+K2(x). (6.2)�a (6.2) ^E'1v+

C(n,m, k)
∑

i,j

|f ′
ij(x)|n ≤ |f ′(x)|n ≤ C(n,m, k)

∑

i,j

|f ′
ij(x)|n
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rp
∫

BR(x0)

|f ′(x)|n−εdx

=

∫

BR(x0)∩U1

|f ′(x)|n−εdx+

∫

BR(x0)∩U2

|f ′(x)|n−εdx

≤
∫

BR(x0)∩U1

|f ′(x)|n−εdx+ |BR(x0) ∩ U2|

≤ C(n,m, k)

∫

BR(x0)∩U1

|f ′(x)|−ε
∑

i,j

|f ′
ij(x)|ndx+ |BR(x0)|

≤ C(n,m, k)K1

∑

i,j

∫

BR(x0)∩U1

|f ′(x)|−εdf i1 ∧ · · · ∧ df in ∧ Ωj

+C(n,m, k)

∫

BR(x0)∩U1

K2(x)|f ′(x)|−εdx+ |BR(x0)|

≤ C(n,m, k)K1

∑

i,j

∫

BR(x0)

|df i1 ∧ Ωj |−εdf i1 ∧ · · · ∧ df in ∧ Ωj

+C(n,m, k)

∫

BR(x0)

K2(x)dx+ |BR(x0)|,

(6.3)

(y x0 ∈ U , BR(x0) ⊂ B2R(x0) ⊂⊂ U y|b3j�yCÆ (6.3) z�z\"�� φ ∈ C∞
0

(
B 3

2
R(x0)

)
, ψ ∈ C∞

0 (B2R(x0)) (φ ^ ψ  ,� B 3
2
R(x0) ^ B2R(x0) 5py�) y-
YC�(r

(i) 0 ≤ φ ≤ 1, � BR(x0)  φ ≡ 1, |∇φ| ≤ C(n,m,k)
R

,

(ii) 0 ≤ ψ ≤ 1, � B 3
2
R(x0)  ψ ≡ 1, |∇φ| ≤ C(n,m,k)

R
.\�x�+�ft$Ps� F = (F 1, F 2, · · · , Fm)∈W 1,n−ε

0 (B2R(x0), (R
n)m),

F =
(
ψ(f 1 − C1), · · · , ψ(f i−1 − Ci−1) ,

(
ψ(f i1 − Ci

1), · · · , ψ(f in−1 − Ci
n−1), φ(f in − Ci

n)
)
,

ψ(f i+1 − Ci+1), · · · , ψ(fm − Cm)
)
,(y Ci = (Ci

1, · · · , Ci
n) ∈ Rn, i = 1, 2, · · · , m y�7$���y� B 3

2
R(x0) �

φ|df i1 ∧ Ωj |−εdf i1 ∧ · · · ∧ df in ∧ Ωj

= |dF i
1 ∧ Ωj |−εdF i

1 ∧ · · · ∧ dF i
n ∧ Ωj

−(f in − Ci
n)|df i1 ∧ Ωj |−εdf i1 ∧ · · · ∧ df in−1 ∧ dφ ∧ Ωj .

(6.4)jy φ ^ ψ  ,� B 3
2
R(x0) ^ B2R(x0) 5py��P_ φ, ψ ∈ C∞

0 ((Rn)k), (U
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F ∈W 1,n−ε((Rn)k, (Rn)m). �j B 3
2
R(x0) � (6.4) t���xkw 6.1 rp

∫

B 3
2 R

(x0)

φ|df i1 ∧ Ωj |−εdf i1 ∧ · · · ∧ df in ∧ Ωj

=

∫

B 3
2 R

(x0)

|dF i
1 ∧ Ωj |−εdF i

1 ∧ · · · ∧ dF i
n ∧ Ωj

−
∫

B 3
2 R

(x0)

(f in − Ci
n)|df i1 ∧ Ωj |−εdf i1 ∧ · · · ∧ df in−1 ∧ dφ ∧ Ωj

≤ C(n)ε

∫

B2R(x0)

|F ′
ij(x)|n−εdx+ C(n)

∫

B2R(x0)

|∇φ||f in − Ci
n||f ′

ij(x)|n−1−εdx,

(6.5)(y(v	 Hadamard 1v+���CÆ (6.5) z�t�"�jy
∂F i

ℓ

∂xtj
=
(
f iℓ − Ci

ℓ

) ∂η
∂xtj

+ η
∂f iℓ
∂xtj

, ℓ, t = 1, · · · , n,(y η = φ � ψ, ℄ ℓ = n �!���x_� (i), (ii) r
|F ′
ij(x)|n−ε =

[
n∑

ℓ,t=1

(
∂F i

ℓ

∂xtj

)2
]n−ε

2

≤ C(n)





[
n∑

ℓ,t=1

(
f iℓ − Ci

ℓ

)2
(
∂η

∂xtj

)2
]n−ε

2

+ |f ′
ij(x)|n−ε



 .j\�

∫

B2R(x0)

|F ′
ij(x)|n−εdx

≤ C(n)

∫

B2R(x0)

[
n∑

ℓ,t=1

(
f iℓ − Ci

ℓ

)2
(
∂η

∂xtj

)2
]n−ε

2

dx+ C(n)

∫

B2R(x0)

|f ′
ij(x)|n−εdx

≤ C(n,m, k)

[
1

Rn−ε

∫

B2R(x0)

|f i − Ci|n−εdx+

∫

B2R(x0)

|f ′
ij(x)|n−εdx

]
.p

Ci = f iB2R(x0) =
1

|B2R(x0)|

∫

B2R(x0)

f idx.
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ovkw 6.2 r
∫

B2R(x0)

|F ′
ij(x)|n−εdx ≤ C(n,m, k)

[∫

B2R(x0)

|f ′(x)|n−εdx+

∫

B2R(x0)

|f ′
ij(x)|n−εdx

]

≤ C(n,m, k)

∫

B2R(x0)

|f ′(x)|n−εdx.
(6.6)��CÆ (6.5) z�z�"�{d Ci = f iB2R(x0). < q′ = nk(n−ε)

nk−(n−1−ε)
, p′ =

nk(n−ε)
(nk+1)(n−1−ε)

, � 1 < p′, q′ <∞ , 1
p′

+ 1
q′

= 1. x Hölder rp
∫

B2R(x0)

|∇φ||f in − f inB2R(x0)||f ′
ij(x)|n−1−εdx

≤ C(n,m, k)

R

∫

B2R(x0)

|f in − f inB2R(x0)||f ′
ij(x)|n−1−εdx

≤ C(n,m, k)

R

(∫

B2R(x0)

|f in − f inB2R
|q′dx

) 1
q′
(∫

B2R(x0)

|f ′
ij(x)|p

′(n−1−ε)dx

) 1
p′

.�< p′′ = nk(n−ε)
nk+1

, � 1 < p′′ < n, q′ = nkp′′

nk−p′′
. xkw 6.4 rp

∫

B2R(x0)

|∇φ||f in − f inB2R(x0)||f ′
ij(x)|n−1−εdx

≤ C(n,m, k)

R

(∫

B2R(x0)

|∇f in|
nk(n−ε)

nk+1 dx

) nk+1
nk(n−ε)

(∫

B2R(x0)

|f ′
ij(x)|

nk(n−ε)
nk+1 dx

) (nk+1)(n−1−ε)
nk(n−ε)

≤ C(n,m, k)

R

(∫

B2R(x0)

|f ′(x)|nk(n−ε)
nk+1 dx

)nk+1
nk

.

(6.7)�a (6.3), (6.5), (6.6) ^ (6.7) r
∫

BR(x0)

|f ′(x)|n−εdx

≤ C(n,m, k)K1ε

∫

B2R(x0)

|f ′(x)|n−εdx+
C(n,m, k)

R

(∫

B2R(x0)

|f ′(x)|nk(n−ε)
nk+1 dx

)nk+1
nk

+C(n,m, k)

∫

BR(x0)

K2(x)dx+ |BR(x0)|.�1v+��U_ |BR(x0)| = ωnkR
nk, (y ωnk y (Rn)k Bk�jt[��

−
∫

BR(x0)

|f ′(x)|n−εdx

≤ C(n,m, k)K1ε−
∫

B2R(x0)

|f ′(x)|n−εdx+ C(n,m, k)

(
−
∫

B2R(x0)

|f ′(x)|nk(n−ε)
nk+1 dx

)nk+1
nk

+C(n,m, k) −
∫

BR(x0)

K2(x)dx+ 1.
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p ε0 = ε0(n,m, k,K1)(r C(n,m, k)K1ε0 = 1. � ε < ε0, � θ = C(n,m, k)K1ε <

1. \"�1v+Iy
−
∫

BR(x0)

|f ′(x)|n−εdx

≤ θ −
∫

B2R(x0)

|f ′(x)|n−εdx+ C(n,m, k)

(
−
∫

B2R(x0)

|f ′(x)|nk(n−ε)
nk+1 dx

)nk+1
nk

+C(n,m, k) −
∫

BR(x0)

K2(x)dx+ 1.

(6.8)

jy nk(n−ε)
nk+1

< n − ε, 0 < θ < 1, P_ (3.7) 2\7H~ |f ′(x)| t�� Hölder1v+�� q = q(n, k,m,K1) = n − ε0/2. ��{vz\�kw 7.5 X3 |f ′(x)|t`�8C�a� q′ > q, (r |f ′(x)| ∈ Lq
′

loc(U). �F�t f , � I yPy(r
|f ′(x)| ∈ Lrloc(U) t8C r ∈ [q, n] t�a�x����a I �V q. �*2/ I H2m� [q, n]. �y�a I 2%t�1v+ (6.8) ^kw 6.5 iT |f ′(x)| 0$>~
Lq

′

loc(U), q′ > q. ~2�a I 2%t^Xt�(UH�m� [q, n] \;�*t0Qn`�8Cy n "bUI}��^ovkw 6.5 again, a� p = p(n,m, k,K1) > n,(r |f ′(x)| ∈ Lploc(U). f t`�<x Sobolev ^��wrp��w 6.1 2$�
§2.7 l!)� Jacobi *^��S6,� Ω 2 Rn Bt�aXV��� f = (f 1, f 2, · · · , fn) 28"i< Sobolev s

W 1,P−ε
loc (Ω,Rn) Bts&�(y P − ε = (p1 − ε, p2 − ε, · · · , pn − ε) 2\7 n- D8*� p1 − ε, p2 − ε, · · · , pn − ε ∈ (1,+∞), d 1

p1
+ 1

p2
+ · · · + 1

pn
= 1, 0 < ε < 1.xH~ f t_�4q!\ �e* f j , j = 1, 2, · · · , n 	VW�>~ L

pj−ε
loc (Ω). ftu � Jacobi  ,�I Df(x) : Ω → Rn � Jf(x) = detDf(x). f Hy�$s&�� Jacobi YC J(x, f) � Ω B�nYY�(� Df(x) tNV�C�fy

|Df(x)| = sup{|Df(x)ξ| : ξ ∈ Sn−1}, (y Sn−1 2 Rn Btk�j*�<Bn�Sobolev ss&t Jacobi w�tOFpr	k{Qt;��R$Bt�yq0Q_	R$�L�?/� ��:��� t�`w��s&�w�^��<m<w�Btov^�rp�y	OF�$*X	t��Btd�s&�y&V�s� f t Jacobi:�+� �� f ∈W 1,n
loc (Ω,Rn),��y Jf(x) 2J5`�t�l(7_���2 Jf(x) t
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J5`�<12&Vt�\7yqt0Q2�$s&PyX�X3t<��
 Jf(x)� Ω B1)[�H=iTV3,`�<� Müller [1] z\^I<p	(7gg�W� Müllder [2]. j\\7Xyt�Z2� f t#�_���V Jacobi :�+2J5`�t� Iwaniec, Sbordone � [1] B9T	\7�2 Jacobi :�+`�<t�*���Brezis, Fusco, Sbordone [1] BW	sJt<d�!/�f-\��$8+�-d9TR$t Jacobi :�+t`�<t\�t���!/B(vt\-"[^�[`�z 1 �B#p��*��{d�� e1, e2, · · · , en +, Rn Bt*T/&��� ℓ = 0, 1, · · · , n, ℓ- �$�t�<d��x�o~PyyB ℓ- D I = (i1, i2, · · · , iℓ), 1 ≤ i1 < i2 < · · · < iℓ ≤ n tpJ eI = ei1 ∧ ei2 ∧ · · · ∧ eiℓ !I��y ∧ℓ =
∧ℓ(Rn). (U� ∧0 = R,

∧1 = Rn.

Grassman hC ∧
= ⊕∧ℓ(Rn) 2\7��~pJt ^hC��$x�*tM��f Hodge 4NV ∗ :

∧→ ∧
, �Py α, β ∈ ∧ℓ, ℓ = 1, 2, · · · , n,

∗1 = e1 ∧ e2 ∧ · · · ∧ en

α ∧ ∗β = β ∧ ∗α = 〈α, β〉(∗1)\7u ℓ- 8+ ω 2\7� Ω tp7~ ∧ℓ(Rn) t Schwarz  2��$�u ℓ- 8+td�y D′(Ω,
∧ℓ), � ℓ = 1, · · · , n, poCy

d : D′
(
Ω,
∧ℓ−1)

→ D′
(
Ω,
∧ℓ)Rt8+�h� Hodge �u �2NV

d∗ : D′
(
Ω,
∧ℓ+1)

→ D′
(
Ω,
∧ℓ)R� D′(Ω,

∧ℓ+1), ℓ = 0, 1, · · · , n �fy
d∗ = (−1)nℓ+1 ∗ d∗�$ ,Hd�

Ker(d) =
{
ω ∈ D′

(
Ω,
∧ℓ)

: dω = 0
}

Ker(d∗) =
{
ω ∈ D′

(
Ω,
∧ℓ)

: d∗ω = 0
}
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Bt8+y% ℓ- 8+��% ℓ- 8+�[nt��[nt ℓ- 8+ ,�fI
Im(d) =

{
dα : α ∈ D′

(
Ω,
∧ℓ−1)}

Im(d∗) =
{

d∗β : β ∈ D′
(
Ω,
∧ℓ+1)}�y�[n8+2%t��[nt8+2�%t�(vu 8+t�Q�`_�

J (x, f)dx = df 1 ∧ df 2 ∧ · · · ∧ dfn = ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕm (7.1)(y!\7 ϕj 2,J�

ϕj = df j1 ∧ df j2 ∧ · · · ∧ df jl

(7.1) Bt 2�o~�a {1, 2, · · · , n} p m 71�&V�t\7V: 2�\�%u 8+t m- D
Φ = (ϕ1, ϕ2, · · · , ϕm) : Ω →

∧ℓ1 ×
∧ℓ2 × · · · ×

∧ℓm�f Φ t Jacobi y n- 8+
J(x,Φ) = ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕm : Ω →

∧n
, n = ℓ1 + ℓ2 + · · · + ℓm

Φ Hy�$t�� J(x,Φ) t�C� Ω �nYY�(�!��$[�� Φ y�$8+�� ϕj ∈ Lpj (Ω,
∧ℓj), j = 1, 2, · · · , m, � Hadamard-Schwarz 1v+

|ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕm| ≤ Cn(ℓ1, · · · , ℓm)|ϕ1||ϕ2| · · · |ϕm|�a Hölder 1v+�o;
∫

Ω

J(x,Φ) ≤ C(n, ℓ1, · · · , ℓm)‖ϕ1‖p1‖ϕ2‖p2 · · · ‖ϕm‖pm(y 1 < p1, p2, · · · , pm <∞, 1
p1

+ 1
p2

+ · · · + 1
pm

= 1. �$�
P = (p1, p2, · · · , pm)

83



y(Ut\7 Hölder �hB���$W�
ℓ = (ℓ1, ℓ2, · · · , ℓm)y\7/-Ct m- D�-(r 1 ≤ ℓ1, ℓ2, · · · , ℓm ≤ n, n = ℓ1 + ℓ2 + · · · + ℓm. �

m- Dd� Φ = (ϕ1, ϕ2, · · · , ϕm) : Ω → ∧ℓ1 ×∧ℓ2 × · · · ×∧ℓm Bt8+
ϕi ∈ Lpi

(
Ω,
∧ℓi

)�$k;"[
LP
(
Ω,
∧ℓ1 × · · · ×

∧ℓm
)�$!>V\sd���y Lp)(Ω,

∧ℓ),RyPyu ℓ-8+ ω ∈ ⋂1≤s<p L
s(Ω,

∧ℓ)_I�(r
‖ω‖p),Ω = sup

1≤s<p

[
(p− s) −

∫

Ω

|ω(x)|sdx
] 1

s

<∞(2 Lp)(Ω,
∧ℓ) t\7�C�(r Lp)(Ω,

∧ℓ) Iy\7 Banach d���$k;�*t�	� ω ∈ Lp)(Ω,
∧ℓ),

(ω)p,Ω = lim sup
sրp

[
(p− s) −

∫

Ω

|ω(x)|sdx
] 1

s

<∞�y��Py ω ∈ Lp)(Ω,
∧ℓ), y

(ω)p,Ω ≤ ‖ω‖p),Ω�*t0QTX Iwaniec, Lutoborski [1]. � Q ⊂ Rn 2\7�[�j��!\
y ∈ Q �o~\7�<NV Ky : C∞(Q,

∧ℓ) → C∞(Q,
∧ℓ), �fy

(Kyω)(x; ξ1, · · · , ξl) =

∫ 1

0

tℓ−1ω(tx+ y − ty; x− y, ξ1, · · · , ξℓ−1)dt-y 2
ω = d(Kyω) +Ky(dω)
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�$�~Py Q Bt{ y, �f�\7�<NV TQ : C∞(Q,
∧ℓ) → C∞(Q,

∧ℓ) y�Py Q Bt y OV Ky, 

TQω =

∫

Q

ϕ(y)Kyωdy(y ϕ ∈ C∞
0 (Q) /Msy ∫

Q
ϕ(y)dy = 1. �$�f ℓ- 8+ ωQ ∈ D′(Q,

∧ℓ) y�Py ω ∈ Lp(Q,
∧ℓ), 1 ≤ p <∞,

ωQ = |Q|−1

∫

Q

ω(y)dy, ℓ = 0, ωQ = d(TQω), ℓ = 1, 2, · · · , ny	*t�[�0QT���$��`_A�!�tNV0Q�R\��2 Φ t Jacobi `�t�*_��
�X 7.1 s B ⊂ 3B � Ω Q��|�!d�
Φ = (ϕ1 · · · , ϕm) = (dα1, · · · , dαm) : 3B →

∧ℓ1 × · · · ×
∧ℓm

, ℓ1 + · · ·+ ℓm = nz-�bw�
$x| m-R�Z��b ϕj ∈ ⋂1≤s<pj
Ls(3B,

∧ℓj), j = 1, 2, · · · , m,w{
sup

1≤s<pj

(pj − s)

∫

3B

|ϕj|sdx <∞�� J(x,Φ) ? 3B Q>eE'�nM�X|-O�-	
−
∫

B

J(x,Φ) ≤ C(n, p1, p2, · · · , pm)‖dα1‖p1),3B · · · ‖dαm|‖pm),3B (7.2)�� 1 < p1, p2, · · · , pm <∞, 1
p1

+ 1
p2

+ · · ·+ 1
pm

= 1. � ε 2\7*/C�(r
2ε ≤ min

1≤i≤m
(pi − 1)�f τj y

τj = 1 − (pj − ε)

(
1 −

m∑

k=1,k 6=j

1

pk − ε

)
> 0, j = 1, 2, · · · , m (7.3)�$��y�*yvt0Q�yH� �t,C^<��8� Iwaniec, Martin

[1, P231].
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7X 7.1 s Ω �-�d&G�F1 Rn. * Φ = (ϕ1, ϕ2, · · · , ϕm) .B~�q5{�-s m- T��
ϕj ∈ Lpj−ε

(
Ω,
∧ℓj

)
, j = 1, 2, · · · , m, ℓ1 + ℓ2 + · · ·+ ℓm = nR)�SOB��% ϕj, J ∂Ω F��{��K

∫

Ω

|ϕj|−τjϕ1 ∧ · · · ∧ ϕm ≤ C(P)τj‖ϕ1‖p1−ε · · · ‖ϕj‖
1−τj
pj−ε · · · ‖ϕm‖pm−ε (7.4)^b 1 \�<��� (7.4) Bt j = 1. 7�I<p p1 − ε > 1, P_�$:�={v�*t� Ω Bt Hodge  2

Lp(Ω,
∧

) = dW 1,p(Ω,
∧

) ⊕ d∗W 1,p(Ω,
∧

)� Iwaniec, Martin [1],(y 1 < p <∞. � Iwaniec, Martin [1]t (10.71)� (10.72)B�ftfqNV`_v\7/�t�+iLy
E : Lp(Ω,

∧
) → dW 1,p(Ω,

∧
)

E∗ : Lp(Ω,
∧

) → d∗W 1,p(Ω,
∧

)0$�(-NV`��, Rieze )x+,��$��!8+ |ϕ1|−τ1ϕ1 ∈ L
p1−ε
1−τ1 (Ω,

∧ℓ1) Zd2 L
p1−ε
1−τ1 (Ω,

∧
) Bt\7	M- 2R�


|ϕ1|−τ1ϕ1 = dα+ d∗β�$F�(7 2t/Ms(r αT = 0. 8+ dα � d∗β 2x\T�t-`�NV
E : L

p1−ε
1−τ1 (Ω,

∧ℓ1) → L
p1−ε
1−τ1 (Ω,

∧ℓ1) ^ E∗ : L
p1−ε
1−τ1 (Ω,

∧ℓ1) → L
p1−ε
1−τ1 (Ω,

∧ℓ1) +,�0$�
dα = E(|ϕ1|−τ1ϕ1)

d∗β = E∗(|ϕ1|−τ1ϕ1)��$y�*t�[n"t4
‖dα‖ p1−ε

1−τ1

≤ C(p1)‖ϕ1‖1−τ1
p1−ε
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jy ϕ1 2[nt�\7H�2 E∗ϕ1 = 0, P_�$`_� d∗β y\7x�V
d∗β = E∗(|ϕ1|−τ1ϕ1) − |E∗ϕ1|−τ1E∗ϕ1(y |E∗ϕ1|−τ1E∗ϕ1 w2y�Cy�tu 8+��� [9] Bt�w 13.2.1 y�$X=	\7���[n"t L

p1−ε
1−τ1 - CÆBtÆptjV τ1

‖d∗β‖ p1−ε
1−τ1

≤ C(p1)τ1‖ϕ1‖1−τ1
p1−ε

(7.5)��`_��ÆN� 
∫

Ω

|ϕ1|−τ1ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕm =

∫

Ω

(dα + d∗β) ∧ ϕ2 ∧ · · · ∧ ϕm

=

∫

Ω

dα ∧ ϕ2 ∧ · · · ∧ ϕm +

∫

Ω

d∗β ∧ ϕ2 ∧ · · · ∧ ϕm (7.6)(y�jy dα ∈ L
p1−ε
1−τ1 (Ω,

∧ℓ1), P1 = (p1−ε
1−τ1

, p2 − ε, · · · , pm − ε) +,\7 Höder �h�� α � ∂Ω Py� ��x 5� rp
∫

Ω

dα ∧ ϕ2 ∧ · · · ∧ ϕm = 0�� Hölder 1v+� (7.4), �aCÆ (7.3) rp
∫

Ω

|ϕ1|−τ1ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕm

=

∫

Ω

d∗β ∧ ϕ2 ∧ · · · ∧ ϕm

≤ ‖d∗β‖ p1−ε
1−τ1

‖ϕ2‖p2−ε · · · ‖ϕm‖pm−ε

≤ C(p1)τ1‖ϕ1‖1−τ1
p1−ε

‖ϕ2‖p2−ε · · · ‖ϕm‖pm−ε
yPk��*�70QTX Iwaniec, Lutoborski[1]. R$ ,2u 8+t Poincaré-61v+^ Poincaré-Sobolev 1v+�� 7.1 s U � Rn Q|79H�e<�/s ω ∈ D′(U,
∧ℓ),  dω ∈

Lp(U,
∧ℓ+1), ℓ = 0, 1, · · · , n. � ω − ωU |9 Lp(U,

∧ℓ), b7�X|-O�-	
(∫

U

|ω − ωU |pdx
)1/p

≤ C(p, n, U)

(∫

U

|dω|pdx
)1/p

(7.7)
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� 7.2 /s Q�-� RnQ|��&d�s ω ∈ D′(Q,
∧ℓ), dω ∈ Lp(Q,

∧ℓ+1),

ℓ = 0, 1, · · · , n, 1 < p < n. � ω−ωQ |9 Lnp/(n−p )(Q,
∧ℓ), b7�X|-O�-	

(∫

Q

|ω − ωQ|np/(n−p )dx

)(n−p)/np

≤ Cp(n)

(∫

Q

|dω|pdx
)1/p

(7.8)`Qj~ Cp(n) .H9 Q.

Strofolini[1] B2/	\7�Jt0Q�� 7.3 /s Q �-� Rn Q|��&d�s ω ∈ D′(Q,
∧ℓ) SV d∗ω ∈

Lp(Q,
∧ℓ−1), ℓ = 0, 1, · · · , n, 1 < p < n. �t?-�:[�
$x ω∗

Q ∈ Lp(Q,
∧ℓ−1)w{

(∫

Q

|ω − ω∗
Q|np/(n−p)dx

)(n−p)/np

≤ Cp(n)

(∫

Q

|d∗ω|pdx
)1/p

, (7.9)`Qj~ Cp(n) .H9 Q.�1Z 7.1 tovB�y&V�6-*Tm� (|��[�jv) 4q (7.7) Bt�C�`℄o~m�tf*�(7�Z`x\7�kt)�)x{d��$9\�jtg8���[`sJ\��7X 7.2 s B = B(a, r) �-�Q!? a, X<� r > 0 |d�/s ω ∈
D′(B,

∧ℓ), dω ∈ Lp(B,
∧ℓ+1), ℓ = 0, 1, · · · , n. � ω − ωB |9 Lp(B,

∧ℓ), b7�X|-O�-	
(∫

B

|ω − ωB|pdx
)1/p

≤ Cp(n)r

(∫

B

|dω|pdx
)1/p

(7.10)^b � B1 = B(0, 1), σ y Rn Bt)x x 7→ a + rx. �y� σ(B1) = B(a, r).

σ t Jacobi v~ Rn. �
ω =

∑

I

ωI(x)dx
I(y I = (i1, i2, · · · , iℓ) y\7 ℓ- D� 1 ≤ i1 < i2 < · · · < iℓ ≤ n. � v = ω ◦ σ =

∑
I(ωI(x) ◦ σ)dx =

∑
I vI(x)dx

I . � dω ∈ Lp(B,
∧ℓ+1), �x [R] Bt�w 2.8 4

dv = d(ω ◦ σ) ∈ Lp(B1,
∧ℓ+1). �d��!\ i = 1, 2, · · · , n �!7 ℓ- D I, y

∂vI
∂xi

(x) =
∂ωI
∂yi

(a+ rx)r
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(U
∫

B1

∣∣∣∣
∂vI
∂xi

(x)

∣∣∣∣
p

dx =

∫

B1

∣∣∣∣
∂ωI
∂yi

(a+ rx)

∣∣∣∣
p

rpdx

= rp−n
∫

B1

∣∣∣∣
∂ωI
∂yi

(a+ rx)

∣∣∣∣
p

Rndx = rp−n
∫

B(a,r)

∣∣∣∣
∂ωI
∂yi

∣∣∣∣
p

dxx\rp
‖v‖L1

p(B1) = r1−n/p‖ω‖L1
p(B) (7.11)_ (7.7), �$y

‖v − vB1‖p,B1 ≤ Cp(n)‖dv‖p,B1 (7.12)�y�x (7.2), vB1 = ωB, j\�
‖v − vB1‖p,B1 =

(
1

Rn

∫

B1

|v(a+ rx) − vB1 |pRndx

)1/p

= r−n/p‖ω − ωB‖p,B (7.13)�a (7.11)-(7.13), rp (7.10).�X 7.1 �^b �*�"[ C(∗) +,9℄o~ ∗ t\7�C��1bt�<R`=p1btC7�jy ∑m
k=1

1
pk

= 1, �:� pk, k = 1, 2, · · · , m 5\�\_� 1 < pk ≤ n. 1 \�<��� 1 < pm ≤ n.� B = B(a, r) ⊂ B(a, 2r) = 2B ⊂ B(a, 3r) = 3B y9�t Ω Btb3j��
φ ∈ C∞

0 (2B), ψ ∈ C∞
0 (3B) y-
YC�(r

(i) 0 ≤ φ ≤ 1, � B  ϕ ≡ 1, d |∇ϕ| ≤ C(n)
r

(ii) 0 ≤ ψ ≤ 1, � B  ψ ≡ 1, d |∇ψ| ≤ C(n)
r�$!\<Py83�t$Pt m- D Ψ ∈ W 1,P−ε(Ω,

∧ℓ1−1 × · · · ×∧ℓm−1), R�fy
Ψ = (Ψ1,Ψ2, · · · ,Ψm) = (ψα1, · · · , ψαm−1, φαm)/�Zp

φ|dα1|−τ1dα1 ∧ · · · ∧ dαm

= |dΨ1|−τ1dΨ1 ∧ · · · ∧ dΨm − αm|dα1|−τ1dα1 ∧ · · · ∧ dαm−1 ∧ dφ
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(y τ1 x (6.3) �f��*1v+z�z\"ovkw 1, �$Zp
∫

B

φ|dα1|−τ1dα1 ∧ · · · ∧ dαm ≤
∫

3B

|∇φ||αm||dα1|1−τ1 |dα2| · · · |dαm−1|dx+

+Cp1τ1‖dΨ1‖1−τ1
p1−ε,3B

‖dΨ2‖p2−ε,3B · · · ‖dΨm‖pm−ε,3B (7.14)x Ψ t�f^� φ � ψ t_� (i) � (ii) �$y
|dΨj | ≤ |dαj| + C(n)

r
|αj|, j = 1, 2, · · · , mj\�

‖dΨj‖pj−ε
pj−ε,3B

=

∫

3B

|dΨj |pj−εdx

≤ 2pj−1−ε

∫

3B

|dαj|pj−εdx+ 2pj−1−εrε−pj

∫

3B

|αj|pj−εdx
(7.15)Qp� αj �\7%8+� dαj  yq!��$`_�� αj t�j 3B tOV αj3B y��((�$`_� (6.15) Btz�"ovkw 2 B2/t Poincaré-61v+�j\�

‖dΨj‖pj−ε,3B ≤ 2‖dαj‖pj−ε,3B(U�{v (dα1, · · · , dαm) y�$t0$�1v+ (6.14) Iy
∫

B

|dα1|−τ1J(x,Φ) =

∫

B

ϕ|dα1|−τ1J(x,Φ)

≤
∫

3B

|∇φ||αm||dα1|1−τ1 |dα2| · · · |dαm−1|dx+
+C(p1)τ1‖dα1‖1−τ1

p1−ε,3B
‖dα2‖p2−ε,3B · · · ‖dαm‖pm−ε,3B

(7.16)7�CÆ (7.16)z�z�"�jy 1−τ1
p1−ε

+ 1
p2−ε

+ · · ·+ 1
pm−ε

= 1, _ τ1 t�f�v+ ∑m
j=1

1
pj

= 1 � L’Hospital ���aZp τ1 = O(ε)(ε→ 0+). j\�
C(p1)τ1‖dα1‖1−τ1

p1−ε,3B
|‖dα2‖p2−ε,3B · · · ‖dαm‖pm−ε,3B

C(p1)
τ1
ε

[
ε

∫

3B

|dα1|p1−εdx
] 1−τ1

p1−ε

· · ·
[
ε

∫

3B

|dαm|pm−εdx

] 1
pm−ε (7.17)

(7.17) z�tt��n ε → 0+ "2y�t�jyRl$~
C(p1)|3B|(dα1)p1),3B · · · (dαm)pm),3B (7.18)
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(7.18) z�z\"`��CÆ�x Hölder 1v+r�
∫

3B

|∇φ||αm||dα1|1−τ1 |dα2| · · · |dαm−1|dx

≤ C(n)

r

∫

3B

|dα1|1−τ1 |dα2| · · · |dαm−1||αm|dx

≤ C(n)

r

[∫

3B

|dα1|(1−τ1)t1dx

] 1
t1

[∫

3B

|dα2|t2dx
] 1

t2 × · · ·×

×
[∫

3B

|dαm−1|tm−1dx

] 1
tm−1

[∫

3B

|αm|tmdx

] 1
tm

(7.19)

(y
t2 =

p2(p2 − ε)

p2 + σ
,

· · · ,
tm−1 =

pm−1(pm−1 − ε)

pm−1 + σ
,

tm =
npm(pm − ε)

n(pm + σ) − pm(pm − ε)

(7.20)

σ 2\7P *t/C��\
σ

n∑

j=2

1

p2
j

<
1

n
(7.21)

t1 �\ ∑n
j=1

1
tj

= 1. (-_��2	
lim
ε→0+

t1 = t1 =

(
1

p1
+

1

n
+ σ

n∑

j=2

1

p2
j

)−1

< p1x�� 1 < pm ≤ n, (7.19) z�`m\"`{v Poincaré-Sobolev 1v+ (�1Z
6.2) CÆ�0$���$p p = pm(pm−ε)

pm+σ
< n 	 q = tm = npm(pm−ε)

n(pm+σ)−pm(pm−ε)
, �

q = np
n−p

. x��� αm �j 3B tOV αm3B y���
[∫

3B

|αm|tmdx

] 1
tm

=

[∫

3B

|αm|
npm(pm−ε)

n(pm+σ)−pm(pm−ε) dx

]n(pm+σ)−pm(pm−ε)
npm(pm−ε)

≤ C

[∫

3B

|dαm|
pm(pm−ε)

pm+σ dx

] pm+σ
pm(pm−ε)
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(U� (7.19) Iy
∫

3B

|∇φ||αm||dα1|1−τ1 |dα2| · · · |dαm−1|dx

≤ C(n)

r

[∫

3B

|dα1|(1−τ1)t1dx

] 1
t1

[∫

3B

|dα2|t2dx
] 1

t2 × · · ·×

×
[∫

3B

|dαm−1|tm−1dx

] 1
tm−1

[∫

3B

|dαm|
pm(pm−ε)

pm+σ dx

] pm+σ
pm(pm−ε)

(7.22)

�a (7.16), (7.17) � (7.22), -�1v+��U_ |B| = ωnR
n, (y ωn y Rn Bk�jt[��y

∫

B

|dα1|−τ1J(x,Φ)

≤ C(p1)
τ1
ε

[
ε−
∫

3B

|dα1|p1−εdx
] 1−τ1

p1−ε

· · ·
[
ε−−
∫

3B

|dαm|pm−εdx

] 1
pm−ε

+C(n)

[
−
∫

3B

|dα1|(1−τ1)t1dx

] 1
t1

[
−
∫

3B

|dα2|t2dx
] 1

t2 × · · ·×

×
[
−
∫

3B

|dαm−1|tm−1dx

] 1
tm−1

[
−
∫

3B

|dαm|
pm(pm−ε)

pm+σ dx

] pm+σ
pm(pm−ε)\<n ε �$-l~�"t���x Fatou kwrp

∫

B

J(x,Φ) ≤ C(p1)(|dα1|)p1,3B · · · (|dαm|)pm,3B

+C(n)

[
−
∫

3B

|dα1|t1dx
] 1

t1

[
−
∫

3B

|dα2|
p2
2

p2+σ dx

] p2+σ

p2
2 · · ·

[
−
∫

3B

|dαm|
p2
m−1

pm+σ

]pm+σ

p2
m

≤ C(n, p1)‖|dα1|‖p1),3B · · · ‖|dαm|‖pm),3B(qI	�w 7.1 t2/�
§2.8 �a�S6,

2.8.1 707�{dz 2 �t\-"[^0Q�� ∧l =
∧l(Rn), l = 1, 2, · · · , n, y Rn Bt l- p8+ (WH l- �$�) t�<d��R2\7�) l- !�t�<d���

∧0 = R, � l < 0 ^ l > n, � ∧l(Rn) = 0.
∧l(Rn) t{Cy (nl ). � Ω y Rn Btm��\m�t\7u l- 8+ α 2 Ω t\7J5`�YC�2 Schwarz  
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2�p7~ ∧l =
∧l(Rn). � α ∈ D′(Ω,

∧l). �� x1, x2, · · · , xn y Rn Bte*��u 8+ α : Ω → ∧l(Rn) `x\t.y
α(x) =

∑

1≤i1<···<il≤n

αi1···il(x)dxI =
∑

1≤i1<···<il≤n

αi1···il(x)dxi1 ∧ · · · ∧ dxil(y αi1···il(x) yYC� 2�d I = (i1, i2, · · · , il) 2yBt l- D8*�� G y n× n ,K*� G t l- p(2�<NV
Gl

# :
∧l

(Rn) →
∧l

(Rn)�fy
Gl

#(α1 ∧ α2 ∧ · · · ∧ αl) = Gα1 ∧Gα2 ∧ · · · ∧Gαl(y α1, α2, · · · , αl ∈
∧1(Rn). �$y/�tH�+ Gn

# = detG ^ G1
# = G. �<)x Gl

# `�\7 (nl )× (nl ) ,K*+,�V	MyK* G t l× l ,V+�-�y
Gl

# = (detAIJ) ∈ R(n
l )×(n

l ), (y I, J 2yBt l- D8*d
detAIJ = det



Ai1j1 · · ·A

i1
jl

· · ·
Ailj1 · · ·A

il
jl




Hodge 4NV2\7�<NV ∗ :
∧l → ∧n−l, x��M��f	�Pyt

α, β ∈ ∧l,

α ∧ ∗β = β ∧ ∗α = 〈α, β〉vol(y vol y[�8+��$>Vk��8*t,C�� l- D8* I = (i1, i2, · · · , il),V�8*y (n− l)- D8* N − I, x N = (1, 2, · · · , n) B
r9- ik ∈ I 5mrp�"[ σ(I,N − I) ∈ {−1, 1} y{o<xt"[��W�G�� A,B 2�7K*���f 〈A,B〉 = Tr(BTA), |A|2 = 〈A,A〉, (y BT 2K* B tS<��s� f = (f 1, f 2, · · · , fn) ∈ W 1,q
loc (Ω,R

n), (1 ≤ q < ∞), �
Df(x) =

(
∂f i

∂xj

)
1≤i,j≤n

^ Jf(x) = detDf(x)  ,2 f t Jacobi K*^ Jacobi :�+�
Jacobi YC^ Df(x) t l- p( Dl

#f(x) ��OF��BT��|�:�^� t�`w��s��w��?�8 �^��<m<w��a��� Jacobi
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^ l- p( Dl
#f(x) t�C2&Vt��2 Dl

#f(x) t`�<ta�t��2 f ∈
W 1,l
loc(Ω,R

n). ���Xy}XT(Ut�Z	� f t#�_���=�2 Dl
#f(x)t�C2J5`�t�� y|`�=_����$ ywxTs Dl

#f(x) t`�<^C1b~ |Df(x)|l t`�<^C�\7�{N>t0$2	9V\7_��
Pyt σ(J,N − J)detAIJ � Ω B1+)"[�#�G�(�H`iT Dl
#f(x) t�Ct3,`�<��t����� Jf(x) ≥ 0 a.e.Ωt℄X��OF Jacobit`�<�� [1]B�

S.Müller 2/	� |Df | ∈ Ln(Ω), �� Ω Bt|8V� K, y Jf ∈ L log L(K),

(W� [2]). � [3] B� T.Iwaniec ^ C.Sbordone 2/	n |Df | ∈ Ln(log L)−1(Ω)"�y Jf ∈ L1
loc(Ω). � [4] B� H.Brézis, N.Fusco ^ C.Sbordone �*0Qt�V52/	n |Df | ∈ Ln(log L)−α(Ω), 0 ≤ α ≤ 1 "�� Ω <|t8V� K, �I} Jf ∈ L(log L)1−α(K). H~ Jacobi t`�<t�H<d`8\ [5-13]. �!�B��$���Pyt σ(J,N − J)detAIJ � Ω <2�(t_���OFd�s�tu l- p(�Ct`�<�NV0Q2�*t�w��X 8.1 s B ⊂ 3B z Rn Q��|�!d�5r f ∈ ⋂1≤s<lW

1,s(3B,Rn) SV
sup

1≤s<l
(l − s)

∫

3B

|Df(x)|sdx <∞� |Dl
#f(x)| ∈ L1

loc(3B), 7�X|-O�-
−
∫

B

|Dl
#f(x)|dx

≤ C(n)

(
−
∫

3B

|Df(x)| nl
n+1dx

)n+1
n

+ C(n, l) lim sup
s↑l

(l − s) −
∫

3B

|Df(x)|sdx

≤ C(n, l) sup
1≤s<l

(
(l − s) −

∫

3B

|Df(x)|sdx
) l

s

(8.1)CL −
∫
B
g z g ? B p|'
_B��` 8.1 s B ⊂ 3B z Rn Q|�!d�5r f : 3B → Rn, Jf(x) ≥ 0 z

⋂
1≤s<nW

1,s(3B,Rn) Q|Z�5r�SV
sup

1≤s<n
(n− s)

∫

3B

|Df(x)|sdx <∞
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� Jf(x) ∈ L1
loc(3B), b7�X|-O�-

−
∫

B

Jf(x)dx

≤ C(n)

(
−
∫

3B

|Df(x)| n2

n+1dx

)n+1
n

+ C(n) lim sup
s↑n

(n− s) −
∫

3B

|Df(x)|sdx

≤ C(n) sup
1≤s<n

(
(n− s) −

∫

3B

|Df(x)|sdx
)n

s

(8.2)

\i�H2 [3, �w 2]. �Q��w 1 B� l = n, �a2/*ti��� f = (f 1, · · · , fn)2�\�w 1_�ts��I = (i1, · · · il)^ J = (j1, · · · , jl)2 N = {1, 2, · · · , n}B�7F�tyBt l-D8*�2 ≤ l ≤ n. \�R$t (n−l)-D�8* H = N − I = (h1, · · · , hn−l) � K = N − J = (k1, · · · , kn−l). �fs� g,V 3y
gi(x) =

{
f i(x), i ∈ I

xkm , i = hm ∈ HVB i = 1, 2, · · · , n. s� f t Jacobi K* Df tV+
∂f I

∂xI
=
∂(f i1 , · · · , f il)
∂(xj1 , · · · , xjl)�1Æ"[gg�v~s� g t Jacobi :�+

∂f I

∂xJ
= ∓ detDg(�W

|Dl
#f(x)| = | detDg|j\��$rp�w 1 t��i���` 8.2 ?�K 8.1 |/s	4��7

−
∫

B

| detDg(x)|dx

≤ C(n)

(
−
∫

3B

|Dg(x)| nl
n+1dx

)n+1
n

+ C(n, l) lim sup
s↑l

(l − s) −
∫

3B

|Dg(x)|sdx

≤ C(n, l) sup
1≤s<l

(
(l − s) −

∫

3B

|Dg(x)|sdx
) l

s
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\i�`Zd� [3] ���s� g = (g1, · · · , gn) t\- 3y Lipschitz YC"8$i<8+�t0��y2�w 1, �$>V�*t�!CÆ��X 8.2 k F = (F 1, F 2, · · · , F n) ∈W 1,l−ε
0 (Rn,Rn), (−∞ < ε < 1, 1 ≤ l ≤ n),��i07& (n− l)- RL_ J = (j1, j2, · · · , jn−l), �X|�-nM

∫

Rn
|dF 1|−εdF 1 ∧ dF 2 ∧ · · · ∧ dF l ∧ dxJ

≤ C(n, l)|ε|‖dF 1‖1−ε
l−ε ‖dF 2‖l−ε · · · ‖dF l‖l−ε

≤ C(n, l)|ε|
∫

Rn
|DF |l−εdx

(8.3)

>+ (7.3) z�tjV |ε| 2(71v+t!��jyx Hardamard 1v+��$[y{SCÆ |dF 1|−εdF 1 ∧ dF 2 ∧ · · · ∧ dF l ∧ dxJ ≤ |DF |l−ε.
2.8.2 �X 8.2 +�X 8.1 �^b�X 8.2 �^b � |dF 1| = 0, � |dF 1|−εdF 1 `w2yPy 0 �Ct 1- p8+�0�/��!��\��*t Hodge  2

| ▽ F 1|−ε ▽ F 1 = η + ▽u, (8.6)(y u ∈W 1, l−ε
1−ε (Rn) d divη = 0. xkw 1 Bt (5) +�y�*tCÆ

‖η‖ l−ε
1−ε

≤ C(n, l)|ε|‖ ▽ F 1‖1−ε
l−ε . (8.7)y�[�(��$vu 8+h\$��j\� Rn Bt$� η `Zd\^u 8+� ▽u `Zd du. �y

dF 2 ∧ · · · ∧ dF l ∈ L
l−ε
l−1 (Rn,

∧l−1
)jy l−ε

l−1
^ l−ε

1−ε
2 Hölder �h8C�x Stokes �w-x\7"<T��rp

∫

Rn
du ∧ dF 2 ∧ · · · ∧ dF l ∧ dxJ =

∫

Rn
d(udF 2 ∧ · · · ∧ dF l ∧ dxJ) = 0
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����L (6), Hölder 1v+^ Hadamard 1v+o;
∫

Rn
|dF 1|−εdF 1 ∧ dF 2 ∧ · · · ∧ dF l ∧ dxJ

=

∫

Rn
η ∧ dF 2 ∧ · · · ∧ dF l ∧ dxJ

≤ ‖η‖ l−ε
1−ε

‖dF 2 ∧ · · · ∧ dF l‖ l−ε
l−1

≤ C(n, l)|ε|‖dF 1‖1−ε
l−ε ‖dF 2‖l−ε · · · ‖dF l‖l−ε

≤ C(n, l)|ε|
∫

Rn
|DF (x)|l−εdx�w 8.2 r2��X 8.1 �^b �\	B� C(n, l) +,9℄o~ n ^ l t�C��1bt?a`=p71b�� B = B(a, r) ⊂ B(a, 2r) = 2B ⊂ B(a, 3r) = 3B 2 Rn B9�tb3j� φ ∈ C∞

0 (2B) ^ ψ ∈ C∞
0 (3B) 2-
YC�(r

(i) 0 ≤ φ ≤ 1, φ = 0 on B, | ▽ φ| ≤ C(n)
r

,

(ii) 0 ≤ ψ ≤ 1, ψ = 0 on 2B, | ▽ ψ| ≤ C(n)
r�$\<Py83�t$Ps� F ∈W 1,l−ε(Rn,Rn), 0 < ε < 1, �fy

F = (F 1, F 2, · · · , F n) = (ψf i1, ψf i2, · · · , ψf il−1 , φf il, · · · , φf in)(y I = (i1, i2, · · · , il) 2yBt l- D8*��aZp�|yBt (n− l)- D8*
K = (k1, k2, · · · , kn−l)

φ|df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il ∧ dxK

= |dF 1|−εdF 1 ∧ dF 2 ∧ · · · ∧ dF l ∧ dxK

−f il |df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il−1 ∧ dφ ∧ dxK�s� F ov*t�w 2, y
∫

2B

φ|df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il ∧ dxK

≤
∫

3B

| ▽ φ||f ||Df |l−1−εdx+ C(n, l)ε

∫

3B

|DF |l−εdx
(8.8)x_� (i) ^ (ii), �$y{SCÆ |DF | ≤ C(n)r−1|f | + C(n)|Df |. j\

∫

3B

|DF |l−εdx ≤ C(n)rε−l
∫

3B

|f |l−εdx+ C(n)

∫

2B

|Df |l−εdx. (8.9)
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Qp�s� f �|�$�� Df 19q!�j\�`��s� f �j 2B t� OV2 0. ((r�$`_�1v+ (879) tz�tz\7� ov Poincaré1v+�
∫

3B

|DF |l−εdx ≤ C(n)

∫

3B

|Df |l−εdx(U� (8.8) Iy
∫

2B

φ(x)|df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il ∧ dxK

≤
∫

3B

| ▽ φ||f ||Df |l−1−εdx+ C(n, l)ε

∫

3B

|Df |l−εdx.
(8.10)���$CÆ*1v+tz�z\"��p p′ = n(l−ε)

n−l+1+ε
^ q′ = n(l−ε)

(n+1)(l−1−ε)
,� 1 < p′, q′ <∞, 1

p′
+ 1

q′
= 1. x_� (i) ^ Hölder 1v+rp

∫

3B

| ▽ φ||f ||Df |l−1−εdx

≤ C(n)

r

[∫

3B

|f | n(l−ε)
n−l+1+εdx

]n−l+1+ε
n(l−ε)

[∫

3B

|Df |n(l−ε)
n+1 dx

] (n+1)(l−1−ε)
n(l−ε)

.

(8.11)�p p′′ = n(l−ε)
n+1

^ q′′ = n(l−ε)
n−l+1+ε

, � 1 < p′′ < n, q′′ = np′′

n−p′′
. Poincaré-Sobolev 1v+o;

[∫

3B

|f | n(l−ε)
n−l+1+εdx

]n−l+1+ε
n(l−ε)

≤ C(n)

[∫

3B

|Df |n(l−ε)
n+1 dx

] n+1
n(l−ε)

. (8.12)�a (8.11) � (8.12) rp
∫

3B

| ▽ φ||f ||Df |l−1−εdx ≤ C(n)

r

[∫

3B

|Df |
n(l−ε)
n+1 dx

]n+1
n

. (8.13)j\ (8.10) Iy
∫

2B

φ|df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il ∧ dxK

≤ C(n)

r

[∫

3B

|Df |n(l−ε)
n+1 dx

]n+1
n

+ C(n, l)ε

∫

3B

|Df |l−εdx.
(8.14)
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xPyt σ(J,N − J)detAIJ �(t�!����aZp∫

2B

φ|df i1|−εdf i1 ∧ df i2 ∧ · · · ∧ df il ∧ dxK

=

∫

2B

φ|df i1|−εdetAIN−Kdx
N−K ∧ dxK

=

∫

2B

φ|df i1|−εdetAIN−Kσ(N −K,K)dx

=

∫

2B

φ|df i1|−εdetAIJσ(J,N − J)dx

≥
∫

B

|Df |−εdetAIJσ(J,N − J)dx.

(8.15)

�a (8.14) � (8.15), rp
∫

B

|Df |−εdetAIJσ(J,N − J)dx

≤ C(n)

r

[∫

3B

|Df |n(l−ε)
n+1 dx

]n+1
n

+ C(n, l)ε

∫

3B

|Df |l−εdx.
(8.16)�PytyBt l- D8* I = (i1, i2, · · · , il) ^yBt (n − l)- D8* K =

(k1, k2, · · · , kn−l) k^�y
∫

B

|Df |−ε|Dl
#f(x)|dx ≤

∫

B

|Df |−ε
∑

I,J

σ(J,N − J)detAIJdx

≤ C(n)

r

[∫

3B

|Df |
n(l−ε)
n+1 dx

]n+1
n

+ C(n, l)ε

∫

3B

|Df |l−εdx*1v+t�'bU_ |B|, y
−
∫

B

|Df |−ε|Dl
#f(x)|dx

≤ C(n)

[
−
∫

3B

|Df |n(l−ε)
n+1 dx

]n+1
n

+ C(n, l)ε−
∫

3B

|Df |l−εdx��t2\�n ε > 0 l$~�t����w 1 x Fatou kwrp�pPa=� � 2.1 .7[� Bojarski, Iwaniec [1]; 2.2 .7[�2gJ��C [1], 0�H��D [1] ℄ Reshetnyak[1]; 2.3 .mW2gJ [1], Faraco, Zhong[1]; 2.4 .m}2gJ [2], 2gJ�FAf�%�e [1] ℄2gJ��Sg�FAf [1]; 2.5 .oW0�H��D
[2], 2gJ�x [1]; 2.6 .oW2gJ��C�xW| [1]; 2.7 .oW2gJ�$e� [2]; 2.8.oW2gJ�r�S [1].
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 3 R Beltrami ��f
§3.1 Beltrami �~e-h\N=�!�T� Beltrami�L_�� Ω ⊂ Rn(n ≥ 2)yy4m��f = (f 1, f 2, · · · , fn) ∈

W 1,p
loc (Ω,Rn), 1 ≤ p < ∞, yd�s��!�t\7�!��y Jf (x) ≥ 0, 
 f y�$s��?/�s�t �w�℄o~Mu �L��^ �^')YC�t;���?/�s�w�&�Ht2 n- {d�Bt Beltrami �L_

Dtf(x)Df(x) = J
2/n
f (x)G(x), (1.1)(y Dtf(x) y Df(x) tS<K*� G(x) ∈ S(n) y/���Hd:�+y 1 t n,�*�d�\�*t\;m�6_�

α|ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ β|ξ|2, 0 < α ≤ β <∞. (1.2)� G(x) = Id, (y Id ydvK*��
Dtf(x)Df(x) = J

2/n
f (x)IdHy n- {d�Bt Cauchy-Riemann �L_�n n = 2 "� G(x) = (Gij(x))1≤i,j≤2. p z = x1 + ix2, f(z) = f 1(x1, x2) +

if 2(x1, x2), (1.1) Iy'O*tkV, Beltrami �L
fz = µ(z)fz, (1.3)VB

µ(z) =
G11 −G22 + 2iG12

G11 +G22 + 2
.x_� (1.2) 4

|µ(z)| ≤ k1 < 1, (1.4)
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�\_� (1.4) t'�L (1.3) ^�L�OF�8� Vekya[1].

n- {d� Beltrami �L_ (1.1) 2D�t���<t�ks�\;t�6*OFVLf2t<�i�h:��*G/	� f ∈W 1,p
loc (Ω,R

n) y�\_� (1.2) t (1.1) tLf2�� f y?/�s��0$� (1.1) bzp�r
|Df |2 ≤ J

2/n
f (x)TraceG(x) ≤ nβJ

2/n
f (x).x\�

|Df |n ≤ (nβ)n/2Jf(x),
 f �\ K = βn/2 t (1.5) +�
§3.2 Beltrami �~e{G�℄'��{�,�4 2.1 vK�~ u ∈ W 1,1(Ω) m�lv�|�ki0d B ⊂ Ω *i0j~

m ≤ M , w
ϕ = (u−M)+ − (m− u)+ ∈W 1,1

0 (B) (2.1)u�7
m ≤ u(x) ≤M, a.e. x ∈ B.b 2.1 �CYC u �m� Ω ⊂ Rn Bk��28�|j B ⊂ Ω,

osc(u,B) ≤ osc(u, ∂B).`�#�u � Ω�\`f7`*7
w��k�<,C2k�<,CtiL�R7�x Manfredi[1] k��-d2OFs�YC�C<ty~<P�� Iwaniec, Koskela,

Onninen [1].b 2.2 (2.1) v�~
|M − u| − |u−m| + 2u−m−M ∈W 1,1

0 (B).!/OFPyV,K* G(x) t Beltrami �L_
Dtf(x)Df(x) = J

2/n
f (x)G(x), (2.2)
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VB
α(x)|ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ β(x)|ξ|2, 0 < α(x) ≤ β(x) <∞. (2.3)b 2.3 n 0 < α ≤ α(x) ≤ β(x) ≤ β <∞ "� (2.3) H2 (1.2), x\_� (2.3)#_� (1.2) L��& Iwaniec, Martin[2]tioRL�̀ r (2.2)t�2t!\ �YC u(x) =

f i(x), i = 1, 2, · · · , n ��\ Leary-Lions �L
divA(x,▽u(x)) = 0 (2.4)VB

A(x, ξ) = 〈G−1(x)ξ, ξ〉n−1
2 G−1(x)ξx (2.3) 4q

1

β(x)
|ξ|2 ≤ 〈G−1(x)ξ, ξ〉 ≤ 1

α(x)
|ξ|2.(U�NV A : Ω × Rn → Rn �\

(i) k�<_�	 〈A(x, ξ), ξ〉 ≥ 1
β(x)n/2 |ξ|n;

(ii) e=�B_�	 |A(x, ξ)| ≤ 1
α(x)n/2 |ξ|n−1;

(iii) X^<_�	 A(x, λξ) = |λ|n−2λA(x, ξ), ∀λ ∈ R.y	OF�\_� (2.3) t Beltrami �L_�2 �YCt�k�<�>Vk�\sYCd�
L∞)(Ω) =

{
τ(x) : sup

0<ε<1

(
ε

∫

Ω

|τ(x)|1/εdx
)ε

<∞
}
.7��L∞)(Ω) y�<d��y�d L∞(Ω) ⊂ L∞)(Ω). (2jy�� τ(x) ∈ L∞(Ω),�a��C M > 0, s.t. |τ(x)| ≤ M , a.e. Ω. ~2

sup
0<ε<1

(
ε

∫

Ω

|τ(x)|1/εdx
)ε

≤M sup
0<ε<1

εε|Ω|ε ≤M max{1, |Ω|} <∞V^�� τ(x) ∈ L∞), �f
‖τ(x)‖L∞) = sup

0<ε<1

(
ε

∫

Ω

|τ(x)|1/εdx
)ε�2 ‖τ(x)‖L∞) y�C�
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(1) ‖τ‖L∞) ≥ 0, ‖τ‖L∞) = 0 ⇔ τ = 0 �y�
(2) ‖γ + τ‖L∞) ≤ ‖γ‖L∞) + ‖τ‖L∞)2/ x Minkowski 1v+�rp

‖γ + τ‖L∞) = sup
0<ε<1

(
ε

∫

Ω

|γ + τ |1/εdx
)ε

≤ sup
0<γ<1

εε
[(∫

Ω

|γ|1/εdx
)ε

+

(∫

Ω

|τ |1/εdx
)ε]

≤ ‖γ‖L∞) + ‖τ‖L∞) .

(3) ‖λτ(x)‖L∞) = |λ|‖τ(x)‖L∞) �y�~2� BL∞)(Ω) Iy&��<d��b 2.4 k� L∞)(Ω) d�tH nÆ~f Lp(Ω) d� Lp)(Ω, θ), RxPy�\
u ∈

⋂

1≤s<p

Ls(Ω)d
Lp(u; ε, θ) =

[
εθ −
∫

Ω

|u|p−εdx
]1/(p−ε)

<∞, 0 ≤ θ ≤ 1, 0 < ε ≤ p− 1tYC_I�V�Cx
‖u‖p,θ) = sup

0<ε≤p−1
Lp(u; ε, θ)9T� Sobolev d� W 1,p(Ω) ��C

‖ · ‖p + ‖∇ · ‖p,θ)5�tq�sd�Hyf Sobolevd���y W 1,p)(Ω; θ). ~2�� u ∈W 1,p)(Ω, θ),

0 ≤ θ < 1, �
lim
ε→0

∫

Ω

|∇u|p−εdx = 0.�*7�OF Leray-Lions �L (A- �^�L)

divA(x,▽u(x)) = 0. (2.4)� A(x, ξ) : Ω × Rn → Rn �\	a� 1 < p < ∞, 0 < γ(x) ≤ τ(x) < ∞, a.e.Ω, (r
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(i) 〈A(x, ξ), ξ〉 ≥ γ(x)|ξ|p;
(ii) |A(x, ξ)| ≤ τ(x)|ξ|p−1;�4 2.2 m u ∈W 1,r(Ω), max{1, p− 1} < r < p � (2.4) |!l8�k��7| ϕ ∈ W

1, r
r−p+1

0 (Ω), 7
∫

Ω

〈A(x,▽u(x)),▽ϕ(x)〉dx = 0.�X 2.1 s γ(x) > 0, a.e. Ω, τ(x) ∈ BL∞)(Ω). k u ∈ W 1,p)(Ω) � (2.1) |!l8�� u lv��^b �|j B ⊂ Ω, ∀0 < ε < 1, �
ψ = (u−M)+ − (m− u)+ ∈W 1,p−ε

0 (B)�
▽ψ =

{
0, �m ≤ u(x) ≤M,

▽u(x), !��|���aE ⊂ B.p Hodge  2
| ▽ ψ|−(p−ε)ε ▽ ψ = ▽ϕ+ h,�y

‖h‖ p−ε
1−(p−ε)ε

≤ C(p− ε)ε‖ ▽ ψ‖1−(p−ε)ε
p−ε .~2�x�2t�frp

∫

E

〈A(x,▽u), | ▽ u|−(p−ε)ε ▽ u〉dx =

∫

E

〈A(x,▽u), h〉dx.x Hölder 1v+rp
∫

E

γ(x)| ▽ u|p−(p−ε)εdx ≤
∫

E

τ(x)| ▽ u|p−1|h|dx

≤ ‖τ(x)‖ p−ε
(p−1−ε)ε

‖ ▽ u‖p−1
p−ε‖h‖ p−ε

1−(p−ε)ε

≤ C(p− ε)ε‖τ‖ p−ε
(p−1−ε)ε

‖ ▽ u‖p−(p−ε)ε
p−ε

≤ C(p− ε)

(
ε

∫

E

|τ(x)|
p−ε

(p−1−ε)εdx

) (p−1−ε)ε
p−ε

(
ε

∫

E

| ▽ u|p−εdx
) p−(p−ε)ε

p−ε

,
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D�fd�
BL∞)(Ω) =

{
τ(x) : sup

0<ε<1

(
ε

∫

Ω

|τ(x)|1/εdx
)ε

<∞
}

(2.5)^
V L∞) =

{
τ(x) ∈ BL∞) : lim

ε→0

(
ε

∫

Ω

|τ(x)|1/εdx
)ε

= 0

}
. (2.6)+z�z\"� 

=

(
p− ε

p− 1 − ε

) p−1−ε
p−ε

(
(p− 1 − ε)ε

p− ε

∫

E

|τ(x)| p−ε
p−1−εdx

) (p−1−ε)ε
p−ε

<∞�z�z�"� n ε → 0 " → 0. (U�+z� → 0, _� ▽u(x) = 0, a.e.E,~2 u ∈W 1,p)(Ω) �k��2$�x℄*tio4�Beltrami�L_t!\ �YC u(x) = f i(x)(i = 1, 2, · · · , n)�\ A- �^�L (2.4), VB γ(x) = β(x)−n/2, τ(x) = α(x)−n/2. (U(y�X 2.2 ks α(x) < ∞, a.e. Ω,  β(x)−n/2 ∈ L∞)(Ω), � Beltrami �oW
(2.2) |U-
P�~ f i ∈W 1,n)(Ω, θ), 0 ≤ θ < 1, i = 1, 2, · · · , n, ? Ω Qlv��

§3.3 NB\ 
XLW� Beltrami �~e\�3{d�Py�7V,K* H(x), G(x) t Beltrami �L_
Dtf(x)H(x)Df(x) = Jf(x)

2/nG(x) (3.1)(y H(x), G(x) ∈ S(n) y/���H�:�+y 1 t n × n K*�-�\_�_�	�| ξ, η ∈ Rn, y
α1|ξ|2 ≤ 〈H(x)ξ, ξ〉 ≤ β1|ξ|2 (3.2)

α2|η|2 ≤ 〈G(x)η, η〉 ≤ β2|η|2 (3.3)VB 0 < α1 ≤ β1 <∞ , 0 < α2 ≤ β2 <∞.EV, Beltrami �L_ (1.1) y/wt�`f	 f ! Ω Bt{ x )<tV,y H(x) t�h*m�s�y f(Ω) Bt{ f(x) )<tV,y G(x) t�h*m��
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n n = 2 "� H(x) = (Hi,j(x))1≤i,j≤2, G(x) = (Gi,j(x))1≤i,j≤2, p z = x1 + ix2,

f(z) = f 1(x1, x2) + if 2(x1, x2), (3.1) Iy'O*tEV, Beltrami �L
fz = µ1(z)fz + µ2(z)fz , (3.4)VB

µ1(z) =
G11 −G22 + 2iG12

G11 +G22 +H11 +H22
,

µ2(z) =
H22 −H11 − 2iH12

G11 +G22 +H11 +H22
.x_� (3.2), (3.3) 4

|µ(z)| ≤ k1 < 1, (3.5)

|µ1(z)| + |µ2(z)| ≤ k2 < 1. (3.6)1�I [4] � H(x), G(x) ∈ Ck,α(Ω,Rn×n), k ≥ 1, 0 < α < 1 t_���! (3.1)Ssy\7�X^	�6m��L�
divA(x,Df) = B(x,Df),- }	V� W 1,n

loc (Ω,Rn) Lf2t/�<�
 f(x) ∈ Ck+1,δ
loc (Ω,Rn), 0 < δ < 1.!/�COF3{d�BPy�7V,K*t Beltrami �L_ (3.1). aR=�	) ���rp	�L_ (3.1) �otX^	�6m��L

divA(x,Df(x)) = 0,-9TNV A �\t Lipschitz _��k�<_�^ n− 1 ^X^<_��NV0Qy�X 3.1 s f = (f 1, f 2, · · · , fn) ∈ W 1,n(Ω,Rn) ���F Beltrami �oW
(3.1) |�18��?
d01��7

divA(x,Df(x)) = 0, (3.7)CL A(x,A) : Ω × Rn×n → Rn×n 6�x�q
A(x,A) = 〈AG−1, HA〉(n−2)/2HAG−1.
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b�T A SV
(i) Lipschitz 	4

|A(x,A) −A(x,B)| ≤ K1(|A| + |B|)n−2|A− B|, K1 = (n− 1)

(
β1

α2

)n/2
,

(ii) v�%	4
〈A(x,A) −A(x,B), A− B〉 ≥ K2(|A| + |B|)n−2|A− B|2, K2 = 22−n

(
α1

β2

)n/2
,

(iii) n− 1 sas	4
A(x, tA) = |t|n−2tA(x,A), ∀t ∈ R.x~�$rpt2\7X^t	�6m��L��OF�L_ (3.1) Lf2t<�"�1&�K* H(x), G(x) )�VQt_��|���arp (3.1) Lf2t�k�<0Q��X 3.2 (3.1) |�18 f = (f 1, f 2, · · · , fn) |U-�
P�~ u = f i, i =

1, 2, · · · , n zlv�|�x�w 3.1 w`rpEV, Beltrami �L_ (3.1) Lf2tVQ<��_���*k�dv~K*t	�NV div t�f�� M ∈ Rm×n, m,n ∈ N. �f
divM = (divM1, divM2, · · · , divMm),(y M i, i = 1, 2, · · · , m y M ∈ Rm×n t:$����w 6.1 t2/B>Vvp�*tkw�7X 3.1 s H,G ∈ GL(n). �i0 A ∈ Rn×n, 7

nn/2 detA ≤ 〈AG−1, HA〉n/2.}�nMw;w AtHA = | detA|2/nG.^b j H,G ∈ GL(n), Da�/&K* O1, O2 ^�'K* Γ1 = diag(γ1, γ2,

· · · , γn), Γ2 = diag(γ1, γ2, · · · , γn), det Γ1 = det Γ2 = 1, ( H = Ot
1Γ

2
1O1 =

√
H
√
H ,

G = Ot
2Γ

2
2O2 =

√
G
√
G, VB √

H = Ot
1Γ1O1,

√
G = Ot

2Γ2O2. x [3, (9.39)] 4��| B ∈ Rn×n, y
nn/2| detB| ≤ |B|n.
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v[I}nd9n BtB = | detB|2/nId. ~2
nn/2 detA = nn/2 det(

√
HA

√
G−1) ≤ |

√
HA

√
G−1|n

= 〈
√
HA

√
G−1,

√
HA

√
G−1〉n/2 = 〈AG−1, HA〉n/2,v[I}nd9n

(
√
HA

√
G−1)t(

√
HA

√
G−1) = | det(

√
HA

√
G−1)|2/nId,


AtHA = | detA|2/nG.�*tkwTX Iwaniec, Martin [2, Lemma 4.7.2].7X 3.2 k f, g ∈W 1,n(Ω,Rn), b? Sobolev 01� f = g, x ∈ ∂Ω , �
∫

Ω

Jg(x) dx =

∫

Ω

Jf(x) dx.�X 3.1 �^b x (3.1) 4
Dtf(x)H(x)Df(x)G−1(x) = Jf(x)

2/nId.+bz^ Id <��y
〈Dtf(x)H(x)Df(x)G−1(x), Id〉 = Jf(x)

2/n〈Id, Id〉.\

〈Df(x)G−1(x), H(x)Df(x)〉n/2 = nn/2Jf (x). (3.8)�| g ∈ f +W 1,n

0 (Ω,Rn), J(x, g) ≥ 0, �f=��Y
E [g] =

∫

Ω

E(x,Dg) dx,(y E(x,A) : Ω × Rn×n → R HyWa=�YC�x
E(x,A) = 〈AG−1, HA〉n/2�f�xkw 3.1 4 g t=� E [g] �(��2��b'4_���EV, Beltrami�L_ (6.1) tLf2 f (=��Yp�*�0$�x (3.8), kw 3.2 ^kw
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3.1 r
E [f ] =

∫

Ω

〈DfG−1, HDf〉n/2 dx = nn/2
∫

Ω

Jf(x) dx

= nn/2
∫

Ω

J(x, g) dx ≤
∫

Ω

〈DgG−1, HDg〉n/2 dx = E [g].~2�|p ϕ ∈W 1,n
0 (Ω,Rn), | t ∈ R, y

E [f + tϕ] ≥ E [f ].(U t 7→ E [f + tϕ] � t = 0 {�*7�j\
dE [f + tϕ]

dt

∣∣∣∣
t=0

= 0.ÆNr4
dE [f + tϕ]

dt

∣∣∣∣
t=0

=

∫

Ω

〈〈DfG−1, HDf〉(n−2)/2HDfG−1, Dϕ〉 dx = 0.(H2 2f� (3.1) t2t�f��*ioNV A(x,A) �\t�7_��x H = Ot
1Γ

2
1O1, G = Ot

2Γ2O2, Γ1 =

diag(γ1, γ2, · · · , γn), Γ2 = diag(γ1, γ2, · · · , γn)_	 (162)(6.3)4�√
α1 ≤ γi ≤ √

β1,
√

1/β2 ≤ γ−1
i ≤

√
1/α2, i = 1, 2, · · · , n. x\7�!t1v+�� [12, (35)]

||ξ|p−2ξ − |ζ |p−2ζ | ≤ (p− 1)(|ξ| + |ζ |)p−2|ξ − ζ |, ∀ξ, ζ ∈ Rn×n, p ≥ 2rp
|A(x,A) −A(x,B)|

=
∣∣〈AG−1, HA〉(n−2)/2HAG−1 − 〈BG−1, HB〉(n−2)/2HBG−1

∣∣
=

∣∣∣
√
H
(
|
√
HA

√
G−1|n−2

√
HA

√
G−1 − |

√
HB

√
G−1|n−2

√
HB

√
G−1

)√
G−1

∣∣∣

≤ (n− 1)

√
β1

α2

(
|
√
HA

√
G−1| + |

√
HB

√
G−1|

)n−2 ∣∣∣
√
H(A− B)

√
G−1

∣∣∣

≤ (n− 1)

(
β1

α2

)n/2
(|A| + |B|)n−2|A− B|.(H2 Lipschitz _��|x\7�!t1v+

〈|ξ|aξ − |ζ |aζ, ξ − ζ〉 ≥ 1

2
(|ξ|a + |ζ |a)|ξ − ζ |2, ∀ a > 0, ξ, ζ ∈ Rn×n

109



rp
〈A(x,A) −A(x,B), A−B〉

=
〈
〈AG−1, HA〉(n−2)/2HAG−1 − 〈BG−1, HB〉(n−2)/2HBG−1, A− B

〉

=
〈
|
√
HA

√
G−1|n−2

√
HA

√
G−1 − |

√
HB

√
G−1|n−2

√
HB

√
G−1,

√
H(A− B)

√
G−1

〉

≥ 1

2

(
|
√
HA

√
G−1|n−2 + |

√
HB

√
G−1|n−2

)
|
√
H(A−B)

√
G−1|2

≥ 1

2

(
α1

β2

)n/2 (
|A|n−2 + |B|n−2

)
|A− B|2

≥ 22−n

(
α1

β2

)n/2
(|A| + |B|)n−2|A− B|2.\
k�<_��x A(x,A) t�far n− 1 ^X^<_��:\�w 3.1 2$��X 3.2 �^b x�w 3.1 ^ [14, 15] rp�pPa=� �y 3.1 .oW2gJ [4]. y 3.2 .oW2gJ�rg-�EK� [1], y

3.3 .oW2gJ�$z� [1].
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 4 R A- Æ.��
Beltrami �L_� A-�^�L&�H�Beltrami �L_Lf2t!\7 �YC26 A- �^�Lt2�!�OF A- �^�Lt�2��2�"��Z�

§4.1 Beltrami �~eE A- -�~x §3.1 4 Beltrami �L_tLf2y?/�s��!/\� Beltrami �L_� A- �^�L�2/ Beltrami �L_tLf2t!\7 �YCy6 A- �^�Lt2�{dz 1 �kw 4.2: �| A ∈ GL(n), y
At# ∗ A# = (detA)∗ :

∧l
→
∧n−l

. (1.1)�\��8s�g8�� 0 ≤ l ≤ n, f ∈ W 1,n−l
loc (Ω,Rn) y� 1- ?/�s��d

Jf (x) ≥ 0, � f �\ Cauchy-Riemann �L_
Dtf(x)Df(x) = J

2/n
f (x)Id.�kY���� A = A(x) = Df(x), �y

AAt = (detA)2/nId, (1.2)d�|Py��Ct l- 8+ ω, y
A#ω = f ∗ω. (1.3)

(1.2) bzp n− l ^p(rp
A#A

t
# = (detA)2(n−l)/nId# :

∧n−l
→
∧n−l

.
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+0a (1.1) r
(detA)(n−2l)/n ∗ A# = A#∗ :

∧l
→
∧n−l

.+��dvPy��Ct ω ∈ ∧l, -{v (1.3) r
J

(n−2l)/n
f (x) ∗ f ∗(ω) = f ∗(∗ω). (1.4)xz 1 �kw 4.2,

df ∗(∗ω) = f ∗(d ∗ ω) = f ∗(0) = 0. (1.5)� (1.4) ��pLfu �-{v (1.5) rp
d[J

(n−2l)/n
f (x) ∗ f ∗(ω)] = 0. (1.6)|x Cauchy-Riemann �L_ (1.2) r

J
1/n
f (x) = |Df(x)| = |∇f i|, i = 1, 2, · · · , n. (1.7)� (1.6) BF� ω = dyI = dyi1 ∧ dyi2 ∧ · · · ∧ dyil, VB I = (i1, i2, · · · , il) |�{v (1.7) rp
d(|Df |n−2l ∗ df i1 ∧ df i2 ∧ · · · ∧ df il)

= d(|∇f i|n−2l ∗ df i1 ∧ df i2 ∧ · · · ∧ df il) = 0.
(1.8)n l = 1 "�p i1 = i, ��Lo;

d(|∇f i|n−2 ∗ df i) = 0. (1.9)x
d(|∇f i|n−2 ∗ df i)

= d

(
|∇f i|n−2 ∗

(
n∑

j=1

∂f i

∂xj
dxj

))

= d

(
n∑

j=1

|∇f i|n−2 ∂f
i

∂xj
∗ dxj

)

=
n∑

j=1

∂

∂xj

(
|∇f i|n−2 ∂f

i

∂xj

)
dxj ∧ ∗dxj

=
n∑

j=1

∂

∂xj

(
|∇f i|n−2 ∂f

i

∂xj

)
dx
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~2 (1.9) +v�~
div(|∇f i|n−2∇f i) = 0, i = 1, 2, · · · , n. (1.10)�*\�\�t Beltrami �L_

Dtf(x)Df(x) = J
2/n
f (x)G(x) (1.11)tLf2�(y G : Ω → S(n) y`:K*�/���H�:�+y 1, d�\�*t\;m�6_�

α|ξ|2 ≤ 〈G(x)ξ, ξ〉 ≤ β|ξ|2. (1.12)}� A = Dtf(x), �y
AAt = (detA)2/nG,j\

A#A
t
# = (detA)2(n−l)/nG# :

∧n−l
→
∧n−l

.0a (1.1) rp
(detA)(n−2l)/nG# ∗ A# = A#∗ :

∧l
→
∧n−l

.+ovpPy��Ct l- 8+ ω �jy A#ω = f ∗ω, P_
J

(n−2l)/n
f (x)G# ∗ f ∗(x) = f ∗(∗ω).��pLfu r
d[J

(n−2l)/n
f (x)G# ∗ f ∗ω] = 0. (1.13)x Beltrami �L_ (1.11), � i = 1, 2, · · · , n,

1

n
〈DfG−1, Df〉 = J

2/n
f (x) = 〈G−1∇f i,∇f i〉, (1.14)j\��| l- D I = (i1, i2, · · · , il), p ω = dyI = dyi1 ∧ dyi2 ∧ · · · ∧ dyil, x (1.13)^ (1.14) rp

d
[
〈G−1∇f i,∇f i〉(n−2l)/2G# ∗ df i1 ∧ df i2 ∧ · · · ∧ df il

]
= 0. (1.14)
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� i = 1, 2, · · · , n, p l = 1, i1 = i, �|� K- ?/�s� f ∈W 1,n−l
loc (Ω,Rn), y

d
[
〈G−1∇f i,∇f i〉(n−2)/2G# ∗ df i

]

= d

(
〈G−1∇f i,∇f i〉(n−2)/2G# ∗

(
n∑

j=1

∂f i

∂xj
dxj

))

= d

(
n∑

j=1

〈G−1∇f i,∇f i〉(n−2)/2 ∂f
i

∂xj
G# ∗ dxj

)
.~2 (1.14) +v�~

div
[
〈G−1(x)∇f i,∇f i〉(n−2)/2G−1(x)∇f i

]
= 0.�

A(x, ξ) = 〈G−1(x)ξ, ξ〉(n−2)/2G−1(x)ξ,�*io�_� (1.12) 5��NV A �\t_��jy G(x) ∈ S(n)y/���H�:�+y 1,P_`� G(x) = Ot(x)Γ2(x)O(x),VB O(x) y/&K*� Γ(x) = diag(γ1, γ2, · · · , γn) y�'K*�dx (1.12) 4
√
α ≤ γi ≤

√
β, i = 1, 2, · · · , n.(U

G−1(x) = Ot(x)(Γ−1)2(x)O(x),d
Γ−1 = diag(γ−1

1 , γ−1
2 , · · · , γ−1

n ),

1√
β
≤ γ−1

i ≤ 1√
α
, i = 1, 2, · · · , n.

(i) Lipschitz &ÆC
|A(x, ξ) −A(x, η)| ≤ n− 1

αn/2
|ξ − η|(|ξ|+ |η|)n−2.^b 0$�

|A(x, ξ) −A(x, η)|
=

∣∣〈G−1ξ, ξ〉(n−2)/2G−1ξ − 〈G−1η, η〉(n−2)/2G−1η
∣∣

=
∣∣〈Ot(Γ−1)2Oξ, ξ〉(n−2)/2Ot(Γ−1)2Oξ − 〈Ot(Γ−1)2Oη, η〉(n−2)/2Ot(Γ−1)2Oη

∣∣
≤ |OtΓ−1|

∣∣|Γ−1Oξ|n−2Γ−1Oξ − |Γ−1Oη|n−2Γ−1Oη
∣∣ .
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x\7�!t1v+ (�3hK�	�, [1, (35) +])

||g1|p−2g1 − |g2|p−2g2| ≤ (p− 1)|g1 − g2|(|g1| + |g2|)p−2, g1, g2 ∈ Rn, p ≥ 2rp
|A(x, ξ)−A(x, η)|

≤ (n− 1)|OtΓ−1||Γ−1Oξ − Γ−1Oη|(|Γ−1Oξ|+ |Γ−1Oη|)n−2

≤ n− 1

αn/2
|ξ − η|(|ξ|+ |η|)n−2.

(ii) ��s��
〈A(x, ξ) −A(x, η), ξ − η〉 ≥ C2|ξ − η|2(|ξ| + |η|)n−2.^b

〈A(x, ξ) −A(x, η), ξ − η〉
= 〈〈Ot(Γ−1)2Oξ, ξ〉(n−2)/2Ot(Γ−1)2Oξ − 〈Ot(Γ−1)2Oη, η〉(n−2)/2Ot(Γ−1)2Oη, ξ − η〉
= 〈|Γ−1Oξ|n−2Γ−1Oξ − |Γ−1Oη|n−2Γ−1Oη,Γ−1Oξ − Γ−1Oη〉.x\7�!t1v+

〈|g1|p−2g2 − |g2|p−2g2, g1 − g2〉 ≥ C|g1 − g2|2(|g1| + |g2|)p−2 g1, g2 ∈ Rn, p ≥ 2rp
〈A(x, ξ) −A(x, η), ξ − η〉

≥ C|Γ−1Oξ − Γ−1Oη|2(|Γ−1Oξ|+ |Γ−1Oη|)n−2

≥ C

βn/2
|ξ − η|2(|ξ| + |η|)n−2.

(ii) o�+ÆC
A(x, tξ) = |t|n−2tA(x, ξ), t ∈ R.^b �| t ∈ R,

A(x, tξ) = 〈G−1(x)tξ, tξ〉(n−2)/2G−1(x)tξ = |t|n−2tA(x, ξ).

§4.2 WT W��)�E A- -T℄
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4.2.1 70� A- �^!�t3,`�<0Q>~ Stroffolini [1]. !/ }� WT 2- su 8+t�� Hölder 1v+�-X= Stroffolini 0Qt�\72/�� A- �^!�2 p- �^!�^ p- �^YCtiL�� Franke, Martio, Miklyukov, Vorinen,

Wisk [1] B�d'k�	 4 s WT - u 8+-rp	\-u ++^ A- �^!��?/�s�5�tXy��� A- �^!���1�^��<m<w�5�yU&tH��\� A- �^�L
d∗A(x, du) = 0, (2.1)(y A : Ω ×∧ℓ(Rn) → ∧ℓ(Rn), d��nPyt x ∈ Ω ^ ξ ∈ ∧ℓ(Rn), �\��_�	

|A(x, ξ)| ≤ a|ξ|p−1, 〈A(x, ξ), ξ〉 ≥ |ξ|p (2.2)(y a ≥ 1 y�C� 1 < p <∞.�4 2.1 m u ∈ W 1,p
loc (Ω,

∧ℓ−1) � A- ��AP�j���7�7:I)|
ϕ ∈W 1,p

loc (Ω,
∧ℓ−1), ∫

Ω

〈A(x, du), dϕ〉 = 0. (2.3)u 8+ u Hy p- �^!���Q
d∗(|du|p−2du) = 0, d∗u = 0, (2.4)(y 1 < p <∞. �L

A(x, du) = d∗vHy�h A- �^�L�|�� du = d∗v y Rn B Cauchy-Riemann �L_tsJ��y�� u �\7%8+�� v �\7�%8+��h A- �^!�19q!��Dy R tj�y BR. v BσR +,� BR b3t�d�\ diam(BσR) =

σdiam(BR) tj��a E ⊂ Rn t n- { Lebesgue :��y |E|. k� Iwaniec,

Lutoborski[1] Bt��0Q	� Q ⊂ Rn y�[�j��!\7 y ∈ Q, a�\7x
(Kyω)(x; ξ1, ξ2, · · · , ξl) =

∫ 1

0

tℓ−1ω(tx+ y − ty; x− y, ξ1, · · · , ξℓ−1)dt
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�ft�<NV
Ky : C∞(Q,

∧ℓ
) → C∞(Q,

∧ℓ−1
),dy 2

ω = d(Ky) +Ky(dω).�\7�<NV TQ : C∞(Q,
∧ℓ) → C∞(Q,

∧ℓ−1) �fy
TQω =

∫

Q

ϕ(y)Kyωdy,(y ϕ ∈ C∞
0 (Q) /Msy ∫

Q
ϕ(y)dy = 1. �f ℓ- 8+ ωQ ∈ D′(Q,

∧ℓ) y�Py
ω ∈ Lp(Q,∧ℓ), 1 ≤ p <∞,

ωQ = |Q|−1

∫

Q

ω(y)dy, if ℓ = 0, and ωQ = d(TQω), if ℓ = 1, 2, · · · , n.�*�7�fTX Franke, Martio, Miklyukov, Vorinen, Wisk [1].�4 2.2 �
$x α ∈ Lploc(Ω,
∧ℓ) m�l[|�j��U-��
$x β ∈

W 1,q
loc (Ω,

∧ℓ+1), 1
p

+ 1
q

= 1, 1 ≤ p, q ≤ ∞, 
suppβ ∩ ∂Ω = ∅, suppβ = {x ∈ Ω : β 6= 0},7 ∫

Ω

〈α, d∗β〉dx = 0. (2.5)b 2.1 %u 8+ α ∈ Lploc(Ω,
∧ℓ) 2�%t��4 2.3 ml[�
$x ω ∈ Lploc(Ω,

∧ℓ), 0 ≤ ℓ ≤ n, p > 1 ? Ω p|9 WT 2I�j�t?l[�
$x θ ∈ Lqloc(Ω,
∧n−ℓ), 1

p
+ 1

q
= 1, w{? Ω p,$rr7

ν1|ω|p ≤ 〈ω, ∗θ〉 � |θ| ≤ ν2|ω|p−1, CLj~ ν1, ν2 > 0.��
ω ∈ Lrloc(Ω,

∧ℓ
), 0 ≤ ℓ ≤ n, max{1, p− 1} ≤ r < p, p > 1 (2.6)y Ω t�%u 8+��4 2.4 l[�
$x ω (2.6) m�? Ω p|9 WT 2- I�j�t?-�l[�
$x

θ ∈ L
r

p−1

loc

(
Ω,
∧n−ℓ)

, (2.7)
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w{	4
ν1|ω|p ≤ 〈ω, ∗θ〉 (2.8)�
|θ| ≤ ν2|ω|p−1 (2.9)? Ω p,$rrSV�CLj~ ν1, ν2 > 0.b 2.2 �f 2.4 Bt ” � ” 28 ω t`�8C r w~Xy8C p.��\��\_� (2.2) t A- �^�L (2.1). !/!\� (2.1) t�2�
� A- �^!���*t�fTX Stroffolini [1].�4 2.5 (2.1)|!l8 (,ml A-��AP)� u ∈W 1,r

loc (Ω,
∧ℓ−1), max{1, p−

1} ≤ r < p, w{��7|�7:I)| ϕ ∈W 1, r
r−p+1 (Ω,

∧ℓ−1), nM
∫

Ω

〈A(x, du), dϕ〉 = 0 (2.10)

Stroffolini [1] rp��0Q��X 2.1 t?E'L~ p1 = p1(n, p) < p � p2 = p2(n, p) > p, w{k u ∈
W 1,p1
loc (Ω,

∧ℓ−1)�l A-��|�� u ∈W 1,p2
loc (Ω,

∧ℓ−1). �a|�u ∈W 1,p
loc (Ω,

∧ℓ−1)�
j01�| A- ��AP�!/t8t2{v WT 2- su 8+�9T��wt�\72/�!2Pvt��� Stroffolini [1] 1b�
4.2.2 Fm7X7X 2.1 k u ∈W 1,r

loc (Ω,
∧ℓ−1), max{1, p− 1} ≤ r < p �l A- ��AP��

ω = du |9l WT 2 I�`Q ν1 = 1, ν2 = a.^b x Poincaré kw�u 8+ ω = du ∈ Lrloc(Ω,
∧ℓ) y%t�(UxQ 2.1,R2�%t�� θ = ∗A(x, du) ∈ L

r
p−1

loc (Ω,
∧n−ℓ). θ t�%<x�+rp	�Py

ψ = ∗−1ϕ ∈W 1, r
r−p+1 (Ω,

∧n−ℓ+1), suppϕ ∩ ∂Ω = ∅,

(−1)nℓ+1

∫

Ω

〈θ, d∗ψ〉dx =

∫

Ω

〈∗A(x, du), ∗d ∗ ψ〉dx

=

∫

Ω

〈A(x, du), d ∗ ψ〉dx =

∫

Ω

〈A(x, du), dϕ〉dx = 0.
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x (2.2) rp
|ω|p = |du|p ≤ 〈A(x, du), du〉 = 〈ω, ∗θ〉^

|θ| = |A(x, du)| ≤ a|du|p = a|ω|p.2$��*tkwTX3hK�%f� [1, kw 2].7X 2.2 s ω ∈ D′(D,
∧ℓ), dω ∈ Lp(D,

∧ℓ+1), 1 < p < ∞. � ω − ωD |9
Lp(D), � Rn Q|���d D, �X|-O�-nM

‖ω − ωD‖p,D ≤ C(p, n)diam(D)‖dω‖p,D.

Stroffolini [1] 2/	�*tkw�7X 2.3 s ω ∈ D′(D,
∧ℓ), dω ∈ Lp(D,

∧ℓ+1), ℓ = 0, 1, · · · , n, 1 < p < n. �
ω − ωD |9 Lnp/(n−p)(D,

∧ℓ), � Rn Q|���d D, �X|-O�-nM
(∫

Ω

|ω − ωD|np/(n−p)dx
)(n−p)/np

≤ C(p, n)

(∫

D

|dω|pdx
)1/p

. (2.11)7X 2.4 j�bw�
$x ω ∈ Lrloc(Ω,
∧ℓ) |9 WT2 I��t? ε0 =

ε0(n, p,
ν2
ν1

), w{w |p− r| < ε0 u��X|l℄ Hölder }xnM
−
∫

BR

|ω|rdx ≤ θ −
∫

B2R

|ω|rdx+ C

(
n, p,

ν2

ν1

)(
−
∫

B2R

|ω|sdx
) r

s

, (2.12)CL s = nr
n+r

< r, 0 ≤ θ < 1.^b � η(x) ∈ C∞
0 (B2R) y-
YC��\ 0 ≤ η ≤ 1, �j BR  η ≡ 1, d

|∇η| ≤ C(n)
R

. jy ω 2[nt�Pya�u 8+ u ∈W 1,r
loc (Ω,

∧ℓ−1), (r ω = du.\� Hodge  2 (8� Iwaniec, Migliaccio, Nania, Sbordone [1])

|d(ηu)|r−pd(ηu) = dα+ h, (2.13)(y dα, h ∈ Lr(B2R,
∧ℓ). x Iwaniec, Migliaccio, Nania, Sbordone [1, (2.3)] rp
‖h‖r/(r−p+1) ≤ C(n)|p− r|‖d(ηu)‖r−p+1

r . (2.14)
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�
E = |d(ηu)|r−pd(ηu) − |ηdu|r−pηdu. (2.15)x\7�!t1v+ (8� Iwaniec, Migliaccio, Nania, Sbordone [1])

∣∣|X|−εX − |Y |−εY
∣∣ ≤ 2ε(1 + ε)

1 − ε
|X − Y |1−ε, 0 ≤ ε < 1, X, Y ∈ Rn,rp

|E| ≤ 2p−r(p− r + 1)

r − p+ 1
|udη|r−p+1. (2.16)x θ t�%<��Py α ∈W 1,r(B2R,

∧ℓ), y
∫

B2R

〈∗θ, dα〉dx = (−1)nℓ+1

∫

B2R

〈θ, ∗dα〉dx =

∫

B2R

〈θ, d∗(∗α)〉dx = 0. (2.17)�a (2.13), (2.15), (2.17) rp
∫

B2R

〈∗θ, |ηdu|r−pηdu〉dx = −
∫

B2R

〈∗θ, E〉dx+

∫

B2R

〈∗θ, h〉dx = I1 + I2.x (2.8), *v+tb�CÆy
∫

B2R

〈∗θ, |ηdu|r−pηdu〉dx =

∫

B2R

ηr−p+1|du|r−p〈∗θ, du〉dx

≥ ν1

∫

B2R

ηr−p+1|du|rdx ≥ ν1

∫

BR

|du|rdx.
(2.18)��CÆ |I1| ^ |I2|. x (2.19), Hölder 1v+^ (2.16) rp

|I1| =

∣∣∣∣−
∫

B2R

〈∗θ, E〉dx
∣∣∣∣ ≤

∫

B2R

|θ||E|dx ≤ ν2

∫

B2R

|du|p−1|E|dx

≤ 2p−r(p− r + 1)ν2

r − p+ 1

∫

B2R

|du|p−1|udη|r−p+1dx

≤ C(n)

Rr−p+1
· 2p−r(p− r + 1)ν2

r − p+ 1

∫

B2R

|du|p−1|u|r−p+1dx

≤ C(n)

Rr−p+1
· 2p−r(p− r + 1)ν2

r − p+ 1

(∫

B2R

|du|rdx
) p−1

r
(∫

B2R

|u|rdx
) r−p+1

r

.

(2.19)kw 2.3 iT (Q�$^�� uB2R
= 0)

(∫

B2R

|u|rdx
) 1

r

≤ C(n, r)

(∫

B2R

|du| nr
n+rdx

)n+r
nr

.
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(71v+�a (2.19) iT
|I1| ≤

C(n, p, r)

Rr−p+1
· 2p−r(p− r + 1)ν2

r − p+ 1
×

(∫

B2R

|du|rdx
) p−1

r
(∫

B2R

|du| nr
n+r dx

) (n+r)(r−p+1)
nr

.(Ux Young 1v+r
|I1| ≤ 2n−1

∫

B2R

|du|rdx+

C(n, p, r)

Rr

(
2p−r(p− r + 1)ν2

r − p+ 1

) r
r−p+1

(∫

B2R

|du| nr
n+rdx

)n+r
n

.

(2.20)�^{v (2.9), Hölder 1v+^ (2.14) r
|I2| =

∣∣∣∣
∫

B2R

〈∗θ, h〉dx
∣∣∣∣ ≤

∫

B2R

|θ||h|dx

≤ ν2

∫

B2R

|du|p−1|h|dx

≤ ν2||du||p−1
r ||h|| r

r−p+1

≤ C(n)ν2|p− r|||du||p−1
r ||d(ηu)||r−p+1

r .{vkw 2.2 rp
||d(ηu)||r−p+1

r = ||ηdu+ udη||r−p+1
r

≤ (||ηdu||r + ||udη||r)r−p+1

≤
(
C(n)

R
||u||r + ||du||r

)r−p+1

≤
(
C(n, r)

R
R||du||r + ||du||r

)r−p+1

= C(n, p, r)||du||r−p+1
r .(U

|I2| ≤ C(n, p, r)ν2|p− r|
∫

B2R

|du|rdx. (2.21)�a (2.18), (2.20) ^ (2.21), y
ν1

∫

BR

|du|rdx ≤ C(n, p, r)ν2|p− r|
∫

B2R

|du|rdx+ 2n−1

∫

B2R

|du|rdx

+
C(n, p, r)

Rr

(
2p−r(p− r + 1)ν2

r − p+ 1

) r
r−p+1

(∫

B2R

|du| nr
n+rdx

)n+r
n

.
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*1v+Bt�C C(n, p, r) n r l~�h"T��Q�l��tg82 r P *<~ p, �$`_CÆ C(n, p, r) � r �H�+��U_ |BR| = ωnR
n r

−
∫

BR

|du|rdx ≤ C(n, p)ν2

ν1
|p− r| −

∫

B2R

|du|rdx+
1

2
−
∫

B2R

|du|rdx

+
C(n, p)

ν1

(
2p−r(p− r + 1)ν2

r − p+ 1

) r
r−p+1

(
−
∫

B2R

|du| nr
n+r dx

)n+r
n

.

(2.22)p ε0 = ν1
2C(n,p)ν2

. � |p− r| < ε0, � θ = C(n,p)ν2
ν1

|p− r| + 1
2
< 1, (U

−
∫

BR

|du|rdx ≤ θ −
∫

B2R

|du|rdx+ C

(
n, p,

ν2

ν1

)(
−
∫

B2R

|du| nr
n+r dx

)n+r
n

.x\iT (2.2), kw 2.4 2$��*tkwnX Stroffolini [1].7X 2.5 s ω ∈ D′(D,
∧ℓ) SV dω ∈ Lp(D,

∧ℓ+1), 1 < p <∞. � ω − ωD |9 W 1,p(D,
∧ℓ), � Rn Q|��&d D, 7

‖ω − ωD‖W 1,p(D) ≤ C(n, p)‖dω‖p,D.

4.2.3 �X 2.1 �^b� u ∈ W 1,p−ε0
loc (Ω,

∧ℓ−1) y� A- �^!��(y ε0 = ε0(n, p,
ν2
ν1

) nXkw
2.4. �y ω = du 2[nt�xkw 2.1, ω >~� WT 2 s�VB ν1 = 1, ν2 = a.kw 2.4 iT ω = du �\�� Hölder 1v+��F�t u, � I yPy8C
r ∈ [p−ε0, p+ ε0] -(r ω = du ∈ Lrloc(Ω,

∧ℓ) t�a�x����a I �V p−ε0.

I �y2%t�xz 2 �kw 1.1 RW2Xt�(U� I �m� [p− ε0, p+ ε0] Da�0� u ∈ Lp+ε0(Ω,
∧ℓ−1) xkw 2.5 rp�2$�

§4.3 A- -�~0{G�\N,� Ω ⊂ Rn(n ≤ 2) yy4m��\���t�,?�<m��L (|H A- �^�L� Leray-Lions �L)

divA(x,∇u) = 0, (3.1)(y A : Ω × Rn → Rn �\a�t`:<_� (Carathéodory _�), -d� 1 <

p <∞ ^�nPyt x ∈ Ω 	Pyt ξ ∈ Rn, y
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(1) |A(x, ξ)| ≤ b|ξ|p−1,

(2) 〈A(x, ξ), ξ〉 ≥ a|ξ|p,VB 0 < a ≤ b <∞.�I p- �^�L
div(|∇u|p−2∇u) = 0 (3.2)ts� A(x, h) = |h|p−2h �\*t�� (1),(2).�*t�fnX Iwaniec, Sbordone [2].�4 3.1 m�~ u ∈W 1,r

loc (Ω),max{1, p− 1} < r < p � (3.1) |!l8�j���7? Ω �7:I)| φ ∈W 1, r
r−p+1 (Ω), 7

∫

Ω

〈A(x,∇u),∇φ〉dx = 0. (3.3)b 3.1 {d u ∈ W 1,p
loc (Ω) y (3.1) t�2��Q�Py� Ω Py83�t

φ ∈W 1,p(Ω), (3.2) I}�~2�� r = p, (3.2) �a�f�t�2t�f\;�!/\� (3.1) t�2t/�<��X 3.1 t? ε1, ε2 > 0, w{�i0 (3.1) |!l8 u ∈ W 1,p−ε1
loc (Ω), �7

u ∈W 1,p+ε2
loc (Ω). �a|� u z (3.1) 
j01�|l8�^b � η ∈ C∞

0 (BR), 0 ≤ η ≤ 1, n x ∈ BR/2 " η ≡ 1, |∇η| ≤ C(n)
R
y5SYC��� u ∈W 1,p−ε

loc (0 < ε < 1) y (3.1) t\7�2�\��*t Hodge  2
|∇(ηu)|−ε∇(ηu) = ∇φ+H. (3.4)(y φ ∈W

1, p−ε
1−ε

0 (Ω), H ∈ L
p−ε
1−ε (Ω, Rn) 2\7	�y 0(divergence free) tK*��*tCÆ+I} (� Iwaniec, Sbordone [2])

‖∇φ‖ p−ε
1−ε

≤ C(n, p)‖∇(ηu)‖1−ε
p−ε, (3.5)

‖H‖ p−ε
1−ε

≤ C(n, p)ε‖∇(ηu)‖1−ε
p−ε. (3.6)�

E(η, u) = |η∇u|−εη∇u− |∇(ηu)|−ε∇(ηu).x\7�!t1v+ (� Iwaniec, Migliaccio, Nania, Sbordone [1])

||X|−εX − |Y |−εY | ≤ 2ε(1 + ε)

1 − ε
|X − Y |1−ε, 0 < ε < 1, X, Y ∈ Rn,
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rp
|E(η, u)| ≤ 2ε(1 + ε)

1 − ε
|u∇η|1−ε. (3.7)�*ÆNB\7yvtb2v Hodge  2Bt ∇φ Pn (3.2) Bt5SYC��$y

∫

BR

〈A(x,∇u), |η∇u|−εη∇u〉dx

=

∫

BR

〈A(x,∇u), |∇(ηu)|−ε∇(ηu)〉dx+

∫

BR

〈A(x,∇u), E(η, u)〉dx

=

∫

BR

〈A(x,∇u), H〉dx+

∫

BR

〈 A(x,∇u), E(η, u)〉dx = I1 + I2

(3.8)

x1v+ (2) rp ∫

BR

〈A(x,∇u), |η∇u|−εη∇u〉dx

≥
∫

BR
2

〈A(x,∇u), |∇u|−ε∇u〉dx

≥ a

∫

BR/2

|∇u|p−εdx.

(3.9)

x Hölder 1v+�_� (1) � (3.5) +rp
|I1| =

∣∣∣∣
∫

BR

〈A(x,∇u), H〉dx
∣∣∣∣ ≤ b

∫

BR

|∇u|p−1|H|dx

≤ b‖∇u‖p−1
p−ε‖H‖ p−ε

1−ε
≤ C(n, p)bε‖∇u‖p−1

p−ε‖∇(ηu)‖1−ε
p−ε.Qp u �\7�$�1q! ∇u 	 A- �^�L (3.1), `_�� u � BRt� OVy��~2�ov Poincaré 1v+rp

‖∇(ηu)‖1−ε
p−ε ≤ (‖u∇η‖p−ε + ‖η∇u‖p−ε)1−ε

≤
(
C(n)

R
‖u‖p−ε + ‖∇u‖p−ε

)1−ε

≤ C(n)‖∇u‖1−ε
p−ε.j\

|I1| ≤ C(n, p)bε

∫

BR

|∇u|p−εdx. (3.10)
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�*CÆ |I2|. x_� (1), Hölder 1v+� (3.7) +rp
|I2| =

∣∣∣∣
∫

BR

〈 A(x,∇u), E(η, u)〉dx
∣∣∣∣

≤ b

∫

BR

|∇u|p−1|E(η, u)|dx

≤ b
2ε(1 + ε)

1 − ε

∫

BR

|∇u|p−1|u∇η|1−εdx

≤ C(n)b

R1−ε

2ε(1 + ε)

1 − ε

∫

BR

|∇u|p−1|u|1−εdx.�
p′ =

n(p− ε)

(n− 1 − ε)(p− 1)
, q′ =

n(p− ε)

(n− p+ 1)(1 − ε)
,� 1 < p′, q′ <∞, 1

p′
+ 1

q′
= 1, x Hölder 1v+rp

|I2| ≤ C(n)b

R1−ε

2ε(1 + ε)

1 − ε

(∫

BR

|∇u|(p−1)p′dx

) 1
p′
(∫

BR

|u|(1−ε)q′dx
) 1

q′

=
C(n)b

R1−ε

2ε(1 + ε)

1 − ε

(∫

BR

|∇u|n(p−ε)
n+1−ε dx

) n+1−ε
n(p−ε)

(p−1)(∫

BR

|u|
n(p−ε)
n−p+1dx

)n−p+1
n(p−ε)

(1−ε)

.� p
′′

= n(p−ε)
n+1−ε

, � np
′′

n−p′′
= n(p−ε)

n−p+1
. x p

′′

< n "t Poincaré-Sobolev 1v+�rp
(∫

BR

|∇u|n(p−ε)
n+1−ε dx

)n−p+1
n(p−ε)

=

(∫

BR

|∇u|
np

′′

n−p
′′ dx

)n−p
′′

np
′′

≤ C(n)

(∫

BR

|∇u|p
′′

dx

) 1

p
′′

,j\
|I2| ≤

C(n)b

R1−ε

2ε(1 + ε)

1 − ε

(∫

BR

|∇u|n(p−ε)
n+1−ε dx

)n+1−ε
n

(3.11)�a (3.9)-(3.11), rp
a

∫

BR/2

|∇u|p−εdx

≤ C(n, p)bε

∫

BR

|∇u|p−εdx+
C(n)b

R1−ε

2ε(1 + ε)

1 − ε

(∫

BR

|∇u|n(p−ε)
n+1−ε dx

)n+1−ε
n

,��U_ a|BR/2| = aωn(R/2)n, rp
−
∫

BR/2

|∇u|p−εdx

≤ C(n, p, b/a)ε−
∫

BR

|∇u|p−εdx+
C(n)b2ε(1 + ε)

a(1 − ε)

(
−
∫

BR

|∇u|
n(p−ε)
n+1−ε dx

)n+1−ε
n

,

125



p ε1 (r C(n, p, b/a)ε1 = 1
2
, n ε ≤ ε1 "�y

−
∫

BR/2

|∇u|p−εdx ≤ θ −
∫

BR

|∇u|p−εdx+ C(n)b/a

(
−
∫

BR

|∇u|n(p−ε)
n+1−ε dx

)n+1−ε
n

,(2\7�� Hölder 1v+��w 3.1 t0Qxz 2 �kw 1.1 -�&�w 2.1 t2/��rp�
§4.4 A -�~0{G��3,\���t�,	�6m�6�L

divA(x,∇u) = 0, (4.1)(y A : Ω × Rn → Rn �\a�t`:<_� (Caratheodory _�), -d� 1 <

p < ∞, _	�nPyt x ∈ Ω ^Pyt ξ, ζ ∈ Rn, 0 < a ≤ b < ∞, λ ∈ R, I}�*t_�
(1) Lipschitz _�

|A(x, ξ) − A(x, ζ)| ≤ b|ξ − ζ |(|ξ|+ |ζ |)p−2

(2) k�1v+
〈A(x, ξ) − A(x, ζ), ξ − ζ〉 ≥ a|ξ − ζ |2(|ξ| + |ζ |)p−2

(3) X^<_�
A(x, λξ) = |λ|p−2λA(x, ξ)b 4.1 =BS2��I p- �^�L

div(|∇u|p−2∇u) = 0tYC A(x, ξ) = |ξ|p−2ξ �\_� (1)(2)(3).�4 4.1 m u ∈W 1,p
loc (Ω) � (4.1) |l8�j��9i0 φ ∈W 1,p

0 (Ω), 7
∫

Ω

〈A(x,∇u),∇φ〉dx = 0. (4.2)
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�4 4.2 m u ∈ W 1,r
loc (Ω), max{1, p− 1} < r < p, � (3.1) |!l8�j��9i0 φ ∈ W

1, r
r−p+1

0 (Ω), 7 (4.2) xnM�b 4.2 OF�2t
j�~	z\�� u ∈ W 1,p
loc (Ω, R

n) y (4.1) t�2���~|5SYC φ ∈ C∞
0 (Ω), � 
∫

Ω

〈A(x,∇u),∇φ〉dx = 0B��YCt`�<f~ 1, j\H~ u t`�<_�`_��y u ∈W 1,r
loc (Ω,R

n),

max{1, p− 1} ≤ r < p; z��EPG4�x�|2t��k�	�2���2t��1\�y�2�9`=2�2��v�6���io_6�tRLB�`=�p(Cgg�j\y&VOF�2
z���~6-�Z�v�2rpt0Q`=VZ~v�2t�o0Q�|��!/B����YC u t`�8Cy p, ��'4t|p�V����$W>V\�J5'47�8� Li, Martio [1]. � F ⊂ ∂Ω, u ∈ W 1,r
loc (Ω).�$G� W 1,r f�� u � F Py�'47���y u ∈ W 1,r

0 (Ω, F ), �Q�~| x ∈ F a�\7� U �\7YC η ∈ C∞
0 (U), (r� x t6�

η = 1, ηu ∈W 1,r
0 (Ω). �� h ∈ W 1,r

loc (Ω). �$G� W 1,r f�� u � F Py'47 h, �Q u − h ∈ W 1,r
0 (Ω, F ), d�| x ∈ F a�\7� U �\7�t η,

ηu ∈W 1,r(Ω). Qp ηu >~ W 1,r(Ω).�Q� W 1,r f�� u � F Py'47 h, � u � F t6�Py'47
h. j\�$[`_�� F ��~ ∂Ω 2Xt�� Iwaniec, Sbordone [2, �w 2, P146] B�d'rp	�� (4.1) t�2
u ∈ W 1,r(Ω) ta�<0Q	9� u0 ∈ W 1,r(Ω), I# (4.1) ~m� Ω Bt2 u ∈
W 1,r(Ω), (r u− u0 ∈W 1,r

0 (Ω). l2�(C2tx\<0Q yrp�0$�� p = 2 ��<�Ltg8�`_rpx\<0Q�� Heinonen,

Kilpelainen, Martio[1, Lemma7.37] B��'4 ∂Ω Py\-|p���2
u1, u2 ∈W 1,p(Ω) tx\<0Q�rp�`<� Li, Martio [1] rp�2t\7x\<0Q�VB A : Ω × Rn → Rn �\\-)�t_��V0Q��	�NV A �\ (1) _	

(1)’ 〈A(x, h), h〉 ≥ α|h|p, h ∈ Rn,
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(2)’ 〈A(x, h1) − A(x, h2), h1 − h2〉 > 0, � h1 6= h2.�X B � p ∈ (1,∞), q ∈ (1,∞], s ∈ (1,∞], _	 r ≥ max{1, p− 1} �\
t = sq/

[
sq − s− q − s(p− 2)+

r

]
> 1�� h ∈W 1,p

loc (Ω), u1, u2 ∈W 1,p
loc (Ω) � Ω B A- �^�-d

(i) � W 1,p f�� u1, u2 � ∂Ω \ E Py'47 h,

(ii) u1 − u2 ∈ Ls(Ω),

(iii) ∇u1 −∇u2 ∈ Lq(Ω),

(iv) ∇u1,∇u2 ∈ Lr(Ω), � p > 2.� Capt(E) = 0, VB t = sq/
[
sq − s− q − s(p−2)+

r

]
> 1, � u1 = u2, x ∈ Ω.\7^4t0Q2 (8� Kurki [1]) 	|` (4.1) t�2�=B�\7�:��D2�fRt7�(V� Ω �C�(7D2�ft�CYCHy� Ω B2 A-�^�!/9T (4.1)t�2 u ∈W 1,r

loc (Ω)tx\<0Q�VB u ∈W 1,r
0 (Ω; ∂Ω\E),

E 2\7%����wt2/B��$!Vvp Hodge  2�w^ (4.1) t�2t/�<0Q�� t1 �\
t1

{
= 1/(1

r
+ 1

n
− 1

r2
), if r2 < n,

> r, if r2 ≥ n.(y r2 xkw 3.1 9T� t2 �\
t2

{
= 1/(1 + 1

n
− p−1

r2
− r−p+1

r
), if r

r−p+1
< n,

> 1/(1 − p−1
r2

), if r
r−p+1

≥ n.� t = max{t1, t2}.�X 4.1 t? r0 = r0(n, p, a, b, |Ω|) < p, w{k u ∈ W 1,r
loc (Ω) � (4.1) |!l8�b u ∈ W 1,r

0 (Ω; ∂Ω \ E), CL E ⊂ Ω �-�[)� Capt(E) = 0, �w
ro < r < p u�7 u = 0, a.e.x ∈ Ω.b 4.3 � t > n, � Capt(E) = 0 =BiT E = φ, j\�$90gq~ t ≤ ntg8�b 4.4 � Li Martio [1] t_�#)�!/H~NV A t_�yP�_�(U(r�$=Bov A- �^�L�2t/�<�w��p�!/r}	�w B B
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t�-7 Ω t`�<_� (ii)(iii)(iv), (UHkY	2/Bt$�<h:�!/{v Hodge  2p3nt5SYC�a#	�h:��X 4.1 �^b sJ~ Li Martio [1], �$� r ≥ r1 = r1(n, p, a, b), (y
r1 = p− ε1 x�w 3.1 9T�� W 1,r f�� u � ∂Ω \E y�'47��W�| y ∈ ∂Ω \ E, a� U = U(y), (r

u ∈ W 1,r(U ∩ Ω) (4.3)F�j B ⊂⊂ Ω. jy Capt(E) = 0, �$`_F�\7X� D ⊂ Rn (r E ⊂
D,B ⊂ Rn \D, -d Capt(E,D) = 0. (y Capt(E,D) 28�Z (E,D) ta�t) t- ���8� Heinonen, Kilpelainen, Martio [1, Chapter 2]. 9� ε > 0, `_#pX� Uε � η ∈ C∞

0 (D), (r E ⊂ Uε ⊂⊂ D, 0 ≤ η ≤ 1, � Ūε  η = 1, -d
∫

D

|∇η|tdx < ε′, (4.4)j\
‖∇η‖t < ε. (4.5)��m �Cgg�NV8t2#pa3t5SYC�tV 1 p ≥ 2.� ξ = 1 − η, Qp�$^�� Rn \D < η = 0. � ξ ∈ C∞(Rn), 0 ≤ ξ ≤ 1,-d (3.5) � ξ WI}��\�*�� Ūε  ξ = 0, � Rn \D  ξ = 1, j\� B ξ = 1.� Wε y E t��(r

E ⊂⊂ Wε ⊂⊂ Uε.jyYC v = ξu ∈W 1,r
0 (Ω), d v t3�� E 5p�xk
wr u ∈W 1,r2(Ωε),(y Ωε = Ω \ W̄ε. �$k;� Ω BPy83�t |∇(ξu)|r−p∇(ξu) ∈ L

r
r−p+1 (Ωε)t Hodge  2�8� Greco, Iwaniec, Sbordone[1, P252],

|∇(ξu)|r−p∇(ξu) = ∇φ+ h (4.6)
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VB φ ∈W
1, r

r−p+1

0 (Ω), h ∈ L
r

r−p+1 (Ω) y	�y� (divergence free) t$��-d�*tCÆ+I}
‖∇φ‖ r

r−p+1
≤ C1(n, p)‖∇(ξu)‖r−p+1

r (4.7)

‖h‖ r
r−p+1

≤ C(n, p)(p− r)‖∇(ξu)‖r−p+1
r (4.8)(yt C1(n, p) +,℄o~ n, p t�C�Rw`=℄o~/�m� Ω, y"[�kÆ��$	����

E(ξ, u) = |ξ∇u|r−pξ∇u− |∇(ξu)|r−p∇(ξu) (4.9)�y
|E(ξ, u)| ≤ 2p−r(p− r + 1)

r − p+ 1
|u∇ξ|r−p+1. (4.10)�*ÆNBt\7yvt<P2! ξp−1φ dy5SYC�(y φ nX~ (4.7)Bt Hodge  2�x (4.6), (4.9), (4.10) y

∫

Ωε

〈A(x, ξ∇u), |ξ∇u|r−pξ∇u〉dx

=

∫

Ωε

〈A(x, ξ∇u), E(ξ, u)〉dx+

∫

Ωε

〈A(x, ξ∇u), h〉dx+

∫

Ωε

〈A(x, ξ∇u), φ∇ξp−1〉dx

= I1 + I2 + I3
(4.11)(y�$v (ξp−1φ) dy (4.2) Bt5SYC�ovk�1v+ (2), y

∫

Ωε

〈A(x, ξ∇u), |ξ∇u|p−1ξ∇u〉dx ≥ a

∫

Ωε

|ξ∇u|rdx. (4.12)��CÆ |I1|. � r2 < n, � p−1
r2

+ ( 1
r2
− 1

n
+ 1

t1
)(r− p+ 1) < 1, x Lipschitz 61v+ (1), (4.10) 	 Hölder 1v+�x~ r − p+ 1 < 1, _	`_�� ε < 1, rp

|I1| ≤ b
2p−r(p− r + 1)

r − p+ 1

∫

Ωε

|∇u|p−1|u|r−p+1|∇ξ|r−p+1dx

≤ C2b
2p−r(p− r + 1)

r − p+ 1
‖∇u‖p−1

r2 ‖u‖r−p+1
nr2

n−r2

‖∇ξ‖r−p+1
t1

≤ C2ξ

(4.13)(yov	 Sobolev ^��w��C C2 ℄o~ n, p, r, r2, a, b, |Ω|. y"[�(�$��	(-�[�bU� ‖ · ‖r = ‖ · ‖r.Ωε.
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� r2 ≥ n, x t1 t�fW=rp |I1| ≤ C2ε. �*CÆ |I2|. ov (4.8) rp
|I2| ≤ b

∫

Ωε

|ξ∇u|p−1|h|dx

≤ b‖ξ∇u‖p−1
r ‖h‖ r

r−p+1

≤ C1(n, p)b(p− r)‖ξ∇u‖p−1
r ‖∇(ξu)‖r−p+1

r

(4.14)jy
‖∇(ξu)‖r ≤ ‖ξ∇u‖r + ‖u∇ξ‖r,x t1 t�f�� r2 < n, �
‖u∇ξ‖r ≤ ‖u‖ nr2

n−r2

‖∇ξ‖t1 ≤ C2ε;� r2 > n, �
‖u∇ξ‖r ≤ ‖u‖ t1r

t1−r
‖∇ξ‖t1 ≤ C2ε.j\�

|I2| ≤ C2(p− r)‖ξ∇u‖rr + C2ε. (4.15)��t2CÆ |I3|. � r
r−p+1

< n, �
|I3| ≤ b(p− 1)

∫

Ωε

|∇u|p−1|φ||∇ξ|dx

≤ b(p− 1)‖∇u‖p−1
r2 ‖φ‖ nr

n(r−p+1)−r
‖∇ξ‖t2

≤ C2ε.

(4.16)(y�$ov	 Sobolev ^��w� Hölder 1v+�� r
r−p+1

≥ n, �x t2 t�f� Sobolev ^��wWybUtCÆ��a (4.11)-(4.16), � p ≥ 2 tg8�y
‖ξ∇u‖ =

∫

Ωε

|ξ∇u|rdx ≤ C2ε+ C2(p− r)‖ξ∇u‖rr. (4.17)� r0 = p− 1
C2

, � max{r0, r1} < r < p, �+z�z�"�b��6�

‖ξ∇u‖rr ≤ C2ε. (4.18)j\� ∫

B

|ξ∇u|rdx ≤ C2ε.
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� ε→ 0, rp ∇u = 0, a.e.x ∈ B, j\x B t|<t ∇u = 0, a.e.x ∈ Ω.t( 2 1 < p < 2.�$>V�g8 1 Bx ξp−1 h\ ξ, 
� Rn \D � η = 0, � ξp−1 = 1− η, �
ξp−1 ∈ C∞(Rn), 0 ≤ ξ ≤ 1, -d (4.5) � ξp−1 I}�� Ūε  ξ = 0, � Rn \D 
ξ = 1, j\� B  ξ = 1.sJ~g8 1, �$y (4.12), -dQp

|∇ξp−1| = (p− 1)|ξp−2||∇ξ| ≥ (p− 1)|∇ξ|.�$y ‖∇ξ‖t ≤ 1
p−1

‖∇ξp−1‖t, ~2�$y� |I1|, |I2|, |I3| tbUtCÆ�Py(-1v+�aYn�rp ∇u = 0, a.e.x ∈ Ω.~2��Cg85��$�y	� max{r0, r1} < r < p, � ∇u = 0, a.e.x ∈ Ω.j\� Ωt!\7 3 u ≡ C=Const.. ���jy Capt(E) = 0�|`y4m�t'41`=Py� t− ���� Ω t!\7 3 V �_� u ∈W 1,r
0 (V ; ∂Ω\E)�W C = 0. (U� u = 0, a.e.x ∈ Ω. �w 3.1 2$�

§4.5 A- -�~Vk���0{G
4.5.1 JwCY�DR5+� Ω 2 Rn(n ≥ 2) Bty4/�m��P�/�m�28( Hodge  2tCÆ+ (5.4)(5.5) I}tm��|�� Lipschitz m�y/�m��\��*t�,?�<	�6m��L

divA(x,∇u(x)) = 0, (5.1)VB A : Ω × Rn → Rn �\a�t`:<_� (Carethéodory _�), s� x →
A(x, ξ) ��nPy ξ ∈ Rn `:�s� x→ A(x, ξ) ��nPyt x ∈ Rn �C
-d� 1 < p <∞, 0 < α ≤ β <∞ ^�nPyt x ∈ Ω, ξ ∈ Rn, y

(1) 〈A(x, ξ), ξ〉 ≥ α|ξ|p,
(2) |A(x, ξ)| ≤ β|ξ|p−1.�YC ψ : Ω → R ∪ {±∞} `:� θ ∈W 1,p(Ω). �

Kp
ψ,θ(Ω) = {v ∈W 1,p(Ω) : v ≥ ψ, a.e., v − θ ∈W 1,p

0 (Ω)}.
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�4 5.1 �~ u ∈ Kp
ψ,θ(Ω) m� Kp

ψ,θ(Ω)- BW��|l8�j��i0 v ∈
Kp
ψ,θ(Ω), 7 ∫

Ω

〈A(x,∇u),∇(v − u)〉dx = 0, (5.2)`Q θ m�\K� ψ m�BW�H~ Kp
ψ,θ(Ω)-"��Z�2t�/<�8� Heinonen, Kilpelainen, Martio [1].�*9T A- �^�L"��Z�2t�f��� θ ∈ W 1,r(Ω), max{1, p−

1} < r ≤ p. k��a
Kr
ψ,θ(Ω) = {v ∈W 1,r(Ω) : v ≥ ψ, a.e., v − θ ∈W 1,r

0 (Ω)}.�| u, v ∈ W 1,r(Ω), k�H~ |∇(v − u)|r−p∇(v − u) ∈ Lr/(r−p+1)(Ω) t Hodge 2�
|∇(v − u)|r−p∇(v − u) = ∇ϕv,u + hv,u, (5.3)VB ϕv,u ∈ W 1,r/(r−p+1)(Ω), d h ∈ Lr/(r−p+1)(Ω) 2	�y� (divergence free) t$��-�\�*tCÆ+
‖∇ϕv,u‖r/(r−p+1) ≤ C‖∇(v − u)‖r−p+1

r , (5.4)

‖hv,u‖r/(r−p+1) ≤ C(p− r)‖∇(v − u)‖r−p+1
r , (5.5)�4 5.2 �~ u ∈ Kr

ψ,θ(Ω) m� Kr
ψ,θ(Ω)- BW��|!l8�j��i0

v ∈ Kr
ψ,θ(Ω), 7

∫

Ω

〈A(x,∇u), |∇(v − u)|r−p∇(v − u)〉dx ≥
∫

Ω

〈A(x,∇u), hv,u〉dx, (5.6)`Q hv,u qU Hodge 
8 (5.3).*�fB ” �2 ” tVf28 u t Sobolev `�8C r `_*~�2t
Sobolev`�8C p. �y�_ Hodge 2r4�|∇(v−u)|r−p∇(v−u)−hv,u = ∇ϕv,uyW�8+�� r = p, �x Hodge  2tx\<r4 hv,u = 0, \"�f 5.2 ��f 5.1 \;��f	 A- �^�L"��Zt�25m�\7Xyt�Z2	Rdy A- �^�L"��Z�2tiL�2!�O	�2t\-<���*t�w{d	(7�Z�

133



�X 5.1 s Kr
ψ,θ(Ω) 	F�t? r0 ∈ (p− 1, p), w{�i0 Kr

ψ,θ(Ω)- BW��|!l8 u *i0| v ∈ Kr
ψ,θ(Ω), M+ r > r0, ℄7

∫

Ω

|∇u|rdx ≤ C

∫

Ω

|∇v|rdx,`Q C = C(n, p, r0,
β
α
).��w+/	n r > r0 "��Py� u y�b'47 θ, -d_ ψ y"�tYCB���=\7�CjV C 1Ætgg�� u Py`*t r-Dirichlet � �
 u Py`*t=��(n r = p "��|t0�\;�

A-�^�L (5.1)�2t3,`�<0Q`�2x Meyers, Elcrat [1]\�t�
A-�^�L"��Z�2ta�x\<0Q^� Heinonen, Kilpelainen, Martio [1]rp�\7k{Qt0Q2 1994 B Li, Martio [1] rpt A- �^�L"��Z�2tJ5^-[3,`�<0Q�<BnH~ A- �^�L"��Z�2t�f_	J5�-[`�<}}\��!/! Li Martio [1] t0QiLp A- �^�L"��Zt�2��OF-[3,`�<"��$>VH~m� Ω t'4 ∂Ω t/�<_��� Li Martio [1, P26]. H ∂Ω y r-Poincaré kt��Qa� γ < ∞, (r�Py}�[ Q(R) ⊂ Rn, R > 0, n u ∈ W 1,r(Ω), u = 0 � (Rn − Ω) ∩ Q(2R), -d
Q(3

2
R) ∩ CΩ 6= ∅ (VB CΩ = Rn − Ω̄) "�y

(∫

Q(2R)

|u|rdx
)1/r

≤
(∫

Q(2R)

|∇u|rn/(r+n)dx

)(r+n)/rn

.!/tNV0Q2�*t�7�w�R$iL	� Li Martio [1] t0Q��X 5.2 t? r1 ∈ (p−1, p),w{w r1 < r ≤ pu��i0 ψ ∈W 1,s
loc (Ω),s > r,/*i0 Kr

ψ,θ(Ω)- BW��|!l8 u, �t? q > r, w{ u ∈W 1,q
loc (Ω).�X 5.3 /s Ω�79H�e<�̀ \9� r−Poincaré #|�r ≥ n/(n−1).t? r2 ∈ (p− 1, p), w{w r2 < r ≤ p u��i0| θ, ψ ∈W 1,s(Ω), s > r, /*i0 Kr

ψ,θ- BW��|!l8 u, �t? q > r, w{ u ∈W 1,q(Ω).b 5.2 �w 5.2 ��w 5.3 B r = p "
y Li Martio [1] Bt�w A ��w
B. �*9T�w 5.1, �w 5.2 ��w 5.3 t2/�
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�X 5.1 �^b � u y Kr
ψ,θ- "��Zt�2��|t v ∈ Kr

ψ,θ(Ω), �
E(v, u) = |∇(v − u)|r−p∇(v − u) + |∇u|r−p∇u, (5.8)�x\7�!tH�+ (� Iwaniec, Migliaccio, Nania, Sbordone [1, P271, (4.1)+])

||X|−εX − |Y |−εY | ≤ 2ε
1 + ε

1 − ε
|X − Y |1−ε, 0 ≤ ε < 1, (5.9)rp

E(v, u) ≤ 2p−r
p− r + 1

r − p+ 1
. (5.10)~2x (5.8) +rp

∫

Ω

〈A(x,∇u), |∇u|r−p∇u〉dx

=

∫

Ω

〈A(x,∇u), E(v, u)〉dx−
∫

Ω

〈A(x,∇u), |∇(v − u)|r−p∇(v − u)〉dx.
(5.11)�x Kr

ψ,θ(Ω)- "��Z�2t�f+ (5.6), _� (1), (2) _	 (5.5) +`r
α

∫

Ω

|∇u|rdx ≤
∫

Ω

〈A(x,∇u), |∇u|r−p∇u〉dx

≤ β2p−r
p− r + 1

r − p+ 1

∫

Ω

|∇u|p−1|∇v|r−p+1dx−
∫

Ω

〈A(x,∇u), hv,u〉dx

≤ β2p−r
p− r + 1

r − p+ 1

∫

Ω

|∇u|p−1|∇v|r−p+1d+ β

∫

Ω

|∇u|p−1|hv,u|dx

≤ β2p−r
p− r + 1

r − p+ 1
‖∇u‖p−1

r ‖∇v‖r−p+1
r

+Cβ(p− r)‖∇u‖p−rr (‖∇u‖r−p+1
r + ‖∇v‖r−p+1

r ).~2{v Young 1v+
ab ≤ εap

′

+ C(ε, p)bp,
1

p′
+

1

p
, a, b ≤ 0, ε > 0, p > 1,r

∫

Ω

|∇u|rdx ≤ C‖∇u‖p−1
r ‖∇v‖p−1

r + C(p− r)‖∇u‖rr
≤ Cε‖∇u‖rr + C‖∇v‖rr + C(p− r)‖∇u‖rr,
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VB C = C(n, p, r, β
α
). p r0 �\ C(p−r0) = 1,�n r0 < r "�C(p−r) = τ1 < 1.�p ε P *�(r Cε+ τ1 = τ < 1, \"(y

∫

Ω

|∇u|rdx ≤ C

∫

Ω

|∇v|rdx.�X 5.2 �^b � u y Kr
ψ,θ- "��Zt�2� Q(2R) ⊂ Ω y\}�[�p-
YC ϕ ∈ C∞

0 (Q(2R)), (r 0 ≤ ϕ ≤ 1, |∇ϕ| ≤ C(n)
R

, -dn x ∈ Q(R) "
ϕ ≡ 1. \�YC

v = u− Cu − ϕr(u− Cu − (ψ − Cψ)),(y Cu� Cψ  ,+, u^ ψ� Q(2R)t� OV�jy v−(θ−Cu) ∈W 1,r
0 (Ω),-dx u ≥ ψ, rp Cu ≥ Cψ, ~2�nYY� Ω �y

v = (1 − ϕr)(u− cu) + ϕr(ψ − Cψ) ≥ (1 − ϕr(u− Cu)) + ϕr(ψ − Cu)

≥ (1 − ϕr)(ψ − Cu) + ϕr(ψ − Cu) = ψ − Cu,j\ v ∈ Kr
ψ−Cu,θ−Cu

(Ω). |
∇v = (1 − ϕr)∇(u− Cu) + ϕr∇(ψ − Cψ) + rϕr−1∇ϕ((ψ − Cψ − (u− Cu))).�

E1(v, u) = |X1|−εX1 + |Y1|−εY1, (5.12)VB
ε = p− r,X1 = ϕr∇u,

Y1 = ∇v −∇u = −ϕr∇u+ ϕr∇ψ + rϕr−1∇ϕ(ψ − Cψ − (u− Cu)).x�!1v+ (5.9) rp
|E1(v, u)| ≤ 2ε(1 + ε)

1 − ε
|X1 + Y1|1−ε

=
2p−r(p− r + 1)

r − p+ 1
|ϕr∇ψ + rϕr−1∇ϕ((ψ − Cψ − (u− Cu)))|r−p+1.
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jy u−Cu y Kr
ψ−CU ,θ−Cu

"��Zt�2�~2x (5.12)+_	H~ ∇u−∇vt Hodge  2	CÆ+ (5.4), (5.5) rp∫

Ω

〈A(x,∇u), |ϕr∇u|r−pϕr∇u〉dx

=

∫

Q(2R)

〈A(x,∇u), |ϕr∇u|r−pϕr∇u〉dx

=

∫

Q(2R)

〈A(x,∇u), E1(v, u)〉dx−
∫

Q(2R)

〈A(x,∇u), |∇v −∇u|r−p(∇v −∇u)〉dx

≤ β

∫

Q(2R)

|∇u|p−1|E1(v, u)|dx−
∫

Q(2R)

〈A(x,∇u), hv,u〉dx

≤ β
2p−r(p− r + 1)

r − p+ 1

∫

Q(2R)

|∇u|p−1|ϕr∇ψ + rϕr−1∇ϕ((ψ − Cψ − (u− Cu)))|r−p+1dx

+β

∫

Q(2R)

|∇u|p−1|hv,u|dx

≤ β
2p−r(p− r + 1)

r − p+ 1

∫

Q(2R)

|∇u|p−1|∇ψ|r−p+1dx

+β
2p−r(p− r + 1)

r − p+ 1

∫

Q(2R)

|∇u|p−1|rϕr−1∇ϕ(ψ − Cψ − (u− Cu))|r−p+1dx

+Cβ

(∫

Q(2R)

|∇u|rdx
)(p−1)/r (∫

Q(2R)

|hv,u|r/(r−p+1)dx

)(r−p+1)/r

≤ β
2p−r(p− r + 1)

r − p+ 1

(∫

Q(2R)

|∇u|pdx
)(p−1)/r (∫

Q(2R)

|∇ψ|rdx
)r−p+1)/r

+β
2p−r(p− r + 1)

r − p+ 1

(∫

Q(2R)

|∇u|pdx
)(p−1)/r

×
(∫

Q(2R)

|rϕr−1∇ϕ(ψ − Cψ − (u− Cu))|rdx
)(r−p+1)/r

+Cβ(p− r)

(∫

Q(2R)

|∇u|rdx
)(p−1)/r (∫

Q(2R)

|∇v −∇u|rdx
)(r−p+1)/r

.

(5.13)!
∇v −∇u = −ϕr∇u+ ϕr∇ψ + rϕr−1∇ϕ((ψ − Cψ − (u− Cu)))g�+`m\"�-p r1 �\ Cβ(p−r1) = 2−n,�n r1 < r < p"�Cβ(p−r) =

τ1 < 2−n. {v Young 1v+rp∫

Q(R)

|∇u|rdx ≤ Cε

∫

Q(2R)

|∇u|rdx+ C

∫

Q(2R)

|∇ψ|rdx+ Cε

∫

Q(2R)

|∇u|rdx+

C

∫

Q(2R)

|ϕr−1∇ϕ(ψ − Cψ − (u− Cu))|rdx+ τ1

∫

Q(2R)

|∇u|rdx,
(5.14)
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VB C = C(p, r, r1,
β
α
, ε). �p ε P *�(r 2Cε+ τ1 = τ2 < 2−n, ~2+sy

∫

Q(R)

|∇u|rdx ≤ τ2

∫

Q(2R)

|∇u|rdx+ C

∫

Q(2R)

|∇ψ|rdx+

C

∫

Q(2R)

|ϕr−1∇ϕ(ψ − Cψ − (u− Cu))|rdx.
(5.15)�CÆ+t`m\"�xa�t Sobolev-Poincaré 1v+rp

∫

Q(2R)

|ϕr−1∇ϕ(ψ − Cψ − (u− Cu))|rdx

≤ CR−r

∫

Q(2R)

|(ψ − Cψ − (u− Cu))|rdx

≤ C

∫

Q(2R)

|∇ψ|r + CR−r

(∫

Q(2R)

|∇u|nr/(n+r)dx

)(n+r)/n

.h� (5.15) +y
∫

Q(R)

|∇u|rdx ≤ τ2

∫

Q(2R)

|∇u|rdx+ C

∫

Q(2R)

|∇ψ|rdx+

CR−r

(∫

Q(2R)

|∇u|nr/(n+r)dx

)(n+r)/n

.

(5.16)+��U_ |Q(R)| rp
−
∫

Q(R)

|∇u|rdx ≤ τ2 −
∫

Q(2R)

|∇u|rdx+ C −
∫

Q(2R)

|∇ψ|rdx+

CR−r

(
−
∫

Q(2R)

|∇u|nr/(n+r)dx

)(n+r)/n

,

(5.17)VB τ = 2nτ1 < 1. jy nr
n+r

< r, +y\7� Hölder 1v+�xkw_	a�t Sobolev ^��w4	a� q > r, (r u ∈W 1,q
loc (Ω).�X 5.3 �^b jy Ω y4��$`_F�}�[ Q0 = Q(2R0), (r Ω ⊂

Q(R0). V^�� Q(2R) ⊂ Q0. y�C`=gg	
a) Q(3

2
R) ⊂ Ω;

b) Q(3
2
R) ∩ CΩ 6= ∅.�~gg a), x�w 5.2 t2/`_rpCÆ+

∫

Q(R)

|∇u|rdx ≤ τ

∫

Q(2R)

|∇u|rdx+ C

(∫

Q( 3
2
R)

|∇u|nr/(n+r)dx

)(n+r)/n

+

C

∫

Q( 3
2
R)

|∇ψ|rdx,
(5.18)
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VB 0 < τ < 1. (2\7� Hölder 1v+��gg b), Qp θ1 = max{θ, ψ} h\ θ, `_��'4YC θ ≥ ψ. 0$�x θ1 = (ψ − θ)+ + θ �
0 ≤ (ψ − θ)+ ≤ (u− θ)+ ∈W 1,r

0 (Ω)rp (ψ − θ)+ ∈W 1,r
0 (Ω), j\ u− θ1 ∈ W 1,r

0 (Ω). V^��
v = u− ϕr(u− θ)VB ϕ ∈ C∞

0 (Q(2R)) y��w 5.2 2/B�bt-
YC���jy v − θ ∈
W 1,r

0 (Ω), �dx u ≤ ψ,θ ≤ ψ, rp
v = (1 − ϕr)u+ ϕrθ ≤ (1 − ϕr)ψ + ϕrψ = ψ,P_ v ∈ Kr

ψ,θ. x~
∇v = (1 − ϕr)∇u+ ϕr∇θ + rϕr−1(θ − u)∇ϕ,�

E2(v, u) = |X2|−εX2 + |Y2|−εY2, (5.19)VB
ε = p− r,X2 = ϕr∇u, Y2 = ∇v −∇u = −ϕr∇u+ ϕr∇θ + rϕr−1(θ − u)∇ϕ.�x�!1v+ (5.9) rp

|E2(v, u)| ≤ 2ε(1 + ε)

1 − ε
|X2 − Y2|1−ε

=
2p−r(p− r + 1)

r − p+ 1
|ϕr∇θ + rϕr−1(θ − u)∇ϕ|r−p+1.~2x (5.19) +rp

∫

Ω

〈A(x,∇u), |ϕr∇u|r−pϕr∇u〉dx

=

∫

Ω

〈A(x,∇u), E2(v, u)〉dx−
∫

Ω

〈A(x,∇u), |Y2|−εY2〉dx.
(5.20)
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� Q(2R)∩Ω k� Y = ∇v−∇u t Hodge  2 (5.3), xCÆ+ (5.4), (5.5) rp
α

∫

Ω

ϕr(r−p+1)|∇u|rdx

≤
∫

Ω

〈A(x,∇u), |ϕr∇u|r−pϕr∇u〉dx

=

∫

Ω∩Q(2R)

〈A(x,∇u), |ϕr∇u|r−pϕr∇u〉dx

≤ β

∫

Ω∩Q(2R)

|∇u|p−1|E2(v, u)|dx−
∫

Ω∩Q(2R)

〈A(x,∇u), hv,u〉dx

≤ β
2p−r(p− r + 1)

r − p+ 1

∫

Ω∩Q(2R)

|∇u|p−1|ϕr∇θ + rϕr−1(θ − u)∇ϕ|r−p+1dx+

β

∫

Ω∩Q(2R)

|∇u|p−1|hv,u|dx

≤ β
2p−r(p− r + 1)

r − p+ 1
‖∇u‖p−1

r,Ω∩Q(2R)‖ϕr∇θ‖
r−p+1
r,Ω∩Q(2R)+

β
2p−r(p− r + 1)

r − p+ 1
‖∇u‖p−1

r,Ω∩Q(2R)‖rϕr−1(θ − u)∇ϕ‖r−p+1
r,Ω∩Q(2R)+

β‖∇u‖p−1
r,Ω∩Q(2R)‖hv,u‖r/(r−p+1),Ω∩Q(2R)

≤
[
β

2p−r(p− r + 1)

r − p+ 1
+ Cβ(p− r)

]
×

[
ε‖∇u‖rr,Ω∩Q(2R) + C(ε, p, r)‖ϕr∇θ‖rr,Ω∩Q(2R)

]
+[

β
2p−r(p− r + 1)

r − p+ 1
+ Cβ(p− r)

]
×

[
ε‖∇u‖rr,Ω∩Q(2R) + C(ε, p, r)‖rϕr−1(θ − u)∇ϕ‖rr,Ω∩Q(2R)

]
+

C(p− r)β‖∇u‖rr,Ω∩Q(2R).p r2 ∈ (p − 1, p) �\ C(p − r2)
β
α

= 2−n, �n r2 ≤ r < p "� C(p − r)β
α

=

τ1 < 2−n. �p ε P *�(r 2[β
α

2p−r(p−r+1)
r−p+1

+ β
α
C(p − r)] < 1

2
(2−n − τ1), �

τ2 = 1
2
(2−n − τ1) + τ1 < 2−n, \"+Iy
∫

Ω

ϕr(r−p+1)|∇u|rdx
≤ τ2‖∇u‖rr,Ω∩Q(2R) + C‖ϕr∇θ‖rr,Ω∩Q(2R) + C‖rϕr−1(θ − u)∇ϕ‖rr,Ω∩Q(2R),

(5.21)(y C = C(p, r1, r,
β
α
, n, γ). �*ovH~ ∂Ω y r−Poincaré kt��CÆ+`m\"�jy u _ θ y'7��$`_!YC θ − u � Ω 5pPny��~2

‖rϕr−1(θ − u)∇ϕ‖rr,Ω∩Q(2R) ≤ r

∫

Ω∩Q(2R)

|∇ϕ|r|θ − u|rdx

≤ CR−r(

∫

Ω∩Q(2R)

|∇(θ − u)|nr/(n+r)dx)(n+r)/n.
(5.22)
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Qp� CΩ  ∇(θ − u) = 0, a.e., x Minkowski 1v+� Hölder 1v+rp
R−r

(∫

Ω∩Q(2R)

|∇(θ − u)|nr/(n+r)

)(n+r)/n

≤ R−r

[(∫

Ω∩Q(2R)

|∇θ|nr/(n+r)

)(n+r)/nr

+

(∫

Ω∩Q(2R)

|∇u|nr/(n+r)

)(n+r)/nr
]r

≤ R−r

[
R

(∫

Ω∩Q(2R)

|∇θ|r
)1/r

+

(∫

Ω∩Q(2R)

|∇u|nr/(n+r)

)(n+r)/nr
]r

≤ 2r

[(∫

Ω∩Q(2R)

|∇θ|r
)1/r

+R−r

(∫

Ω∩Q(2R)

|∇u|nr/(n+r)

)(n+r)/n
]
.

(5.23)x (5.21), (5.22), (5.23) rp
∫

Q(R)

|∇u|rdx ≤
∫

Ω

ϕr(r−p+1)|∇u|rdx

≤ τ2

∫

Ω∩Q(2R)

|∇u|r + C

[∫

Ω∩Q(2R)

|∇θ|r +R−r

(∫

Ω∩Q(2R)

|∇u|nr/(n+r)

)(n+r)/n
]
.��� Q(2R)−Ω B� |∇u| = |∇θ| = 0, �'�U_ |Q(R)|, �+
y�*t�

Hölder 1v+
−
∫

Q(R)

|∇u|rdx

≤ τ −
∫

Q(2R)

|∇u|rdx+ C

[(
−
∫

Ω∩Q(2R)

|∇u|nr/(n+r)

)(n+r)/n

+ −
∫

Ω∩Q(2R)

|∇θ|r
]
,VB τ = 2nτ2 < 1, C = C(p, r, r1, s, n,

β
α
, γ) < ∞. ~2xkw 5.1 Bt (5.7) +`4�a� t > r, (r |∇u| ∈ Lt(Ω), t = t(p, r, r1, s, n,

β
α
, γ) > r.�*>V2/ u ∈ Lδ(Ω), δ = δ(n, r) > r. ! u − θ � Ω 5pPny 0. �

r < n, � r∗ = nr
n−r

, �x Sobolev ^��wr
(∫

Ω

|u− θ|r∗dx
)1/r∗

≤
(∫

Ω

|∇(u− θ)|rdx
)1/r

<∞.p δ = min{s, nr/(n− r)}, x Minkowski 1v+^ Hölder 1v+r
(∫

Ω

|u|δ
)1/δ

≤
(∫

Ω

|θ|δ
)1/δ

+

(∫

Ω

|u− θ|δ
)1/δ

≤
(∫

Ω

|θ|δ
)1/δ

+ C1

(∫

Ω

|u− θ|r∗dx
)1/r∗

,
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(y C1 = C1(diam(Ω), r, n).jy θ ∈ Ls(Ω), x+r4 u ∈ Lδ(Ω). � q = min(t, δ) > r, ~2 u ∈ Lq(Ω).� r ≥ n, �| r∗ <∞ D'*tioRL�rp u ∈ Lδ(Ω), j\ u ∈W 1,q(Ω),

q = min{t, s} > p. 2$�
4.5.2 MAu&�� A- �+�|Uj���/zF� w y Rn BtJ5`��(YC�d�nYYy 0 < w < ∞. H w >~
Muckenhoupt s Ap, 1 < p <∞, �H w y Ap- t��Qa��C Ap(w) (r�Pyj B ∈ Rn,

sup
B

(
1

|B|

∫

B

wdx

)(
1

|B|

∫

B

w1/(1−p)dx

)p−1

= Ap(w) <∞ (5.24)H w >~ A1 s�� w y A1- t��Qa��C A1(w) (r�Pyj B ∈ Rn,

1

|B|

∫

B

wdx ≤ A1(w)essinfBw.v µ +,��:�
µ(E) =

∫

E

wdx.EPG4� p > 1 "� A1 ⊂ Ap. Ht w �\E�_���Qa��C C > 0(r�| Rn Btb3j B ⊂ 2B,

µ(2B) ≤ Cµ(B).9�`:V� E ∈ Rn, � Lp(E,w), 1 < p <∞, yPy E �ft`:YC f , -�\��_�t Banach d�
‖f‖Lp(E,w) =

(∫

E

|f(x)|pw(x)dx

) 1
p

<∞.�t Sobolev s W 1,p(E,w) xPy\,LfoC>~ Lp(E,w) tYC f _I�"[ Lploc(E,w) ^ W 1,p
loc (E,w) 1QX/�� x0 ∈ Ω, t > 0, �v Bt +,�Dy t B3� x0 tj��YC u(x) ^ k > 0,� Ak = {x ∈ Ω : |u(x)| > k}, Ak,t = Ak ∩Bt. � Tk(u) ya�tFO k > 0 t ut-
YC�


Tk(u) = max{−k,min{k, u}}.
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� Ω y Rn, n ≥ 2 Bty4/�m��/�m�28Pyy�:�t�-(r
Hodge  2tCÆ+ (2.1), (2.2) I}tm�� Lipschitz m�2/�t�\� A-�^�L

divA(x,∇u) = 0 (5.25)(y A(x, ξ) : Ω × Rn → Rn y Carathéodory YC�-�\�*t��
(i) 〈A(x, ξ), ξ〉 ≥ αw(x)|ξ|p,
(ii) |A(x, ξ)| ≤ βw(x)|ξ|p−1.(y 0 < α ≤ β < ∞, w ∈ A1, w ≥ k0 > 0. �� ψ y|�f~ Ω Bp7~

[−∞,+∞] tYC�d θ ∈W 1,r(Ω, w), max{1, p− 1} < r ≤ p. �
Kr
ψ,θ = Kr

ψ,θ(Ω, w) = {v ∈W 1,r(Ω, w) : v ≥ ψ, a.e. x ∈ Ω and v − θ ∈W 1,r
0 (Ω, w)}.YC ψ y"�� θ y'7�k� |∇(v − u)|r−p∇(v − u) ∈ L

r
r−p+1 (Ω, w) t Hodge  2�

|∇(v − u)|r−p∇(v − u) = ∇ϕ+H (5.26)^�*tCÆ+
‖H‖

L
r

r−p+1 (Ω,w)
≤ cAp(w)γ|r − p|‖∇(v − u)‖r−p+1

Lr(Ω,w). (5.27)�4 5.3 Kr
ψ,θ- BW��|!l8��~ u ∈ Kr

ψ,θ(Ω, w) w{�i0 v ∈
Kr
ψ,θ(Ω, w), 7

∫

Ω

〈A(x,∇u), |∇(v − u)|r−p∇(v − u)〉dx ≥
∫

Ω

〈A(x,∇u), H〉dx (5.28)CL H GU9 Hodge 
8 (5.26).!/NV0Qy�*t�w��X 5.4 pJ r1 ∈ (p− 1, p) ,rw$D ψ ∈W 1,p
loc (Ω, w) � r1 < r < p, ÆF#�0 w(x) ∈ A1 s Kr

ψ,θ- Mh73s� u �V:�s Caccioppoli ?��
∫

Ak,ρ

|∇u|rdµ ≤ C

[∫

Ak,R

|∇ψ|rdµ+
1

(R− ρ)r

∫

Ak,R

|u|rdµ
]
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N� 0 < ρ < R < +∞, C 6QC�G n, p � β/α sl0��*tkwnX~ Jia, Jiang [1], R2\7�td�Bt Hodge  2�7X 5.1 s Ω � Rn Q|H�e<� w(x) � A1 g�l u ∈ W 1,p−ε
0 (Ω, w),

1 < p <∞,−1 < ε < p− 1, �t? ϕ ∈ W
1, p−ε

1−ε

0 (Ω, w) �n��Q (divergence-free)|�P H ∈ L
p−ε
1−ε (Ω, w) w{

|∇u|−ε∇u = ∇ϕ+H,7�X|�-
‖∇ϕ‖

L
p−ε
1−ε (Ω,w)

≤ cAp(w)γ‖∇u‖1−ε
Lp−ε(Ω,w) (5.29)

‖H‖
L

p−ε
1−ε (Ω,w)

≤ cAp(w)γ|ε|‖∇u‖1−ε
Lp−ε(Ω,w) (5.30)CL γ M.H9 p.�*tkwnX Giaquinta, Giusti [1].7X 5.2 s f(t) �? 0 ≤ T0 ≤ t ≤ T1 p�1|	�79�~�/s�

T0 ≤ t < s ≤ T1, 7
f(t) ≤ A(s− t)−α +B + θf(s),CL A,B, α, θ �	�j~� θ < 1. �t?M.H9 α � θ |j~ c, w{�

ρ,R, T0 ≤ ρ < R ≤ T1, 7
f(ρ) ≤ c[A(R − ρ)−α +B].�X 5.4 �^b � u y Kr

ψ,θ- "��Zt�2�� BR1 ⊂⊂ Ω, 0 < R0 ≤
τ < t ≤ R1 |F��F�-
YC φ ∈ C∞

0 (Bt) (r
suppφ ⊂ Bt, 0 ≤ φ ≤ 1, φ = 1 in Bτ and |∇φ| ≤ 2(t− τ)−1.\�YC

v = u− Tk(u) − φr(u− ψ+
k ),(y Tk(u) ya�t u tFO k t-
YC� ψ+
k = max{ψ, Tk(u)}. �� v ∈

Kr
ψ−Tk(u),θ−Tk(u)(Ω, w). 0$�jy φ ∈ C∞

0 (Ω), P_
v − (θ − Tk(u)) = u− θ − φr(u− ψ+

k ) ∈W 1,r
0 (Ω, w),
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-d� Ω �nYYy
v − (ψ − Tk(u)) = (u− ψ) − φr(u− ψ+

k ) ≥ (1 − φr)(u− ψ) ≥ 0.�
E(v, u) = |φr∇u|r−pφr∇u+ |∇(v − u+ Tk(u))|r−p∇(v − u+ Tk(u)). (5.31)x�!H�+

||X|−εX − |Y |−εY | ≤ 2ε
1 + ε

1 − ε
|X − Y |1−ε, X, Y ∈ Rn, 0 ≤ ε < 1_	

∇v = ∇(u− Tk(u)) − φr∇(u− ψ+
k ) − rφr−1∇φ(u− ψ+

k ),rp
|E(v, u)| ≤ 2p−r

p− r + 1

r − p+ 1
|φr∇u− φr∇(u− ψ+

k ) − rφr−1∇φ(u− ψ+
k )|r−p+1. (5.32)x (5.31) rp

∫

Ak,t

〈A(x,∇u), |φr∇u|r−pφr∇u〉dx

=

∫

Ak,t

〈A(x,∇u), E(v, u)〉dx−
∫

Ak,t

〈A(x,∇u), |∇(v − u)|r−p∇(v − u)〉dx.

(5.33)��CÆ (5.33) tb9�
∫

Ak,t

〈A(x,∇u), |φr∇u|r−pφr∇u〉dx

≥
∫

Ak,τ

〈A(x,∇u), |∇u|r−p∇u〉dx

≥ α

∫

Ak,τ

|∇u|rdµ.

(5.34)

{v (1.3) rp
|∇(v − u+ Tk(u))|r−p∇(v − u+ Tk(u)) = ∇ϕ+H (5.35)

(1.4) iT
‖H‖

L
r

r−p+1 (Ω,w)
≤ cAp(w)γ|r − p|‖∇(v − u+ Tk(u))‖r−p+1

Lr(Ω,w). (5.36)
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jy u− Tk(u) y Kr
ψ−Tk(u),θ−Tk(u)- "��Zt�2�x�frp

∫

Ω

〈A(x,∇(u− Tk(u))), |∇(v − u+ Tk(u))|r−p∇(v − u+ Tk(u))〉dx

≥
∫

Ω

〈A(x,∇(u− Tk(u))), H〉dx,\

∫

Ak,t

〈A(x,∇u), |∇(v − u)|r−p∇(v − u)〉dx ≥
∫

Ak,t

〈A(x,∇u), H〉dx. (5.37)�a1v+ (5.33), (5.34) ^ (5.37) rp
α

∫

Ak,τ

|∇u|rdµ

≤
∫

Ak,t

〈A(x,∇u), E(v, u)〉dx−
∫

Ak,t

〈A(x,∇u), H〉dx

≤ β
2p−r(p− r + 1)

r − p+ 1

∫

Ak,t

|∇u|p−1|φr∇ψ+
k − rφr−1∇φ(u− ψ+

k )|r−p+1dµ

+β

∫

Ak,t

|∇u|p−1|H|dµ

≤ β
2p−r(p− r + 1)

r − p+ 1

∫

Ak,t

|∇u|p−1|φr∇ψ|r−p+1dµ

+β
2p−r(p− r + 1)

r − p+ 1

∫

Ak,t

|∇u|p−1|rφr−1∇φ(u− ψ+
k )|r−p+1dµ

+β

∫

Ak,t

|∇u|p−1|H|dµ

≤ β
2p−r(p− r + 1)

r − p+ 1

(∫

Ak,t

|∇u|rdµ
)p−1

r
(∫

Ak,t

|∇ψ|rdµ
) r−p+1

r

+β
2p−r(p− r + 1)

r − p+ 1

(∫

Ak,t

|∇u|rdµ
)p−1

r
(∫

Ak,t

|rφp−1∇φ(u− ψ+
k )|rdµ

) r−p+1
r

+β

(∫

Ak,t

|∇u|rdµ
)p−1

r
(∫

Ak,t

|H| r
r−p+1dµ

) r−p+1
r

.� c1 = 2p−r(p−r+1)
r−p+1

, x (5.36) ^ Young 1v+�
ab ≤ εap

′

+ c2(ε, p)b
p,

1

p′
+

1

p
= 1, a, b ≥ 0, ε ≥ 0, p ≥ 1,
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rp
α

∫

Ak,τ

|∇u|rdµ

≤ βc1ε

∫

Ak,t

|∇u|rdµ+ βc1c2(ε, p)

∫

Ak,t

|∇ψ|rdµ

+βc1ε

∫

Ak,t

|∇u|rdµ+ βc1c2(ε, p)

∫

Ak,t

|rφr−1∇φ(u− ψ+
k )|rdµ

+βcAp(w)γ(p− r)ε

∫

Ak,t

|∇u|rdµ

+βcAp(w)γ(p− r)c2(ε, p)

∫

Ω

|∇(v − u+ Tk(u))|rdµ,(y c ykw 5.1 Bt�C�jy� Ω \ Ak,t  v − u+ Tk(u) = 0, xv+
∇v = ∇(u− Tk(u)) − φr∇(u− ψ+

k ) − rφr−1∇φ(u− ψ+
k ),rp

∫

Ω

|∇(v − u+ Tk(u))|rdµ =

∫

Ak,t

|∇(v − u)|rdµ

=

∫

Ak,t

|φr∇(u− ψ+
k ) + rφr−1∇φ(u− ψ+

k )|rdµ

≤ 2r−1

∫

Ak,t

|∇(u− ψ+
k )|rdµ+ 2r−1r

∫

Ak,t

|∇φ(u− ψ+
k )|rdµ

≤ 22r−2

∫

Ak,t

|∇u|rdµ+ 22r−2

∫

Ak,t

|∇ψ|rdµ+ r22r−2

∫

Ak,t

|ur|
(t− τ)r

dµ.`mrp
∫

Ak,τ

|∇u|rdµ

≤ β(2c1 + cAp(w)γ(p− r))ε+ βcAp(w)γc2(ε, p)2
2r−2(p− r)

α

∫

Ak,t

|∇u|rdµ

+
βc1c2(ε, p) + 22r−2βcAp(w)γc2(ε, p)(p− r)

α

∫

Ak,t

|∇ψ|rdµ

+r
βc1c2(ε, p) + 22r−1βcAp(w)γc2(ε, p)(p− r)

α

∫

Ak,t

|u|r
(t− τ)r

dµ.

(5.38)
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��&rz�Vy ∇u tz\"�F� ε ^ r1 (r
η =

β(2c1 + cAp(w)γ(p− r))ε+ βcAp(w)γc2(ε, p)2
2r−2(p− r)

α
< 1� ρ,R |F�� R0 ≤ ρ < R ≤ R1. (U_ (5.38) rT��\ ρ ≤ τ < t ≤ R t!\ t ^ τ , y

∫

Ak,τ

|∇u|rdµ ≤ η

∫

Ak,t

|∇u|rdµ+
c3
α

∫

Ak,t

|∇ψ|dµ+
c4

α(t− τ)r

∫

Ak,t

|u|rdµ, (5.39)(y
c3 = βc1c2(ε, p) + 22r−2βcAp(w)γc2(ε, p)(p− r),

c4 = rβc1c2(ε, p) + r22r−1βcAp(w)γc2(ε, p)(p− r).� (5.39) Bovkw 5.2 r
∫

Ak,ρ

|∇u|rdµ ≤ cc3
α

∫

Ak,R

|∇ψ|rdµ+
cc4

α(R− ρ)r

∫

Ak,R

|u|rdµ,(y c ykw 5.2 9Tt�C��w 5.4 2$�
§4.6 A- -�~Vk��G�Kx\N,

4.6.1 70� Ω 2 Rn, n ≥ 2, Bty4XV��\��,	�6m��L
divA(x, u(x),▽u(x)) = 0, (6.1)(y A : Ω × R × Rn → Rn 2\7 Carathéodory YC��\g<��B<^X^_�	��nPyt x ∈ Ω, u ∈ R ^ ξ ∈ Rn,

(i) 〈A(x, u, ξ), ξ〉 ≥ α|ξ|p;
(ii) |A(x, u, ξ)| ≤ β1|ξ|p−1 + β2|u|m + ϕ1(x);

(iii) A(x, u, 0) = 0.(y α > 0, β1 ^ β2 26-�(�C� 1 < p < n, p − 1 ≤ m ≤ n(p−1)
n−p

, ϕ1(x) ∈
L
s/(p−1)
loc (Ω), s > p.
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�� ψ 2 Ω tp7~ R ∪ {±∞} tYC� θ ∈W 1,p(Ω). �
Kψ,θ(Ω) =

{
v ∈ W 1,p(Ω) : v ≥ ψ, a.e., and v − θ ∈W 1,p

0 (Ω)
}
.�4 6.1 �~ u ∈ Kψ,θ(Ω) m� A- ���o (6.1) | Kψ,θ BW��|8�j��i0 v ∈ Kψ,θ(Ω), 7

∫

Ω

〈A(x, u,▽u),▽(v− u)〉dx ≥ 0. (6.2)

Meyers, Elcrat [1] ~ 1975 B`�\� (6.1) t2t3,`�<�VBt��_� (ii) B β2 = 0, ϕ1(x) ≡ 0. Li, Martio [1] �bUt_���rp	"��Z2toCtJ5^-[3,`�<� Li, Martio [1] tJ5`�<0Q2�*t�w��X A s�T A SV	4 (i), (ii) � (iii), `Q β2 = 0, ϕ1(x) ≡ 0. k ψ ∈
W 1,s
loc (Ω), s > p. ZT Kψ,θ- BW��|8|9 W 1,q

loc (Ω), CL q = q(p, s, n, α
β1

) > p.x�w A t2/B`4`�8C q �y# s V*�x*t�wZp	�Q
ψ ∈W 1,s

loc (Ω), 1 < p < s < n, 9� u ∈W 1,q
loc (Ω), �~67# p f-t q. x Sobolev^��w��$y u ∈ Lq

∗

loc(Ω), (y q∗ = nq
n−q

< s∗ = ns
n−s

. \7Xyt�Z2�"�YC�(d>~ W 1,s
loc (Ω)(1 < p < s < n), 9� u tJ5`�<`32��3hK�^}m [1] {d	(7�Z��X B s�T A SV	4 (i), (ii) � (iii), `Q β2 = 0 , ϕ1(x) ≡ 0. k

0 ≤ ψ ∈W 1,s
loc (Ω), 1 < p < s < n. ZT Kψ,θ- BW��|8 u |9 Ls

∗

loc(Ω).x~"��Zy_t�A�d�~H^<L?y�ov�!/\�
Kψ,θ- "��ZtJ5<�����NV A �\_� (i), (ii) ^ (iii).�X 6.1 s A SV	4 (i), (ii) � (iii). k 0 ≤ ψ ∈ W 1,s

loc (Ω), 1 < p < s < n.ZT Kψ,θ- BW��|8 u |9 Ls
∗

loc(Ω).b 6.1 Qp�*t�w^�w B B�$9\� 1 < p < n tgg�jyn p ≥ n "�x Sobolev ^��w W 1,q
loc (Ω) Bt!7YC�y>~ Ltloc(Ω) �~!7 t > 1.b 6.2 jy�$��NV A �\�B<_� (ii), ��wt2/B��$>Vv |∇u| nCÆ |u| t6^(t� �y\ov Giaquinta, Guisti [1] Bt Sobolev1v+�
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v p′ +,$C p
p−1

, � s < n, � s∗ �\ 1
s∗

= 1
s
− 1

n
t$C��*tkwTX Giachetti, Porzio [1].7X 6.1 s u ∈W 1,p

loc (Ω), φ0 ∈ Lrloc(Ω), `Q 1 < p < n, r SV
1 < r <

n

pk�X|'
�-
∫

Ak,τ

| ▽ u|pdx ≤ C0

[∫

Ak,t

φ0dx+ (t− τ)−γ
∫

Ak,t

|u|pdx
]

(6.3)nM�9U� k ∈ N � R0 ≤ τ < t ≤ R1, CL C0 z;.H9 n, p, r, R0, R1 � |Ω||j~� γ z-�H|vj~�ZT u ∈ Lsloc(Ω), `Q s = (pr)∗.

4.6.2 �X 6.1 �^b� u 2 A- �^�L (6.1) t Kψ,θ- "��Zt2�xkw 6.1, 9>2/ u �\� CÆ (6.3), (y γ = p. F�|j BR1 ⊂⊂ Ω, 0 < R0 ≤ τ < t ≤ R1. -
YC φ ∈ C∞
0 (BR1) �\

suppφ ⊂ Bt, 0 ≤ φ ≤ 1, φ ≡ 1 in Bτ , | ▽ φ| ≤ 2(t− τ)−1\�YC
v = u− φp(u− ψ)�� v ∈ Kψ,θ(Ω) 
0$�x~ φ ∈ C∞

0 (BR1),

v − θ = u− θ − φp(u− ψ) ∈W 1,p
0 (Ω),d� Ω �nYYy

v − ψ = (u− ψ) − φp(u− ψ) = (1 − φp)(u− ψ) ≥ 0.(~U v − Tk(u) ∈ Kψ−Tk(u),θ−Tk(u)(Ω). x~
▽(v − Tk(u)) = ▽(u− Tk(u)) − φp(▽u−▽ψ) − pφp−1 ▽ φ(u− ψ),
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d u− Tk(u) 2 A- �^�L
divA(x, u− Tk(u)),∇(u− Tk(u)) = 0t Kψ−Tk(u),θ−Tk(u)- "��Zt\72�x�f 6.1, y

∫

Ω

〈A(x, u− Tk(u),▽(u− Tk(u))),▽(v − u)〉dx ≥ 0,(y Tk(u) 2 u � k > 0 FOt-
YC�x_� (iii),

A(x, u− Tk(u),∇(u− Tk(u))) = 0.(~U ∫

Ω∩{|u|>k}

〈A(x, u− Tk(u),▽u),▽(v− u)〉dx ≥ 0.
 ∫

Ak,t

〈A(x, u− Tk(u),▽u), φp(▽u−▽ψ) + pφp−1 ▽ φ(u− ψ)〉dx ≤ 0._� ∫

Ak,t

〈A(x, u− Tk(u),▽u), φp▽ u〉dx

≤
∫

Ak,t

〈A(x, u− Tk(u),▽u), φp▽ ψ〉dx

+

∫

Ak,t

〈A(x, u− Tk(u),▽u), pφp−1 ▽ φ(ψ − u)〉dx

= I1 + I2

(6.4)

�$�� ,CÆ (6.4) tb�^z��7��
∫

Ak,t

〈A(x, u− Tk(u),▽u), φp ▽ u〉dx

≥
∫

Ak,τ

〈A(x, u− Tk(u),▽u),▽u〉dx ≥ α

∫

Ak,τ

| ▽ u|pdx,
(6.5)(y�$v	_� (i). V^�x_� (ii),

|I1| =

∣∣∣∣∣

∫

Ak,t

〈A(x, u− Tk(u),▽u), φp▽ ψ〉dx
∣∣∣∣∣

≤
∫

Ak,t

[
β1| ▽ u|p−1 + β2|u− Tk(u)|m + ϕ1

]
| ▽ ψ|dx

= I11 + I12 + I13.

(6.6)
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x Young 1v+
ab ≤ εap

′

+ C(ε, p)bp, a, b ≥ 0, ε > 0, p > 1, (6.7)rpCÆ
I11 ≤ β1

[
ε

∫

Ak,t

| ▽ u|pdx+ C(ε, p)

∫

Ak,t

| ▽ ψ|pdx
]
, (6.8)

I12 = β2

∫

Ak,t

|u− Tk(u)|m| ▽ ψ|dx

≤ β2

∫

Ak,t

[
ε|u− Tk(u)|mp

′

+ C(ε, p)| ▽ ψ|p
]
dx.

(6.9)Qp� u ∈ W 1,p(Bt), |suppu| ≤ 1
2
|Bt| Hy Sobolev 1v+ (8� Giaquinta,

Guisti [1]), (∫

Bt

|u|p∗dx
)p/p∗

≤ c1(n, p)

∫

Bt

| ▽ u|pdx (6.10)jyy�� p−1 ≤ m ≤ n(p−1)
n−p

,� p ≤ mp′ ≤ p∗. (6.10)�VU	� |supp(u− Tk(u)) |Bt | ≤
1
2
|Bt|,

∫

Bt

|u− Tk(u)|mp
′

dx

≤ ‖u− Tk(u)‖mp
′−p

p∗ |Bt|1−mp
′/p∗
(∫

Bt

|u− Tk(u)|p
∗

dx

)p/p∗

≤ c1(n, p)‖u− Tk(u)‖mp
′−p

p∗ |Bt|1−mp
′/p∗
∫

Ak,t

| ▽ u|pdx

. (6.11)

x
supp(u− Tk(u))|Bt ⊂ Ak,t,�

|supp(u− Tk(u))|Bt| ≤ |Ak,t|.�\�*�
‖u‖p∗p∗,Bt

=

∫

Bt

|u|p∗dx ≥
∫

Ak,t

|u|p∗ ≥ kp
∗|Ak,t|.j\a��C k0 > 0, � k ≥ k0, �y

|Ak,t| ≤
1

2
|Bt|.

152



�67�C k �$y1v+ (6.11).x (6.9) ^ (6.11), �
I12 ≤ β2c1(n, p)ε‖u− Tk(u)‖mp

′−p
p∗ |Ω|1−mp′/p∗

∫

Ak,t

| ▽ u|pdx

+β2C(ε, p)

∫

Ak,t

| ▽ ψ|pdx.
(6.12)�*CÆ I13

I13 =

∫

Ak,t

ϕ1| ▽ ψ|dx ≤
∫

Ak,t

|ϕ1|p
′

dx+

∫

Ak,t

| ▽ ψ|pdx. (6.13)`m�a (6.6), (6.8), (6.12) ^ (6.13) Hy
|I1| ≤ β1ε

∫

Ak,t

| ▽ u|pdx

+β2c1(n, p)ε‖u− Tk(u)‖mp
′−p

p∗ |Ω|1−mp′/p∗
∫

Ak,t

| ▽ u|pdx

+ [(β1 + β2)C(ε, p) + 1]

∫

Ak,t

| ▽ ψ|pdx+

∫

Ak,t

|ϕ1|p
′

dx.

(6.14)

��CÆ |I2|. x_� (ii) ^��"�YC ψ t�(<�y
|I2| =

∣∣∣∣∣

∫

Ak,t

〈A(x, u− Tk(u),▽u), pφp−1 ▽ φ(ψ − u)〉dx
∣∣∣∣∣

≤ p

∫

Ak,t

[
β1| ▽ u|p−1 + β2|u− Tk(u)|m + ϕ1

]
| ▽ φ||u− ψ|dx

≤ p

∫

Ak,t

[
β1| ▽ u|p−1 + β2|u− Tk(u)|m + ϕ1

]
| ▽ φ||u|dx

≤ pβ1

∫

Ak,t

| ▽ u|p−1| ▽ φ||u|dx+ pβ2

∫

Ak,t

|u− Tk(u)|m| ▽ φ||u|dx

+p

∫

Ak,t

|ϕ1|| ▽ φ||u|dx

= I21 + I22 + I23.

(6.15)

I21 `_rp�*tCÆ	
I21 ≤ 2pβ1

t− τ

∫

Ak,t

| ▽ u|p−1|u|dx

≤ 2β1p

[
ε

∫

Ak,t

| ▽ u|pdx+
C(ε, p)

(t− τ)p

∫

Ak,t

|u|pdx
]
.

(6.16)
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x (6.11) 4q� k ≥ k0, �
I22 ≤ 2pβ2

t− τ

∫

Ak,t

|u− Tk(u)|m|u|dx

≤ 2pβ2ε

∫

Ak,t

|u− Tk(u)|mp
′

dx+
2pβ2C(ε, p)

(t− τ)p

∫

Ak,t

|u|pdx

≤ 2pβ2c1(n, p)ε‖u− Tk(u)‖mp
′−p

p∗ |Ω|1−mp′/p∗
∫

Ak,t

| ▽ u|pdx

+
2pβ2C(ε, p)

(t− τ)p

∫

Ak,t

|u|pdx.

(6.17)

� I23 ;:CÆ�
I23 ≤

2p

t− τ

∫

Ak,t

|ϕ1||u|dx ≤ 2p

∫

Ak,t

|ϕ1|p
′

dx+
2p

(t− τ)p

∫

Ak,t

|u|pdx. (6.18)�a (6.15) � (6.16), (6.17) , (6.18), rp
|I2| ≤ 2pβ1ε

∫

Ak,t

| ▽ u|pdx

+2pβ2c1(n, p)ε‖u− Tk(u)‖mp
′−p

p∗ |Ω|1−mp′/p∗
∫

Ak,t

| ▽ u|pdx

+
2p [(β1 + β2)C(ε, p) + 1]

(t− τ)p

∫

Ak,t

|u|pdx+ 2p

∫

Ak,t

|ϕ1|p
′

dx.

(6.19)

j\�1v+ (6.4), (6.5), (6.14) ^ (6.19) �VU
∫

Ak,τ

| ▽ u|pdx ≤ (2p+ 1)
β1

α
ε

∫

Ak,t

| ▽ u|pdx

+(2p+ 1)
β2

α
c1(n, p)ε‖u− Tk(u)‖mp

′−p
p∗ |Ω|1−mp′/p

∫

Ak,t

| ▽ u|pdx

+
(β1 + β2)C(ε, p) + 1

α

∫

Ak,t

| ▽ ψ|pdx+
2p+ 1

α

∫

Ak,t

|ϕ1|p
′

dx

+
2p [(β1 + β2)C(ε, p) + 1]

α(t− τ)p

∫

Ak,t

|u|pdx

(6.20)

��V&rz�Vy ∇u tz\"�F�\B*t ε (r (6.20)z�tz\"^z�"t�Ct^ θ *~ 1. � ρ,R 2|w�tC�\ R0 ≤ ρ < R ≤ R1. j\�x (6.20), �$iT�!7 t ^ τ , ρ ≤ τ < t ≤ R, y
∫

Ak,τ

|▽u|pdx ≤ θ

∫

Ak,t

|▽u|pdx+C

∫

Ak,R

[
| ▽ ψ|p + |ϕ1|p

′

]
dx+

C

(t− τ)p

∫

Ak,R

|u|pdx,
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VB C 29℄o~ α, β1, β2 ^ p t�C��~*t1v+ovkw 5.2, rp
∫

Ak,ρ

| ▽ u|pdx ≤ c

[
C

∫

Ak,R

[
| ▽ ψ|p + |ϕ1|p

′

]
dx+

C

(R− ρ)p

∫

Ak,R

|u|pdx
]
,(y c 2kw 5.2 Bt�C�j\ u �\1v+ (6.7), VB φ0 = |∇ψ|p + |ϕ1|p′ ,

γ = p. xkw 6.1, �wr2�
§4.7 �'8#E��,�J�~G�Kx\N,

4.7.1 70(� �Y
I(u; Ω) =

∫

Ω

f(x, u,Du)dx, u ∈ W 1,p
loc (Ω) (7.1)p�*tYC u(x) t/�<w�2�h �HBt\7DVOF<��8����|RO	 Ladyženskaya, Ural’ceva [1], Morrey [1], Gilbarg, Trudinger [1] ^

Giaquinta[1].!/\�� �YtJ5�4�*^��<m��L�2tJ5 Ls- `�<
(s y�). �<�L2t-[ Ls- `�<��!/��!Bh� Stampacchia[1] 2/�(70Q� Boccardo, Giachetti[1] iLp��<g8�Giachetti, Porzio [1] B2/	�Y�*^��<m��L�2tJ5 Ls- `�<�?wtG�Q$\�	
(7.1) 6t�Y�*�VB Ω 2 RN Bty4X�� f 2\7�\�B_�

a|ξ|p ≤ f(x, s, ξ) ≤ b|ξ|p + ϕ0(x) (7.2)t Carathéodory YC�(y p > 1, ϕ0 ∈ Lrloc(Ω), r > 1. Giachetti, Porzio [1] W\�	 p-Laplacian 6t��<m��L
−div a(x, u,Du) = −divF (7.3)tJ52�VB a(x, s, ξ) : Ω × R× RN 2\7�\0A_�

a(x, s, ξ) · ξ ≥ γ0|ξ|p (7.4)
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|a(x, s, ξ)| ≤ γ1|ξ|p−1 + k(x) + γ2|s|p−1 (7.5)t Carathéodory YC�(y 1 < p < N , γi, i = 0, 1, 2 2/�C�YC F ^ k  ,>~d� Lp
′

loc(Ω, R
N) ^ Lp

′

loc(Ω), 1
p

+ 1
p′

= 1.!/t8t22/Py# (7.2) ;\��B_�t (7.1) 6t�Y�*tJ5/�<0Q�VB��
|ξ|p − b|s|α − ϕ0(x) ≤ f(x, s, ξ) ≤ a|ξ|p + b|s|α + ϕ1(x) (7.6)(y p > 1, ϕ0(x) ∈ Lr1loc(Ω), ϕ1(x) ∈ Lr2loc(Ω), r1, r2 > 1, a ≥ 1 ^ b 2/�C�

p ≤ α < p∗ = np/(n − p). �$W\�Py# (7.4) ^ (7.5) ;\�t�B_�t
(7.3) 6�Lt�2�VB��

a(x, s, ξ) · ξ ≥ γ0|ξ|p − γ1|s|α − ϕ2(x) (7.7)

|a(x, s, ξ)| ≤ γ2|ξ|p−1 + k(x) + γ3|s|α/p
′

(7.8)(y 1 < p < N , γj, j = 0, 1, 2, 3 2/�C� ϕ2(x) ∈ Lr3loc(Ω), r3 > 1, p ≤ α < p∗,�YC F ^ k  ,>~d� Lp
′

loc(Ω, R
N) ^ Lp

′

loc(Ω).

4.7.2 �&7"� Ω 2 RN Bty4XV�� x0 ∈ Ω. � t ∈ R, �v Bt +,�Dy t, B3� x0 tj�� k > 0, �
Ak = {a ∈ Ω : |u(x)| > k}, Ak,t = Ak ∩ Bt (7.9)�Q m < N , m∗ 2�\ 1/m∗ = 1/m− 1/N t$C��4 7.1 (7.1) B�Y I tJ5�*2YC u ∈ W 1,p

loc (Ω), (r�|YC
ψ ∈W 1,p(Ω), suppψ ⊂⊂ Ω, y

I(u; suppψ) ≤ I(u+ ψ; suppψ) (7.10)�X 7.1 s�� I SV	4 (7.6). k uz I |-�>e(�~�� u ∈ Lsloc(Ω),CL s = (pmin{r1, r2})∗.
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^b xkw 6.1, 9V2/ u �\ β = p ^ φ0 = ϕ0 + ϕ1 t� CÆ (7.11).� BR1 ⊂⊂ Ω, 0 ≤ R0 ≤ τ < t ≤ R1 |F��� k > 0 �
A+
k = {x ∈ Ω : u(x) > k}, A−

k = {x ∈ Ω : u(x) < −k}�y Ak = A+
k

⋃
A−
k . � A+

k,t = A+
k

⋂
Bt ^ A−

k,t = A−
k

⋂
Bt. � w = max{u− k, 0}.� (7.10) Bp ψ = −ηw, (y η 2\7�\�*_�t-
YC

suppη ⊂ Bt, 0 ≤ η ≤ 1, η = 1 in Bτ , |Dη| ≤ 2(t− τ)−1 (7.13)_ u t�*<rp
∫

Bt

f(x, u,Du)dx ≤
∫

Bt

f(x, u+ ψ,Du+Dψ)dx

=

∫

A+
k,t

f(x, u− ηw,Du−D(ηw))dx+

∫

Bt
T

{u≤k}

f(x, u,Du)dx~2 ∫

A+
k,t

f(x, u,Du)dx ≤
∫

A+
k,t

f(x, u− ηw,Du−D(ηw))dx{v�� (7.6) rp
∫

A+
k,t

|Du|pdx ≤ b

∫

A+
k,t

|u|αdx+

∫

A+
k,t

ϕ0dx+ a

∫

A+
k,t

|Du−D(ηw)|pdx

+b

∫

A+
k,t

|u− ηw|αdx+

∫

A+
k,t

ϕ1dx
(7.12)7�CÆ (7.12) z�tz�"�{v\7�!t1v+ (a + b)p ≤ 2p−1(ap + bp),

a, b ≥ 0, p ≥ 1, ^� A+
k,t B wp ≤ up t_��y

a

∫

A+
k,t

|Du−D(ηw)|pdx = a

∫

A+
k,t\A

+
k,τ

|Du−D(ηw)|pdx

≤ 2p−1a

∫

A+
k,t\A

+
k,τ

[(1 − η)p|Du|p + |Dη|pwp] dx

≤ 2p−1a

∫

A+
k,t\A

+
k,τ

|Du|pdx+
2p−1a

(t− τ)p

∫

A+
k,t\A

+
k,τ

wpdx

≤ 2p−1a

∫

A+
k,t\A

+
k,τ

|Du|pdx+
2p−1a

(t− τ)p

∫

A+
k,t\A

+
k,τ

updx

(7.15)
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(7.14) z�z\"�zI"t^`CÆy
b

∫

A+
k,t

|u|αdx+ b

∫

A+
k,t

|u− ηw|αdx ≤ 2b

∫

A+
k,t

uαdx (7.16)! (7.15) ^ (7.16) h� (7.14) rp
∫

A+
k,t

|Du|pdx ≤ 2b

∫

A+
k,t

uαdx+

∫

A+
k,t

[ϕ0 + ϕ1] dx

+2p−1a

∫

A+
k,t\A

+
k,τ

|Du|pdx+
2p−1a

(t− τ)p

∫

A+
k,t\A

+
k,τ

updx
(7.17)_ [8] Br4�� w ∈W 1,p(Bt) d |suppw| ≤ 1

2
|Bt|, �y Sobolev 1v+

(∫

Bt

wp
∗

dx

)p/p∗
≤ c1(n, p)

∫

Bt

|Dw|pdx�
ũ =

{
u, if x ∈ A+

k,t,

0, if x ∈ Ω \ A+
k,tx�� p ≤ α < p∗ rp�n |suppũ|Bt| ≤ 1

2
|Bt| "�y

∫

A+
k,t

uαdx =

∫

Bt

ũαdx ≤ ‖ũ‖α−pp∗,Bt
|Bt|1−α/p

∗

(∫

Bt

ũp
∗

dx

)p/p∗

≤ c1‖ũ‖α−pp∗,Bt
|Bt|1−α/p

∗

∫

Bt

|Dũ|pdx

= c1‖ũ‖α−pp∗ |Bt|1−α/p
∗

∫

A+
k,t

|Du|pdxF� T P *�(r� t ≤ T , y
c1‖ũ‖α−pp∗,Bt

|Bt|1−α/p
∗ ≤ 1

4b�y
kp

∗|A+
k | ≤ ‖ũ‖p∗p∗,Ωj\a��C k0, (r� k ≥ k0, y

|A+
k | ≤

1

2
|BT/2|
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�(Ut k 7�y |suppũ| < 1
2
|BT/2|, ~2�� T/2 ≤ t ≤ T , �

∫

A+
k,t

uαdx ≤ 1

4b

∫

A+
k,t

|Du|pdx (7.18)(U�� T/2 ≤ t ≤ T , �_ (7.17) ^ (7.18) Brp
∫

A+
k,t

|Du|pdx ≤ 2

∫

A+
k,t

[ϕ0 + ϕ1]dx+ 2pa

∫

A+
k,t\A

+
k,τ

|Du|pdx+
2pa

(t− τ)p

∫

A+
k,t

updx��� T/2 ≤ ̺ ≤ τ < t ≤ R ≤ T , �
∫

A+
k,τ

|Du|pdx ≤ 2

∫

A+
k,R

[ϕ0 + ϕ1]dx+ 2pa

∫

A+
k,t\A

+
k,τ

|Du|pdx+
2pa

(t− τ)p

∫

A+
k,R

updx��� 2pa J_b�rp
∫

A+
k,τ

|Du|pdx ≤ 2

2pa+ 1

∫

A+
k,R

[ϕ0 + ϕ1]dx

+
2pa

2pa+ 1

∫

A+
k,t

|Du|pdx+
2pa

2pa+ 1
· 1

(t− τ)p

∫

A+
k,R

updxovkw 2.2 rp
∫

A+
k,̺

|Du|pdx ≤ c2

{∫

A+
k,R

[ϕ0 + ϕ1]dx+
1

(R− ̺)p

∫

A+
k,R

updx

}
(7.19)(y c2 9℄o~ p ^ a.jy −u (r� �Y

F̃ (v; Ω) =

∫

Ω

f̃(x, v,Dv)dxp�*�(y f̃(x, v, p) = f(x,−v,−p) �\bUt�B_� (7.6), 1v+ (7.19)� −u \xI u WI}�(U�
∫

A−

k,̺

|Du|pdx ≤ c2

{∫

A−

k,R

[ϕ0 + ϕ1]dx+
1

(R− ̺)p

∫

A−

k,R

updx

}
(7.20)

(7.19) � (7.20) ��r
∫

Ak,̺

|Du|pdx ≤ c2

{∫

Ak,R

[ϕ0 + ϕ1]dx+
1

(R− ̺)p

∫

Ak,R

|u|pdx
}
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(G/ u �\ α = p ^ φ0 = ϕ0 + ϕ1 tCÆ+ (7.11). �w 2.1 2$�
4.7.3 ��+�I�|� u ∈ W 1,p

loc (Ω) 2�L (7.3) tJ52�(y a(x, s, ξ) : Ω × R × Rn → Rn 2\7�\0A_� (7.7) ^ (7.8) t Carathéodory YC��4 7.2 �o (7.3) |8��~ u ∈W 1,p
loc (Ω), w{�U-��~ ψ ∈W 1,p(Ω),

suppψ ⊂⊂ Ω, 7
∫

suppψ
a(x, u,Du) ·Dψdx =

∫

suppψ
F ·Dψdx (7.21)�X 7.2 �℄*t��_����YC F , k ^ ϕ2  ,>~d� Lr1loc(Ω, R

N ),

Lr2loc(Ω) ^ Lr3loc(Ω), (y r > 1, r1, r2 ^ r3 �\
p′ < min{p′r3,min{r1, r2}} <

N

p− 1
, (7.22)� u >~ Lsloc(Ω), (y s = min{pr3,min{r1, r2}(p− 1)]∗.^b xkw 7.1, 9V2/ u �\ β = p ^ φ0 = ϕ0 + |F |p′ + |k|p′ t� CÆ (7.12). � BR1 ⊂⊂ Ω, 0 ≤ R0 ≤ τ < t ≤ R1 |F��� w = max{u − k, 0}.F� ψ = ηw dy (7.21) Bt5SYC�(y-
YC η �\_� (7.13). x�f

7.2 rp
∫

Bt

a(x, u,Du) ·D(ηw)dx =

∫

Bt

F ·D(ηw)dx (7.23)��CÆ (7.23) Bt8� �ov�� (7.7) rp
∫

Bt

a(x, u,Du) ·D(ηw)dx

=

∫

A+
k,t

ηa(x, u,Du) ·Dudx+

∫

A+
k,t

Dη · a(x, u,Du)wdx

≥ γ0

∫

A+
k,τ

|Du|pdx− γ1

∫

A+
k,t

|u|αdx−
∫

A+
k,t

ϕ2dx

− 2

t− τ

∫

A+
k,t\A

+
k,τ

|a(x, u,Du)|wdx

(7.24)
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(7.24) z�t`m\"`x (7.8), Hölder 1v+^ Young 1v+CÆy
2

t− τ

∫

A+
k,t\A

+
k,τ

|a(x, u,Du)|wdx

≤ 2

t− τ

∫

A+
k,t\A

+
k,τ

[
γ2|Du|p−1 + k(x) + γ3|u|α/p

′

]
wdx

≤ γ2

∫

A+
k,t\A

+
k,τ

ε|Du|pdx+
1

p′

∫

A+
k,t

|k|p′dx+
γ3

p′

∫

A+
k,t

|u|αdx

+

[
γ2c(ε) +

γ3

p
+

1

p

]
2p
∫

A+
k,t\A

+
k,τ

(u− k)p

(t− τ)p
dx

(7.25)

(y ε 2\7i�t/�C�b�w 2.1 t2/��$4qa�\7P *t T ^P ft k0, (r�Pyt T/2 ≤ t ≤ T ^ k ≥ k0, y
∫

Bt

|u|αdx ≤ γ0(p
′γ1 + γ0)

4γ0γ1

∫

A+
k,t

|Du|pdx (7.26)

(7.23) tz�`CÆ��
∫

Bt

F ·D(ηw)dx

≤
∫

A+
k,t\A

+
k,τ

2|F ||w|
t− τ

dx+

∫

A+
k,t

|F ||Du|dx

≤ 1

p′

∫

A+
k,t\A

+
k,τ

|F |p′dx+
2p

p

∫

A+
k,t\A

+
k,τ

(u− k)p

(t− τ)p
dx+ c(ε)

∫

A+
k,t

|F |p′dx+ ε

∫

A+
k,t

|Du|pdx

(7.27)(y c(ε) = ε1/(p−1). � (7.23) B{v℄*tCÆ (7.24)∼(7.27), -{v� A+
k,t 

u− k < u t_��rp
γ0

∫

A+
k,τ

|Du|p ≤
[γ0

4
+ ε(γ2 + 1)

] ∫

A+
k,t

|Du|pdx

+

∫

A+
k,τ

[
ϕ2 +

1

p′
|k|p′ +

(
c(ε) +

1

p′

)
|F |p′

]
dx

+

[
γ2c(ε) +

γ3

p
+

2

p

]
2p
∫

A+
k,t\A

+
k,τ

up

(t− τ)p
dx

(7.28)

F� ε P *(r ε(γ2 + 1) < γ0
4
, (U (7.28) z�tz\"*~ γ0

2

∫
A+

k,t
|Du|p.
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� ̺,R |F�� R0 ≤ ̺ ≤ τ < t ≤ R ≤ R1. (U_ (7.28) rp
∫

A+
k,̺

|Du|pdx

≤ 1

2

∫

A+
k,t

|Du|pdx+

∫

A+
k,R

[
ϕ2 +

1

p′
|k|p′ +

(
c(ε) +

1

p′

)
|F |p′

]
dx

+

[
γ2c(ε) +

γ3

p′
+

2

p

]
2p
∫

A+
k,R\A+

k,̺

up

(t− τ)p
dx

(7.29)

{vkw 7.2 rp
∫

A+
k,̺

|Du|pdx ≤ c3
(R− ̺)p

∫

A+
k,R

|u|pdx+ c4

∫

A+
k,R

[
ϕ2 + |k|p′ + |F |p′

]
dx (7.30)(y c3 ^ c4 9℄o~ p. jy −u 2

−div ã(x, u,Du) = −div Ft\7�2�(y ã(x, s, ξ) = a(x,−s,−ξ) �\bUt_� (7.7) ^ (7.8), 1v+
(7.30) v −u h\ u }I}�~2

∫

A−

k,̺

|Du|pdx ≤ c3
(R− ̺)p

∫

A−

k,R

|u|pdx+ c4

∫

A−

k,R

[
ϕ2 + |k|p′ + |F |p′

]
dx (3.11)! (7.31) ^ (7.30) ��rp

∫

Ak,̺

|Du|pdx ≤ c3
(R− ̺)p

∫

Ak,R

|u|pdx+ c4

∫

Ak,R

[
ϕ2 + |k|p′ + |F |p′

]
dx(U u �\ φ0 = ϕ2 + |F |p′ + |k|p′ ^ α = p t_� (7.11). �w 7.2 xkw 7.2 rp�

§4.8 "�6,��~�{GE�'8#�Kx\N,
4.8.1 70� Ω 2 RN(N ≥ 2) ty4XV��� qi > 1, i = 1, · · · , N . �

q = max
1≤i≤N

qi, p = min
1≤i≤N

qi, q :
1

q
=

1

N

N∑

i=1

1

qi
.

162



!/Vvp8"i<t Sobolev d�
W 1,qi
loc (Ω) =

{
v ∈ Lqloc(Ω) :

∂v

∂xi
∈ Lqiloc(Ω), ∀i = 1, · · · , N

}
.� x0 ∈ Ω , t > 0, �$�f Bt 2_ x0 yj3�_ t y�Dtj��~YC u(x)^ k > 0, � Ak = {x ∈ Ω : |u(x)| > k}, Ak,t = Ak ∩Bt. �d�� p > 1, � p′ [2$C p

p−1
, � s < N , s∗ [h+�\ 1

s∗
= 1

s
− 1

N
t$C�!/\�� �Y

I(u; Ω) =

∫

Ω

f(x, u,Du) dx, u ∈W 1,qi
loc (Ω) (8.1)t�*{ u(x) ^8"i<�L

−div A(x, u,Du) = −
N∑

i=1

∂fi
∂xi

, u ∈W 1,qi
loc (Ω). (8.2)t�2��~8$i<tgg�Giachetti, Porzio[1] rp	8$i<��<m��Lt�2^8"i<�Yt�*tJ5 Ls- `^<�wxG�d'\�	8$i<�Yt�*�(7�Yt|6|VH2 (8.1), f 27 Carathéodory YC�\�B_�

a

N∑

i=1

|ξi|qi ≤ f(x, s, ξ) ≤ b

N∑

i=1

|ξi|qi + ϕ1(x) (8.3)VBYC ϕ1 ∈ Lrloc(Ω), 1 < r < N/q̄. d'W\�	8$i<�L (8.2) tJ52
u ∈W 1,qi

loc (Ω) , VB A(x, u, ξ) : Ω×R×RN → RN 2 Carathéodory YC�\�*t0A_�	
A(x, u, ξ) · ξ ≥ m0

N∑

i=1

|ξi|qi (8.4)

|Aj(x, u, ξ)| ≤ m1

(
h(x) +

N∑

i=1

|ξi|qi
)1−1/qj

, j = 1, · · · , N (8.5)VB ml, l = 0, 1 2/C�YC h >~ L1
loc(Ω) , YC fi  ,>~d� L

(qi)′

loc (Ω). �*t_���d'rp	\-J5/�<0Q�
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!/t8tH22/ (8.1) 6t8"i<�Yt�*�# (8.3) ;Lt�B_��tJ5/�<� i.e., �$����YC f �\�*t�B_�
N∑

i=1

|ξi|qi − b|u|α − ϕ0(x) ≤ f(x, u, ξ) ≤ a
N∑

i=1

|ξi|qi + b|u|α + ϕ1(x) (8.6)(y
ϕ0(x) ∈ Lr1loc(Ω), ϕ1(x) ∈ Lr2loc(Ω), r1, r2 > 1, a ≥ 1, b ≥ 0,

p ≤ α < p∗, q < q∗, q < N, 1 < min{r1, r2} <
N

q�$WV�# (8.4) ^ (8.5) ;Lt�B_��\� (8.2) t�Lt�2�
��NV A �\�*tg<^�B_�
A(x, u, ξ) · ξ ≥ b0

N∑

i=1

|ξi|qi − b1|u|α1 − ϕ2(x) (8.7)

|A(x, u, ξ)| ≤ b2

N∑

i=1

|ξi|qi−1 + b3|u|α2 + k(x) (8.8)(y b0 ≥ 1, bi > 0, i = 1, 2, 3, q < q∗, q < N , p ≤ α1 < p∗, p − 1 ≤ α2 ≤ N(p−1)
N−p

,

ϕ2(x) ∈ Lr0loc(Ω) d r0 > 1, k(x) ∈ L
rN+1

loc (Ω), fi ∈ Lriloc(Ω), i = 1, · · · , N .b 8.1 Q�$9\� q < N tgg�!��x [7]Btkw 3.2,!7W 1,qi
loc (Ω)BtYC�>~ Lsloc(Ω) (�!7F�t s <∞).b 8.2 jy� (8.6)(8.7) ^ (8.8) B����YC f ^NV A �\\-�B_�� u yH��2/J5/�<0QB��$&?v |Du| nCÆ |u| t6^(t� �y\��$!Vv Sobolev 1v+�R� [8] ByPov�

4.8.2 Fm7Xy	2/8$i<�Lt�2^8$i<�Yt�4�*tJ5`�<�>V
Giachetti, Porzio[1] Bt\7kw�7X 8.1 s u ∈W 1,qi

loc (Ω), φ0 ∈ Lrloc(Ω), `Q q, q , r SV
1 < r <

N

q
, q < q∗, q < N.k'
�-

∫

Ak,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx ≤ c0

[∫

Ak,t

φ0 dx+ (t− τ)−γ
∫

Ak,t

N∑

i=1

|u|qi dx
]

(8.9)
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�9U� k ∈ N � R0 ≤ τ < t ≤ R1 �nM�`Q c0 z�;.H9 N, qi, r, R0, R1� |Ω| |H~� γ z�H~�ZT u ∈ Lsloc(Ω), `Q
s =

q∗q

q − q∗(1 − 1/r)

4.8.3 ! 5+�&7"�*�$2/8$i<�Yt�*tJ5/�<0Q��4 8.1 �0 u ∈ W 1,qi
loc (Ω), %�wG$D�V suppψ ⊂⊂ Ω s�0 ψ ∈

W 1,qi(Ω) vF
I(u; suppψ) ≤ I(u+ ψ; suppψ). (8.10)�m�0 u . (8.1) S�<EAx� I sk�=��X 8.1 *x� I �V4
 (8.6). %� u .x� I sk�=���2�/G Lsloc(Ω), where

s =
q∗q

q − q∗(1 − 1/min{r1, r2})
.^b xkw 8.1, 9>2/ u �\� CÆ (8.9) , VB γ = q, φ0 = ϕ0 + ϕ1.� BR1 ⊂⊂ Ω , 0 ≤ R0 ≤ τ < t ≤ R1 |w��1 \�<��� R1 −R0 < 1. �~ k > 0 , �

A+
k = {x ∈ Ω : u(x) > k}, A−

k = {x ∈ Ω : u(x) < −k}.�y� Ak = A+
k ∪ A−

k . � A+
k,t = A+

k ∩Bt , A−
k,t = A−

k

⋂
Bt. � w = max(u− k, 0).� (8.10) BF� ψ = −ηw , VB η 2\7-
YC�\

suppη ⊂ Bt, 0 ≤ η ≤ 1, η = 1 in Bτ , |Dη| ≤ 2(t− τ)−1. (8.11)x u t�*<��$rp
∫

Bt

f(x, u,Du) dx ≤
∫

Bt

f(x, u+ ψ,Du+Dψ) dx

=

∫

A+
k,t

f(x, u− ηw,Du−D(ηw)) dx+

∫

Bt∩{u≤k}

f(x, u,Du) dx.
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This implies that

∫

A+
k,t

f(x, u,Du) dx ≤
∫

A+
k,t

f(x, u− ηw,Du−D(ηw)) dx.x (8.6) �y
∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ b

∫

A+
k,t

uα dx+

∫

A+
k,t

ϕ0 dx+ a

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi
− ∂(ηw)

∂xi

∣∣∣∣
qi

dx

+b

∫

A+
k,t

(u− ηw)α dx+

∫

A+
k,t

ϕ1 dx.

(8.12)

�$7�CÆ (8.12) z�tz�"�ov�!t1v+
(a+ b)q ≤ 2q−1(aq + bq), a, b ≥ 0, q ≥ 1�$rp

a

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi
− ∂(ηw)

∂xi

∣∣∣∣
qi

dx

= a

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi
− ∂(ηw)

∂xi

∣∣∣∣
qi

dx

≤ 2q−1a

∫

A+
k,t\A

+
k,τ

N∑

i=1

[
(1 − η)qi

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

+

∣∣∣∣
∂η

∂xi

∣∣∣∣
qi

wqi
]
dx

≤ 2q−1a

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
22q−1a

(t− τ)qi

∫

A+
k,t\A

+
k,τ

N∑

i=1

wqi dx

≤ 2q−1a

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
22q−1a

(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

uqi dx

(8.13)

x~� A+
k,t � wqi ≤ uqi , t− τ < 1. (8.12) z�z\"^zI"t^`_;:��CÆ

b

∫

A+
k,t

uα dx+ b

∫

A+
k,t

(u− ηw)α dx ≤ 2b

∫

A+
k,t

uα dx. (8.14)
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� (8.13) ^ (8.14) h�p (8.12), rp
∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx ≤
∫

A+
k,t

(ϕ0 + ϕ1) dx+ 2b

∫

A+
k,t

uα dx

+ 2q−1a

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
22q−1a

(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

uqi dx.

(8.15)x [8], �$4q�� ũ ∈W 1,p(Bt) , |suppũ| ≤ 1
2
|Bt|, �y Sobolev 1v+

(∫

Bt

ũp
∗

dx

)p/p∗
≤ c1(N, p)

∫

Bt

|Dũ|p dx.�
ũ =

{
u, x ∈ A+

k,t,

0, x ∈ Ω \ A+
k,t.x��� p ≤ α < p∗ (�WU� |suppũ|Bt| ≤ 1

2
|Bt|, �y

∫

A+
k,t

uα dx =

∫

Bt

ũα dx ≤ ‖ũ‖α−pp∗ |Bt|1−α/p
∗

(∫

Bt

ũp
∗

dx

)p/p∗

≤ c1‖ũ‖α−pp∗ |Bt|1−α/p∗
∫

Bt

|Dũ|p dx

≤ c1‖ũ‖α−pp∗ |Bt|1−α/p
∗

max{1, 2p/2−1}
∫

Bt

N∑

i=1

∣∣∣∣
∂ũ

∂xi

∣∣∣∣
qi

dx

= c1‖ũ‖α−pp∗ |Bt|1−α/p
∗

max{1, 2p/2−1}
∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx�$F� T \B*(r�~ t ≤ T , �$rp
c1‖ũ‖α−pp∗ |Bt|1−α/p

∗

max{1, 2p/2−1} ≤ 1

4b
.�yy

kp
∗|A+

k | ≤ ‖ũ‖p∗p∗,Ω,j\�a��C k0, (r�~ k ≥ k0 y
|A+

k | ≤
1

2
|BT/2|.�~(Utp7 k, �$y |suppũ| < 1

2
|BT/2|, j\� T/2 ≤ t ≤ T , �

∫

A+
k,t

uα dx ≤ 1

4b

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx. (8.16)
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j\�x (8.15) ^ (8.16) �$y
∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ 2

∫

A+
k,t

(ϕ0 + ϕ1) dx+ 2qa

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+
22qa

(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

|u|qi dx.

(8.17)

���� T/2 ≤ ̺ ≤ τ < t ≤ R ≤ T , �$rp
∫

A+
k,̺

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ 2

∫

A+
k,R

(ϕ0 + ϕ1) dx+ 2qa

∫

A+
k,t\A

+
k,̺

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+
22qa

(t− τ)q

∫

A+
k,R

N∑

i=1

|u|qi dx.

(8.18)

��b"� 2qa �tb���y
∫

A+
k,̺

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ 2

2qa + 1

∫

A+
k,R

(ϕ0 + ϕ1) dx+
2qa

2qa+ 1

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+
22qa

2qa+ 1
· 1

(t− τ)q

∫

A+
k,R

N∑

i=1

|u|qi dx

(8.19)

���$ovkw 8.2, y
∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ c

{
2

2qa+ 1

∫

A+
k,t

(ϕ0 + ϕ1) dx+
22qa

2qa+ 1
· 1

(t− τ)q

∫

A+
k,t

N∑

i=1

|u|qi dx
}
.

(8.20)VB c ℄o~ q ^ a.jy −u `*s�Y
F̃ (v; Ω) =

∫

Ω

f̃(x, v,Dv) dx
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(y f̃(x, v, p) = f(x,−v,−p) �\�bt�B_� (8.6), 1v+ (8.20) B� u xy −u }I}�(U�$Hrp
∫

A−

k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx ≤ c

{
2

2qa+ 1

∫

A−

k,t

(ϕ0 + ϕ1) dx

+
22qa

2qa+ 1
· 1

(t− τ)q

∫

A−

k,t

N∑

i=1

|u|qi dx
}
.

(8.21)

(8.20) ^ (8.21) ��Hy
∫

Ak,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx ≤ c

{
2

2qa+ 1

∫

Ak,t

(ϕ0 + ϕ1) dx

+
22qa

2qa+ 1
· 1

(t− τ)q

∫

Ak,t

N∑

i=1

|u|qi dx
}
.

(8.22)(+/ u �\CÆ (8.9) , VB γ = q , φ0 = ϕ0 + ϕ1. xkw 8.1, �w 8.1 r2�
4.8.4 ! 5+�|�JwF*�n�$V2/8"i<�Lt�2tJ5/�<0Q�� u ∈W 1,qi

loc (Ω) 28$i<�L (8.2) tJ52�VB A(x, u, ξ) : Ω×R×Rn → Rn 2 CarathéodoryYC�\0A_� (8.7) ^ (1.8).�4 8.2 *�0 u ∈ W 1,qi
loc (Ω), %�wG$D�V suppψ ⊂⊂ Ω �0 ψ ∈

W 1,qi(Ω), vF
∫

suppψ
A(x, u,Du) ·Dψ dx =

∫

suppψ
f ·Dψ dx (8.23)�S f = (f1, f2, · · ·, fN) . ���m u .yn (8.2) s'���X 8.2 J(�s	* (8.7) � (1.8) :��&8�	* ϕ2 ∈ Lr0loc(Ω), fi ∈

Lriloc(Ω), i = 1, 2, · · · , N , k ∈ L
rN+1

loc (Ω), � ri, i = 0, · · · , N + 1 �V
1 < r = min

1≤i≤N

{
ri
q′i
, r0,

rN+1

p′

}
<
N

q̄�� u ∈ Lsloc(Ω), �S
s =

q∗q

q − q∗(1 − 1/r)
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^b xkw 8.1 9>2/ u �\� CÆ (8.9), VB γ = q , φ0 = ϕ2 + |k|p′ +
∑N

i=1 |fi|q
′

i. � BR1 ⊂⊂ Ω , 0 ≤ R0 ≤ τ < t ≤ R1 |w���^�� R1 −R0 < 1.� w = max{u− k, 0}. F� ψ = ηw dy�L (8.23) t5SYC�VB-
YC η�\_� (8.11). x�f 8.2, �$rp
∫

A+
k,t

A(x, u,Du) ·D(ηw) dx =

∫

A+
k,t

f ·D(ηw) dx. (8.24)�$��CÆ�L (8.24) Bt� �ov�� (8.7), x (8.24) �$ioT
b0

∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ b1

∫

A+
k,t

|u|α1 dx+

∫

A+
k,t

ϕ2 dx+

∫

A+
k,t

f ·Dudx

+
2

t− τ

∫

A+
k,t

|f |w dx+
2

t− τ

∫

A+
k,t\A

+
k,τ

|A(x, u,Du)|wdx.

(8.25)

*1v+z�z�"`_;:��tCÆ�
∫

A+
k,t

f ·Dudx =

∫

A+
k,t

N∑

i=1

fi ·
∂u

∂xi
dx

≤ ε

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
N∑

i=1

C(ε, qi)

∫

A+
k,t

|fi|q
′

i dx

(8.26)x Young 1v+�1v+ (8.25) z�tzI"`_CÆy
2

t− τ

∫

A+
k,t

|f |w dx ≤ 2q

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx+

N∑

i=1

∫

A+
k,t

|fi|q
′

i dx. (8.27)x (8.8), �1v+ (8.25) z�t`m\";:CÆ
2

t− τ

∫

A+
k,t\A

+
k,τ

|A(x, u,Du)|wdx

≤ 2

t− τ

∫

A+
k,t\A

+
k,τ

[
b2

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi−1

+ b3|u|α2 + k

]
w dx

= I1 + I2 + I3.

(8.28)x Young’s 1v+��$ioT
I1 ≤ b2

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
b22

q

(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

(u− k)qi dx. (8.29)
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x Hölder’s 1v+^ Young’s 1v+�y
I2 ≤ b3ε

∫

A+
k,t\A

+
k,τ

|u|α2p′ dx+
C(ε, p)2p

(t− τ)p

∫

A+
k,t\A

+
k,τ

(u− k)p dx

≤ b3ε

∫

A+
k,t\A

+
k,τ

|u|α2p′ dx+
C(ε, p)2p

N(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

(u− k)qi dx

(8.30)

VB ε 2\7i�t/C�
I3 ≤

∫

A+
k,t\A

+
k,τ

|k|p′ dx+
2q

N(t− τ)q

∫

A+
k,t\A

+
k,τ

N∑

i=1

(u− k)qi dx. (8.31)�a (8.26)∼(8.31) ^ (8.25) Hy
b0

∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤
∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

(C(ε, qi) + 1) |fi|q
′

i

)
dx

+b1

∫

A+
k,t

|u|α1 dx+ b3ε

∫

A+
k,t

|u|α2p′ dx

+ε

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+ b2

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+ (b2 + C(ε, p) + 2)
2q

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.32)

jy p ≤ α1 < p∗ D��w 8.1 t2/sJ��$4qa�\B*t T ^\Bft
k0, (r�~Pyt T/2 ≤ t ≤ T ^ k ≥ k0, �$y

∫

A+
k,t

|u|α1 dx ≤ 1

2b1

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx. (8.33)sJx�jy p− 1 ≤ α2 ≤ N(p−1)
n−p

, D p ≤ α2p
′ ≤ p∗, _��

∫

A+
k,t

|u|α2p′ dx ≤ C

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx. (8.34)
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j\�x (8.32)∼(8.34) �$`_rp
b0

∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤
∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

(C(ε, qi) + 1) |fi|q
′

i

)
dx

+

(
1

2
+ (Cb3 + 1)ε

)∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+b2

∫

A+
k,t\A

+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+ (b2 + C(ε, p) + 2)
2q

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.35)

�'b"�
b2

∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx`mHy
∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ 1

b0 + b2

∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

(C(ε, qi) + 1) |fi|q
′

i

)
dx

+

(
1

2
+ (Cb3 + 1)ε

)
1

b0 + b2

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+
b2

b0 + b2

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

+ (b2 + C(ε, p) + 2)
1

b0 + b2

2q

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.36)

F� ε \B*�(r
θ =

1
2

+ (Cb3 + 1) ε+ b2

b0 + b2
< 1,
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(8.36) �WU
∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ C

∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

|fi|q
′

i

)
dx

+θ

∫

A+
k,t

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
C

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.37)

���� T/2 ≤ ̺ ≤ τ < t ≤ R ≤ T , �$rp
∫

A+
k,̺

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ C

∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

|fi|q
′

i

)
dx

+θ

∫

A+
k,R

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx+
C

(R− ̺)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.38)

ovkw 8.2, �$y
∫

A+
k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ cC

∫

A+
k,t

(
ϕ2 + |k|p′ +

N∑

i=1

|fi|q
′

i

)
dx+

cC

(t− τ)q

∫

A+
k,t

N∑

i=1

(u− k)qi dx.

(8.39)

jy −u 2
−div Ã(x, u,Du) = −

N∑

i=1

∂fi
∂xit�2�VB Ã(x, s, ξ) = A(x,−s,−ξ), �\�bt_� (8.7) ^ (8.8), 1v+

(8.39) � u xy −u }I}��$`mrp
∫

A−

k,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ cC

∫

A−

k,t

(
ϕ2 + |k|p′ +

N∑

i=1

|fi|q
′

i

)
dx+

cC

(t− τ)q

∫

A−

k,t

N∑

i=1

(u− k)qi dx.

(8.40)
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(8.39) � (8.40) ��rp
∫

Ak,τ

N∑

i=1

∣∣∣∣
∂u

∂xi

∣∣∣∣
qi

dx

≤ cC

∫

Ak,t

(
ϕ2 + |k|p′ +

N∑

i=1

|fi|q
′

i

)
dx+

cC

(t− τ)q

∫

Ak,t

N∑

i=1

(u− k)qi dx

(8.41)j\� u �\ (8.9), VB φ0 = ϕ2 + |k|p′ +∑N
i=1 |fi|q

′

i , α = q. xkw 8.1, �w 8.22$�
§4.9 #g A- -T℄��v Caccioppoli 't��-{k

Hölder t��
4.9.1 70!/t8t2 }�h A- �^!�tEt Caccioppoli 6CÆ^�� Hölder1v+� A- �^!�2 p- �^!�tyftd2DVtiL�b"� p- �^!��h�^YC� p- �^YCtiL�VB p>1. `<�B�� A- �^!��*pr	ft;3� A- �^!�t�yqt0Q�1w��?/�s�^m<w�v��rp	ov�8� [1∼3, 7∼12 and 14]. x~�*
j��$>V4q A- �^!�t`�<dVCÆRt� �(/B�$!VT�t� 1v+`_vnOF A- �^!�t`�<�CÆR$t� ��(/B�$[2�� Ω 2 Rn t�aXV��� Ω 2 Rn Bt�aV��
n ≥ 2. �$v e1, e2, . . . , en n+, Rn t*Tk���� ∧l=∧l(Rn) 2 l- $�
(WHy l- 8+) t�<d��xp� eI = ei1 ∧ ei2 ∧ · · · ∧ eil !I�(y2��~PytyB l- D I = (i1, i2, · · · , il), 1 ≤ i1 < i2 < · · · < il ≤ n, l = 0, 1, · · · , n.

Grassman hC ∧ =
⊕∧l 2\7��~p�t ^hC�� α =

∑
αIeI ∈ ∧ ^

β =
∑
βIeI ∈ ∧, ∧ Bt<�x

〈α, β〉 =
∑

αIβI9T�(yt^+�PytyB l-D I = (i1, i2, · · · , il)^Pyt-C l = 0, 1, · · · , nk��f Hodge 4NV ∗ : ∧ → ∧ y ∗1 = e1 ∧ e2 ∧ · · · ∧ en, α ∧ ∗β = β ∧ ∗α =
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〈α, β〉(∗1). �Pyt α, β ∈ ∧. α ∈ ∧ t�Cx>+ |α|2 = 〈α, α〉 = ∗(α ∧ ∗α) ∈
∧0 = R 9T� Hodge 4y ∧ BtvRbA�d ∗ : ∧l → ∧n−l, ∗∗ = (−1)l(n−l) :

∧l → ∧l. � 1 ≤ p <∞. �$�f�tt`:YC f � E t Lp- �Cy
‖f‖p,E,wα =

(∫

E

|f(x)|pwαdx
)1/p

Ω t l- 8+ ω Ω t\7u l- 8+ ω 2\7� Ω tp7~ ∧l(Rn) t
chwartz  2�v D′(Ω,∧l) �Pyu l- 8+td�� Lp(Ω,∧l) y l- 8+

ω(x) =
∑

ωI(x)dxI =
∑

ωi1i2···il(x)dxi1 ∧ dxi2 ∧ · · · ∧ dxiltd��(y�PyyB l- D I, ωI(x) ∈ Lp(Ω,R). (U Lp(Ω,∧l) 2\7Py�C
‖ω‖p,Ω =

(∫

Ω

|ω(x)|pdx
)1/p

=



∫

Ω

(∑

I

|ωI(x)|2
)p/2

dx




1/p

t Banach d��sJx�W 1,p(Ω,∧l) 2x�C>~ W 1,p(Ω,R)Ω tPyu l-8+_I�"[ W 1,p
loc (Ω, R) ^ W 1,p

loc (Ω,∧l) 1QX/�� l = 0, 1, · · · , n, �poC
d : D′(Ω,∧l) → D′(Ω,∧l+1). V8+�hyNV d∗ : D′(Ω,∧l+1) → D′(Ω,∧l), x�
D′(Ω,∧l+1), l = 0, 1, · · · , n t d∗ = (−1)nl+1 ∗ d∗ 9T�� A- �^�LtOFy��Ot0��(y A- �^�L

d∗A(x, dω) = 0 (9.1)VB A : Ω × ∧l−1(Rn) → ∧l(Rn) �\�*t_�	
|A(x, ξ)| ≤ a|ξ|p−1 and 〈A(x, ξ), ξ〉 ≥ |ξ|p (9.2)��n!7 x ∈ Ω ^ ξ ∈ ∧l(Rn).. (y a > 0 2\7�C� 1 < p < ∞ 2� (9.1)yHtF�8*� (9.1) t22 Sobolev d� W 1,p

loc (Ω,∧l−1) t\7	M�(r�PyPy83�t ϕ ∈W 1,p(Ω,∧l−1), y
∫

Ω

〈A(x, du), dϕ〉dx = 0. (9.2)�4 9.1 m u � Ω p| A- ��AP�k u SV Ω p| A- ���o (9.1).
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\7u l- 8+ u ∈ D′(Ω,∧l) �Q� Ω �\ du = 0 HVy2%t�sJx�\7u (l + 1)- 8+ v ∈ D′(Ω,∧l+1) �Q�\ d∗v = 0 Hy2�%t��u 8+ u �\
d∗(|du|p−2du) = 0 and d∗u = 0VB 1 < p <∞, �H u 2 p- �^!���L

A(x, du) = d∗v (9.3)Hy�h A- �^!��|�� du = d∗v sJ~ Rn t Cauchy-Riemann _��y��Q� u �\7%t8+�� v �\7�%8+� A- �^�L}yI}�j\�H~ u ^ v t|`CÆ�&?4r(-8+�� u 2 (9.1) � Ω t2�9��:�J5x�j B a�8+ v ∈ W 1,q(B,∧l+1), 1
p

+ 1
q

= 1, (r (9.3) +I}��4 9.2 j� u � v ? Ω pSV (9.3) ? Ω p A−1 t?�ZT�Vm u� v z Ω p|�[ A- ��AP��4 9.3 j� u SV p- ���o
div(∇u|∇u|p−2) = 0,`Q p > 1, �V=m u z p- ���~��?_Xp|�[z q- ���~ v, 1

p
+ 1

q
= 1, SV

∇u|∇u|p−2 =

(
∂v

∂y
,−∂v

∂x

)Qpn p = q = 2, �$Hrp	a�t�h�^YC��$� R = R1.

B +,\7j� σB +,� B b3d�\ diam(σB) = σdiam(B) tj��a
E ⊆ Rn t n- { Lebesgue :��d |E|. �$H w 2\7t�Q w ∈ L1

loc(R
n)d w > 0 a.e.. \�x�� w 2\7t��� dµ = wdx. � [8] B�$���*t0Q	� Q ⊂ Rn 2\7j��[��!7 y ∈ Q �y\7�ot�<NV

Ky : C∞(Q,∧l) → C∞(Q,∧l−1) �fy
(Kyω)(x; ξ1, ξ2, · · · , ξl) =

∫ 1

0

tl−1ω(tx+ y − ty; x− y, ξ1, · · · , ξl−1)dt
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^ 2
ω = d(Ky) +Ky(dω).�$�f�\7�<NV TQ : C∞(Q,∧l) → C∞(Q,∧l−1) aR�Pyt Q t{ y k Ky tOV

TQω =

∫

Q

ϕ(y)Kyωdy,VB ϕ ∈ C∞
0 (Q) x ∫

Q
ϕ(y)dy = 1 n�=��$�f l- 8+ ωQ ∈ D′(Q,∧l) y

ωQ = |Q|−1

∫

Q

ω(y)dy, if l = 0, and ωQ = d(TQω), if l = 1, 2, · · · , n,�Pyt ω ∈ Lp(Q,∧l), 1 ≤ p <∞.

4.9.2 Jw Aλ3
r (λ1, λ2,Ω)- ?u Caccioppoli- &$<�4 9.4 j�g (w1(x), w2(x)) SV w1(x) > 0, w2(x) > 0, a.e., 

sup
B

(
1

|B|

∫

B

wλ1
1 dx

)(
1

|B|

∫

B

(
1

w2

)λ2/(r−1)

dx

)λ3(r−1)

<∞�9i0|d B ⊂ Ω, CL r > 1 , λ1, λ2, λ3 > 0�j~�ZT=mg (w1(x), w2(x))SV Aλ3
r (λ1, λ2,Ω) 	4�.Z (w1(x), w2(x)) ∈ Aλ3

r (λ1, λ2,Ω).�QF� w1 = w2 = w, λ1 = λ2 = λ3 = 1, �rp Ar- t�8� [5] ^ [6] H~
Ar- tt�!t<��F� w1 = w2 = w, λ1 = λ ^ λ2 = λ3 = 1 �rp Ar(λ,Ω)-t� [2] y5��F� w1 = w2 = w, λ1 = λ2 = 1 ^ λ3 = λ H2 Aλr (Ω)- t� [16]y5��(y�$>V�*Lft Hölder’s 1v+�7X 9.1 s 0 < α <∞, 0 < β <∞  s−1 = α−1 + β−1. k f � g zRnt`:YC���|^t Ω ⊂ Rn, y

‖fg‖s,Ω ≤ ‖f‖α,Ω · ‖g‖β,Ω. (9.4)� [10] B� C. A. Nolder rp	�*tJ5 Caccioppoli 6CÆ��X A. * u . Ω (s A- t�L�� σ > 1. ��pJH u � du 9�sl0 C, ,rw$D�V σB ⊂ Ω s! B �1Fsi�- c, vF
‖du‖s,B ≤ Cdiam(B)−1‖u− c‖s,σB
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�S 1 < s <∞.�*t�� Hölder 1v+� [10] 9T��X B. s u z Ω p| A- ��AP� σ > 1, 0 < s, t <∞. ZTt?; u ��|j~ C, w{�i0SV σB ⊂ Ω |d B, �7
‖u‖s,B ≤ C|B|(t−s)/st‖u‖t,σB.��iL�w A, rp�*t A- �^!�tJ5�t Caccioppoli 6CÆ�

Theorem 9.1 * u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ."I Ω ⊂ Rn (s A-t�L�� ρ > 1. & 1 < s < ∞ .H A- t�ynF�sB~�uPj�

(w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) wG�>l0 r > 1 � λ1, λ2, λ3 > 0. ��pJH u �

du 9�sl0 C, ,rwG$D�V ρB ⊂ Ω s! B, 1Fsi�- c �$D+0
α(0 < α < 1), vF

‖du‖
s,B,w

αλ1
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

αλ2λ3
2

. (9.5)

(9.5) `_+,y
(∫

B

|du|swαλ1
1 dx

)1/s

≤ Cdiam(B)−1

(∫

ρB

|u− c|swαλ2λ3
2 dx

)1/s

(9.5)′�X 9.1 �^b�F� k = s/(1 − α) D s < k, 1/s = 1/k + (k − s)/sk, x
Hölder’s 1v+^�w A ��~|�\ ρB ⊂ Ω tj B, Pyt%8+ c ^|$C α(0 < α < 1), �y

‖du‖
s,B,w

αλ1
1

=

(∫

B

|du|swαλ1
1 dx

)1/s

=

(∫

B

(|du|wαλ1/s
1 )sdx

)1/s

≤
(∫

B

|du|kdx
)1/k

·
(∫

B

(w
αλ1/s
1 )sk/(k−s)dx

)(k−s)/sk

= ‖du‖k,B ·
(∫

B

wλ1
1 dx

)(k−s)/sk

≤ C1diam(B)−1‖u− c‖k,σB ·
(∫

B

wλ1
1 dx

)(k−s)/sk (9.6)

178



x~ c 2\7%8+� u 2 A- �^!��9� u − c }2 A- �^!�� m =

s/(1 + αλ3(r − 1)), �y m < s. ov�w B, y
‖u− c‖k,σB ≤ C2|B|(m−k)/mk · ‖u− c‖m,σ2B

= C2|B|(m−k)/mk · ‖u− c‖m,ρB
(9.7)VB ρ = σ2. � (9.7) h� (9.6) B��$rp

‖du‖
s,B,w

αλ1
1

≤ C3diam(B)−1|B|(m−k)/mk · ‖u− c‖m,ρB ·
(∫

B

wλ1
1 dx

)(k−s)/sk

(9.8)x~ 1/m = 1/s+ (s−m)/sm, �^{v Hölder’s 1v+��$y
‖u− c‖m,ρB

=

(∫

ρB

|u− c|mdx
)1/m

=

(∫

ρB

(|u− c|wαλ2λ3/s
2 · w−αλ2λ3/s

2 )mdx

)1/m

≤
(∫

ρB

|u− c|swαλ2λ3
2 dx

)1/s

·



∫

ρB

((
1

w2

)αλ2λ3/s
)sm/(s−m)

dx




(s−m)/sm

= ‖u− c‖
s,ρB,w

αλ2λ3
2

·
(∫

ρB

(
1

w2

)λ2/(r−1)

dx

)(s−m)/sm

(9.9)(y�~Py�\ ρB ⊂ Ω tj B ^Pyt%8+ c.�a (2.8) ^ (2.9), Hy
‖du‖

s,B,w
αλ1
1

≤ C3diam(B)−1|B|(m−k)/mk · ‖u− c‖
s,ρB,w

αλ2λ3
2

·
(∫

B

wλ1
1 dx

)(k−s)/sk

·
(∫

ρB

(
1

w2

)λ2/(r−1)

dx

)(s−m)/sm
(9.10)

179



x~ (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω), �$y

(∫

B

wλ1
1 dx

)(k−s)/sk

·
(∫

ρB

(
1

w2

)λ2/(r−1)

dx

)(s−m)/sm

≤
(∫

ρB

wλ1
1 dx

)(k−s)/sk

·
(∫

ρB

(
1

w2

)λ2/(r−1)

dx

)(s−m)/sm

=



(∫

ρB

wλ1
1 dx

)
·
(∫

ρB

(
1

w2

)λ2/(r−1)

dx

)k(s−m)/m(k−s)



(k−s)/sk

=

(
|ρB|1+k(s−m)/m(k−s)

(
1

|ρB|

∫

ρB

wλ1
1 dx

)

·
(

1

|ρB|

∫

ρB

(
1

w2

)λ2/(r−1)

dx

)λ3(r−1)



(k−s)/sk

≤ C4|B|(k−m)/mk

(9.11)

� (9.11) h� (2.10), �$���~�~Py�\ ρB ⊂ Ω tj B, Pyt%8+ c^|t$C α(0 < α < 1), y
‖du‖

s,B,w
αλ1
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

αλ2λ3
2�w 9.1 2/q$�Qp8C�w 9.1 Bt α, λ1, λ2 ^ λ3 `_2|$C�\ 0 < α < 1 ^

λ1, λ2, λ3 > 0. j\aR&� α, λ1, λ2 ^ λ3 1bt7�H`_rp1bt�t
Caccioppoli 6CÆ���w 9.1 BF� α = 1/r, �$Hy�*t0���` 9.1 s u ∈ D′(Ω,

∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP� ρ > 1. k 1 < s < ∞ z; A- ���o7�|-���L_� (w1, w2) ∈
Aλ3
r (λ1, λ2,Ω) �9Y j~ r > 1 � λ1, λ2, λ3 > 0. ZTt?; u � du ��|j~ C, w{�9�7|SV ρB ⊂ Ω |d B ��7|[$x c, 7

‖du‖
s,B,w

λ1/r
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

λ2λ3/r
2

. (9.12)��w 9.1 BF� α = 1/s �*t0�I}��` 9.2 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP� ρ > 1. k 1 < s < ∞ z; A- ���o7�|-���L_� (w1, w2) ∈
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Aλ3
r (λ1, λ2,Ω) for some r > 1 and λ1, λ2, λ3 > 0. ZTt?; u � du ��|j~

C, w{�9�7|SV ρB ⊂ Ω |d B ��7|[$x c, 7
‖du‖

s,B,w
λ1/s
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

λ2λ3/s
2

. (9.13)���w 9.1 BF� λ1 = 1, Hy�*t0���` 9.3 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�

ρ > 1. k 1 < s <∞z; A-���o7�|-���L_�(w1 , w2) ∈ Aλ3
r (λ2,Ω)

for some r > 1 and λ2, λ3 > 0. ZTt?; u � du ��|j~ C, w{�9�7|SV ρB ⊂ Ω |d B, �7|[$x c �i0v~ α (0 < α < 1), 7
‖du‖s,B,wα

1
≤ Cdiam(B)−1‖u− c‖

s,ρB,w
αλ2λ3
2

. (9.15)���w 9.1 BF� λ2 = 1, Hy�*t0���` 9.4 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�

ρ > 1. k 1 < s <∞z; A-���o7�|-���L_�(w1 , w2) ∈ Aλ3
r (λ1,Ω)

for some r > 1 and λ1, λ3 > 0. ZTt?; u � du ��|j~ C, w{�9�7|SV ρB ⊂ Ω |d B, �7|[$x c �i0v~ α (0 < α < 1), 7
‖du‖

s,B,w
αλ1
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

αλ3
2
. (9.16)���w 9.1 BF� λ3 = 1, Hy�*t0���` 9.5 s u ∈ D′(Ω,

∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP� ρ > 1. k 1 < s < ∞ z; A- ���o7�|-���L_� (w1, w2) ∈
Ar(λ1, λ2,Ω) for some r > 1 and λ1, λ2 > 0. ZTt?; u � du ��|j~ C, w{�9�7|SV ρB ⊂ Ω |d B, �7|[$x c �i0v~ α (0 < α < 1), 7

‖du‖
s,B,w

αλ1
1

≤ Cdiam(B)−1‖u− c‖
s,ρB,w

αλ2
2
. (9.17)

4.9.3 Aλ3
r (λ1, λ2,Ω)- ?uzj Hölder s�����$��w B iLy�*t�t8+��X 9.2 * u ∈ D′(Ω,

∧l), l = 0, 1, · · · , n, ."I Ω ⊂ Rn (s A- t�L�� σ > 1. & 1 < s, t < ∞ , � (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) wG�~ r > 1 �
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λ1, λ2, λ3 > 0. ��pJH u 9�sl0 C, ,rwG$Ds�V σB ⊂ Ω s! B�$D+0 α (0 < α < 1) , vF
(∫

B

|u|swαλ1
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t

. (9.18)Qp (9.18) `_+,y�*t�Ht8+
(

1

|B|

∫

B

|u|swαλ1
1 dx

)1/s

≤ C

(
1

|B|

∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t

(9.18)′�w 9.2 t2/��w 9.1 sJ�y	q-<��$9TRt2/��X 9.2 �^b�F� k = s/(1 − α) D s < k , 1/s = 1/k + (k − s)/sk, ov
Hölder’s 1v+��y�~|t�\ σB ⊂ Ω tj B, y

(∫

B

|u|swαλ1
1 dx

)1/s

=

(∫

B

(|u|wαλ1/s
1 )sdx

)1/s

≤ ‖u‖k,B
(∫

B

(w
αλ1/s
1 )sk/(k−s)dx

)(k−s)/sk

= ‖u‖k,B
(∫

B

wλ1
1 dx

)(k−s)/sk

(9.19)

�*F� m = st/(s+ αtλ3(r − 1)) � m < t. x�w B, �$rp
‖u‖k,B ≤ C1|B|(m−k)/mk‖u‖m,σB (9.20)x~ 1/m = 1/t+ (t−m)/mt, �^ov Hölder 1v+��$rp

‖u‖m,σB =

(∫

σB

(|u|wαλ2λ3/s
2 · w−αλ2λ3/s

2 )mdx

)1/m

≤
(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t


∫

σB

((
1

w2

)αλ2λ3/s
)mt/(t−m)

dx




(t−m)/mt

=

(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t
(∫

σB

(
1

w2

)λ2/(r−1)

dx

)(t−m)/mt

(9.21)
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�a (9.19), (9.20) ^ (9.21), _�rp�*tCÆ	
(∫

B

|u|swαλ1
1 dx

)1/s

≤ C1|B|(m−k)/mk

(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t(∫

B

wλ1
1 dx

)(k−s)/sk

(∫

σB

(
1

w2

)λ2/(r−1)

dx

)(t−m)/mt

(9.22)

x~ (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω), �$��
(∫

B

wλ1
1 dx

)(k−s)/sk
(∫

σB

(
1

w2

)λ2/(r−1)

dx

)(t−m)/mt

≤
(∫

σB

wλ1
1 dx

)(k−s)/sk
(∫

σB

(
1

w2

)λ2/(r−1)

dx

)(t−m)/mt

=

(
|σB|1+sk(t−m)/mt(k−s)

(
1

|σB|
∫

σB

wλ1
1 dx

)

·
(

1

|σB|
∫

σB

(
1

w2

)λ2/(r−1)

dx

)λ3(r−1)



(k−s)/sk

≤ C2|B| 1s− 1
k
+ 1

m
− 1

t

(9.23)

`m�� (9.23) h� (9.22), �$rp
(∫

B

|u|swαλ1
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t

.�~�w 9.2, Wy\-i���Q��w 9.2 BF� α = 1/r , �$rp�*t0���` 9.6 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�

σ > 1. k 1 < s, t <∞ , (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) �9Y� r > 1 � λ1, λ2, λ3 > 0.ZTt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B, �7

(∫

B

|u|swλ1/r
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twtλ2λ3/rs
2 dx

)1/t

. (9.24)�Q��w 9.2 BF� α = 1/s , �$rp�*t0��
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�` 9.7 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�

σ > 1. k 1 < s, t < ∞, (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) �9Y� r > 1 � λ1, λ2, λ3 > 0.ZTt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B, �7

(∫

B

|u|swλ1/s
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twtλ2λ3/s2

2 dx

)1/t

. (9.25)�Q��w 9.2 BF� α = 1/t , �$rp�*t0���` 9.8 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n,ze< Ω ⊂ Rn p| A-��AP�

σ > 1. k 1 < s, t < ∞, (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) �9Y� r > 1 � λ1, λ2, λ3 > 0.ZTt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B, �7

(∫

B

|u|swλ1/t
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twλ2λ3/s
2 dx

)1/t

. (9.26)�Q��w 9.2 BF� λ1 = 1 , �$rp�*t0Q��` 9.9 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�σ > 1. k 1 < s, t <∞, (w1, w2) ∈ Aλ3

r (λ2,Ω) �9Y� r > 1 � λ2, λ3 > 0. ZTt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B �i0e1 (0, 1)p|v~ α, �7
(∫

B

|u|swα1 dx
)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twαtλ2λ3/s
2 dx

)1/t

. (9.27)�Q��w 9.2 BF� λ2 = 1 , �$rp�*t0Q��` 9.10 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP� σ > 1. k 1 < s, t < ∞, (w1, w2) ∈ Aλ3

r (λ1,Ω) �9 r > 1 � λ1, λ3 > 0. ZTt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B �i0e1 (0, 1) p|v~ α, �7
(∫

B

|u|swαλ1
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twαtλ3/s
2 dx

)1/t

. (9.28)�Q��w 9.2 BF� λ3 = 1 , �$rp�*t0Q��` 9.11 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP� σ > 1. k 1 < s, t <∞, (w1, w2) ∈ Ar(λ1, λ2,Ω) �9 r > 1, and λ1, λ2 > 0. Z
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Tt?; u ��|j~ C, w{�9i0|SV σB ⊂ Ω |d B �i0e1 (0, 1)p|v~ α, �7
(∫

B

|u|swαλ1
1 dx

)1/s

≤ C|B|(t−s)/st
(∫

σB

|u|twαtλ2/s
2 dx

)1/t

. (9.29)

4.9.4 Y?u5�s���$>V�� [10] B9Tt Whitney %-t<�n2/vJt0Q�7X 9.2 U� Ω �7-���| Whitney � ν = Qi SV
⋃

i

Qi = Ω,
∑

Q∈ ν
χ√

5/4Q
≤ NχΩ�9�7| x ∈ Rn �Y� N > 1, j� Qi

⋂
Qj 6= φ, ZTt?�� R (C���-�z ν Q|-�) Y�9 Qi

⋂
Qj w{ Qi

⋃
Qj ⊂ NR. ��k Ω z δ-Johne<��t?-��a|�� Q0 ∈ ν E/
� ν Q|��N Q0, Q1, · · · , Qk = Q;U��� Q ∈ ν �N�w{ Q ⊂ σQi, i = 0, 1, 2, · · · , k, �9Y� σ = σ(n, δ).�\7y4tm��$n2/ A- �^!�t Aλ3

r (λ1, λ2,Ω)- tt Caccioppoli6CÆ^�� Hölder 1v+��X 9.3 * u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ."I Ω ⊂ Rn (s A- t�L���2FB~F;s�|} ν = {B1, · · · , Bm}, �S Bi .�!� i = 1, · · · , m.& ρ > 1 , 1 < s <∞ .H A- t�ynF�s�uPj� (w1 , w2) ∈ Aλ3

r (λ1, λ2,Ω)wG r > 1 and λ1, λ2, λ3 > 0. ��pJH u � du 9�sl0 C ,rwG1Fsi�- c �$Ds+0 α (0 < α < 1), vF
‖du‖

s,Ω,w
αλ1
1

≤ Cdiam(Ω)−1‖u− c‖
s,Ω,w

αλ2λ3
2

. (9.30)�X 9.3 �^b� � ν = {B1, · · · , Bm} 2y4m� Ω ⊂ Rn tX%-�
di = diam(Bi) > 0, i = 1, · · · , m. �� d = min{d1, · · · , dm}. x~ Ω y4�Da�

185



�C C1 (r 1
d
≤ C1

diam(Ω)
. x�w 9.1 ^kw 9.2, �$rp

‖du‖
s,Ω,w

αλ1
1

=

(∫

Ω

|du|swαλ1
1 dx

)1/s

≤
∑

Q∈ ν

(∫

Q

|du|swαλ1
1 dx

)1/s

≤
∑

Q∈ ν
C2diam(Q)−1

(∫

ρQ

|u− c|swαλ2λ3
2 dx

)1/s

≤ C3diam(Ω)−1
∑

Q∈ ν

(∫

ρQ

|u− c|swαλ2λ3
2 dx

)1/s

≤ C4diam(Ω)−1

(∫

Ω

|u− c|swαλ2λ3
2 dx

)1/s�w 9.3 2$��$iL�w 9.2 y�*tvJt�tt8+��X 9.4 s u ∈ D′(Ω,
∧l), l = 0, 1, · · · , n, ze< Ω ⊂ Rn p| A- ��AP�

σ > 1. k 1 < s ≤ t <∞, (w1, w2) ∈ Aλ3
r (λ1, λ2,Ω) �9 r > 1 � λ1, λ2, λ3 > 0. ZTt?; u ��|j~ C w{i0|v~ α (0 < α < 1), �7

(∫

Ω

|u|swαλ1
1 dx

)1/s

≤ C|Ω|(t−s)/st
(∫

Ω

|u|twαtλ2λ3/s
2 dx

)1/t^b x�w 9.2 ^kw 9.2 rp
(∫

Ω

|u|swαλ1
1 dx

)1/s

≤
∑

Q∈ν

(∫

Q

|u|swαλ1
1 dx

)1/s

≤
∑

Q∈ν

C1|Q|(t−s)/st
(∫

σQ

|u|twαtλ2λ3/s
2 dx

)1/t

≤ C1|Ω|(t−s)/st
∑

Q∈ν

(∫

σQ

|u|twαtλ2λ3/s
2 dx

)1/t

≤ C2|Ω|(t−s)/st
(∫

Ω

|u|twαtλ2λ3/s
2 dx

)1/t�w 9.4 2$�
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§4.10 A- -�~Vk��0{G�Kx\N,
4.10.1 70CE%-�7�5�/�m� [1] t�f�� Ω ⊂ Rn, n ≥ 2 , G = G(x, y) 2 Ω t
Green’s YC��~ F = (f 1, f 2, · · · , fn) ∈ C∞

0 (Ω,Rn), � 
u(x) = −

∫

Ω

∇yG(x, y)F (y) dy�f	 Poisson ∆u = divF �Lt\72�(y u � Ω t'4y��j\� u tW�`_+,yWi� 
∇u(x) = −

∫

Ω

∇x∇yG(x, y)F (y) dy = (HΩF )(x)�QNV HΩ �~ 1 < r <∞, �Pyt Lr(Ω,Rn)- d�2y4t�9�$HHm� Ω 2/�t��Q Ω 2/�t�9� Hodge  2tCÆ+ (10.3) ^ (10.4) H�\�8� [1]. �!/B��$[�� Ω 2y4/�m��$\��,kstm��L ( A- �^�L)

divA(x, u(x),∇u(x)) = 0, (10.1)(y A(x, u, ξ) : Ω × R × Rn → Rn 27 Carathéodory YC�\�*tg<^�B_�	
(i) 〈A(x, u, ξ), ξ〉 ≥ α|ξ|p,
(ii) |A(x, u, ξ)| ≤ β1|ξ|p−1 + β2|u|m + ϕ1(x),VB 1 < p < n, α, β1, β2 26-/C� p− 1 ≤ m ≤ n(p−1)

n−r
, ϕ1(x) ∈ Ls/(p−1)(Ω) , (y r < p < s.�� ψ2 Ωp7~ R∪{±∞}t|YC�θ ∈W 1,r(Ω)VBmax{1, p−1} <

r ≤ p. �
Kr
ψ,θ = Kr

ψ,θ(Ω) = {v ∈W 1,r(Ω) : v ≥ ψ, a.e., and v − θ ∈W 1,r
0 (Ω)}.YC ψ 2"�� θ T�	'47��$5� |∇(v−u)|r−p∇(v−u) ∈ L

r
r−p+1 (Ω)t Hodge 2�(y v, u ∈ Kr

ψ,θ(Ω),8� [1],

|∇(v − u)|r−p∇(v − u) = ∇φv,u + hv,u, (10.2)
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VB φv,u ∈ W
1, r

r−p+1

0 (Ω), hv,u ∈ L
r

r−p+1 (Ω) 2	�Xx$�YC�d�*tCÆI}
‖∇φv,u‖ r

r−p+1
≤ c‖∇(v − u)‖r−p+1

r , (10.3)

‖hv,u‖ r
r−p+1

≤ c(p− r)‖∇(v − u)‖r−p+1
r . (10.4)�4 1[2] %�wG$Ds v ∈ Kr

ψ,θ(Ω) �0 u ∈ Kr
ψ,θ(Ω) m6 Kr

ψ,θ- Mh73sB~�'��%�w$Ds v ∈ Kr
ψ,θ(Ω), vF

∫

Ω

〈A(x, u,∇u), |∇(v − u)|r−p∇(v − u)〉 dx ≥
∫

Ω

〈A(x, u,∇u), hv,u〉 dx, (10.5)�S hv,u oU Hodge {� (10.2).b 10.1 *�fBt ” � ” 282 u t`�8C r #Xy8C p V*��*t�fB� r = p 9�x Hodge  2tx\<Hy hv,u = 0 , ("�2HI	a�t�2�
Meyers ^ Elcrat [3] ~ 1975 B`�\� (10.1) 2t3,`�<�W`_8�

[4]. "��ZBtoCtJ5^vJt3,`�<t�Zx Li^Martio [5]� 1994Brp2T�ovP�t� Hölder 1v+� Iwaniec ^ Sbordone [1] � 1994 B\�	 A- �^�L�2t/�<w��(�*t�p\C��x J.L.Lewis [6] 9T�Gao, Wang and Zhao [2] 9T	"��Z�2t�f�drp	R$tJ5^vJt`�<0Q� Li and Gao [7] � 2003 Brp	"��Z�2tJ5/�<0Q�x~"��Zy_t�A�(y�$�C\� A- �^�L (10.1) t"��ZtJ5/�<���$��NV19℄o~ x ^ ∇u, W℄o~ u, aR��NV A �\6-_��|�*9Tt (i) ^ (ii). (/tNV0Q2�*t�w��X 10.1 * Kr
ψ,θ(Ω) z��pJl0 r1 = r1(n,m, p, α, β1, β2, |Ω|) ∈ (p−1, p),�Vw$Ds r1 < r < p, & 0 ≤ ψ ∈ W 1,s

loc (Ω), r < s < n, �� Kr
ψ,θ- Mh73s� u /G Ls

∗

loc(Ω), �S s∗ satisfies 1
s∗

= 1
s
− 1

n
.
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b 10.2 Qp�$9\� r < n tgg�jyn r ≥ n, x Sobolev �w�!7 W 1,r(Ω) BtYC�y>~ Lt(Ω) , �!7 t > 1 .b 10.3 jy��wt2/B�$��NV A �\6-\�st_��P_&?v |∇u| nCÆ |u| t67(t� �y	2T(7h:��$!Vv [8] ByPovt Sobolev 1v+����$5�(/Vvt\-"[�� x0 ∈ Ω , t > 0. � Bt y_ x0 yj3�_ t y�DtXj�~YC u(x) ^ k > 0 � Ak = {x ∈ Ω : |u(x)| > k},
Ak,t = Ak ∩ Bt. �d� p′ [+,$C p

p−1
, � s < n, s∗ 2$Cd�\ 1

s∗
= 1

s
− 1

n
.�${d�7kw�R$!��w 10.1 t2/Brpov�7X 10.1[9] � u ∈W 1,r

loc (Ω), ϕ0 ∈ Lqloc(Ω), VB 1 < r < n , q �\
1 < q <

n

r
.�� CÆ Assume that the following integral estimate holds

∫

Ak,τ

|∇u|r dx ≤ C0

[∫

Ak,t

ϕ0 dx+ (t− τ)−γ
∫

Ak,t

|u|r dx
]
, (10.6)�~|t x0 ∈ Ω ^!7 k ∈ N , R0 ≤ τ < t ≤ R1 I}�VB C0 29℄o~

n, q, r, R0, R1 and |Ω| t/C� γ W2\7/C�9� u ∈ Ls
∗

loc(Ω), VB s = qr.7X 10.2[10] � f(τ) 2�f� 0 ≤ R0 ≤ t ≤ R1 t�(y4YC���~
R0 ≤ τ < t ≤ R1 y

f(τ) ≤ A(t− τ)−γ +B + θf(t), (10.7)(y A,B, γ, θ 2�(�C�d θ < 1. 9�a�9� γ ^ θ t�C c, (r�~!7 ρ,R, R0 ≤ ρ < R ≤ R1, y
f(ρ) ≤ c[A(R− ρ)−γ +B]. (10.8)

4.10.2 �X�^b� u 2 Kr
ψ,θ- "��Zt�2�xkw 10.1 9>2/ u �\1v+ (10.6),VB γ = r. � BR1 ⊂⊂ Ω, 0 ≤ R0 ≤ τ < t ≤ R1 2|w�t�F�-
YC
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φ ∈ C∞
0 (BR1) �\

supp φ ⊂ Bt, 0 ≤ φ ≤ 1, φ = 1 in Bτ and |∇φ| ≤ 2(t− τ)−1.\�YC
v = u− φr(u− ψ).�� v ∈ Kr

ψ,θ(Ω) 
0$�
v − θ = u− θ − φr(u− ψ) ∈W 1,r

0 (Ω),x~ u ∈ Kr
ψ,θ(Ω) , φ ∈ C∞

0 (BR1), ^
v − ψ = (u− ψ) − φr(u− ψ) = (1 − φr)(u− ψ) ≥ 0,� Ω  a.e.. �~|w�t k > 0, �

v0 =

{
u, if u < k,

v, if u ≥ k.�aZp v0 ∈ Kr
ψ,θ(Ω).. x�f 10.1, �$y

∫

Ω

〈A(x, u,∇u), |∇(v0 − u)|r−p∇(v0 − u)〉 dx ≥
∫

Ω

〈A(x, u,∇u), h̃v,u〉 dx.VB h̃v,u = 0 � u < k , h̃v,u = hv,u � u ≥ k. x Hodge  2tx\<�arp\0��j\
∫

Ak,t

〈A(x, u,∇u), |∇(v− u)|r−p∇(v − u)〉 dx

≥
∫

Ak,t

〈A(x, u,∇u), hv,u〉 dx.
(10.9)�

E(v, u) = |φr∇u|r−pφr∇u+ |∇(v − u)|r−p∇(v − u). (10.10)x�!1v+
∣∣|X|−εX − |Y |−εY

∣∣ ≤ 2ε
1 + ε

1 − ε
|X − Y |1−ε, X, Y ∈ Rn, 0 ≤ ε < 1, (10.11)
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^ ∇(v − u) = −φr∇(u− ψ) − rφr−1(u− ψ)∇φ, `_rp
|E(v, u)| ≤ 2p−r

p− r + 1

r − p+ 1

∣∣φr∇ψ − rφr−1(u− ψ)∇φ
∣∣r−p+1

. (10.12)�a (10.9) ^ (10.10) y
∫

Ak,t

〈A(x, u,∇u), |φr∇u|r−pφr∇u〉 dx

≤
∫

Ak,t

〈A(x, u,∇u), E(v, u)〉 dx−
∫

Ak,t

〈A(x, u,∇u), hv,u〉 dx.
(10.13)

(10.13) tb'`_;:��CÆ
∫

Ak,t

〈A(x, u,∇u), |φr∇u|r−pφr∇u〉 dx

≥
∫

Ak,τ

〈A(x, u,∇u), |∇u|r−p∇u〉 dx

≥ α
∫
Ak,τ

|∇u|r dx,

(10.14)(yov	_� (i). x (10.11), _� (ii) ^ ψ t�(<��y
∫

Ak,t

〈A(x, u,∇u), E(v, u)〉 dx−
∫

Ak,t

〈A(x, u,∇u), hv,u〉 dx

≤ 2p−r(p− r + 1)

r − p + 1

∫

Ak,t

[
β1|∇u|p−1 + β2|u|m + ϕ1

]
|φr∇ψ

−rφr−1(u− ψ)∇φ|r−p+1 dx+

∫

Ak,t

[
β1|∇u|p−1 + β2|u|m + ϕ1

]
|hv,u| dx

≤ 2p−r(p− r + 1)

r − p + 1

∫

Ak,t

[
β1|∇u|p−1 + β2|u|m + ϕ1

]
|∇ψ|r−p+1 dx

+
2p−r+1r(p− r + 1)

r − p+ 1

∫

Ak,t

[
β1|∇u|p−1 + β2|u|m + ϕ1

]( |u|
t− τ

)r−p+1

dx

+

∫

Ak,t

[
β1|∇u|p−1 + β2|u|m + ϕ1

]
|hv,u| dx.

(10.15)��VCÆ*1v+z�t!\"�x Young 1v+
ab ≤ εap̃

′

+ C(ε, p̃)bp̃,
1

p̃
+

1

p̃′
= 1, a, b ≥ 0, ε ≥ 0, p̃ > 1, (10.16)rp ∫

Ak,t

β1|∇u|p−1|∇ψ|r−p+1 dx

≤ β1

[
ε

∫

Ak,t

|∇u|r dx+ C(ε, r, p)

∫

Ak,t

|∇ψ|r dx
]
,

(10.17)
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^
∫

Ak,t

β2|u|m|∇ψ|r−p+1 dx ≤ β2

∫

Ak,t

[
ε|u| mr

p−1 + C(ε, r, p)|∇ψ|r
]
dx. (10.18)�$Qp� w ∈ W 1,r(Bt), |suppw| ≤ 1

2
|Bt|, �$Hy Sobolev 1v+ (W`_8� [8]), (∫

Bt

|w|r∗ dx
)r/r∗

≤ c1(n, r)

∫

Bt

|∇w|r dx.�
Tk(u) =

{
0, if u > k,

u, if u ≤ k.x�� p−1 ≤ m ≤ n(p−1)
n−r

,�y r ≤ mr
p−1

≤ r∗*t1v+�VU� |supp(u− Tk(u)) |Bt | ≤
1
2
|Bt|, ∫

Ak,t

|u| mr
p−1 =

∫

Bt

|u− Tk(u)|
mr
p−1 dx

≤ ‖u− Tk(u)‖
(m−p+1)r

p−1

r∗ |Bt|1−
m(n−r)
n(p−1)

(∫

Bt

|u− Tk(u)|r
∗

dx

)r/r∗

≤ c1(n, r)‖u− Tk(u)‖
(m−p+1)r

p−1

r∗ |Bt|1−
m(n−r)
n(p−1)

∫

Ak,t

|∇u|r dx,

(10.19)

x~ supp(u− Tk(u))|Bt ⊂ Ak,t, �$y |supp(u− Tk(u))|Bt| ≤ |Ak,t|. �\�*�y
‖u‖r∗r∗,Bt

=

∫

Bt

|u|r∗ dx ≥
∫

Ak,t

|u|r∗ ≥ kr
∗|Ak,t|.j\a��C k0 > 0, �\�~ k ≥ k0 y |Ak,t| ≤ 1

2
|Bt|. �$W=B���~(Ut k0, ∫

Ak0,t

|u|r∗ dx ≤ 1. (10.20)(2 Levi’s kwt\7i���~(Ut7 k �$y1v+∫

Ak,t

|u| mr
p−1dx =

∫

Bt

|u− Tk(u)|
mr
p−1 dx

≤ c1(n, r)‖u− Tk(u)‖
(m−p+1)r

p−1

r∗ |Bt|1−
m(n−r)
n(p−1)

∫

Ak,t

|∇u|r dx

≤ c1(n, r)‖u− Tk(u)‖
(m−p+1)r

p−1

r∗ |Ω|1−
m(n−r)
n(p−1)

∫

Ak,t

|∇u|r dx

≤ c1(n, r)|Ω|1−
m(n−r)
n(p−1)

∫

Ak,t

|∇u|r dx

= C

∫

Ak,t

|∇u|r dx,

(10.21)
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VB C 29℄o~ n, r,m, p, k0 ^ |Ω| t�C�x (10.18) ^ (10.21) rp
∫

Ak,t

β2|u|m|∇ψ|r−p+1 dx

≤ β2Cε

∫

Ak,t

|∇u|r dx+ β2C(ε, r, p)

∫

Ak,t

|∇ψ|r dx.
(10.22)

x Hölder ^ Young 1v+��$y
∫

Ak,t

ϕ1|∇ψ|r−p+1 dx ≤
∫

Ak,t

ϕ
r

p−1

1 dx+

∫

Ak,t

|∇ψ|r dx. (10.23)�^ov Young 1v+��$rp
∫

Ak,t

β1|∇u|p−1

( |u|
t− τ

)r−p+1

dx

≤ β1

[
ε

∫

Ak,t

|∇u|r dx+
C(ε, r, p)

(t− τ)r

∫

Ak,t

|u|r dx
]
.

(10.24)

(10.21) �WU
∫

Ak,t

β2|u|m
( |u|
t− τ

)r−p+1

dx

≤ β2

[
ε

∫

Ak,t

|u| mr
p−1 dx+

C(ε, p)

(t− τ)r

∫

Ak,t

|u|r dx
]

≤ β2Cε

∫

Ak,t

|∇u|r dx+
β2C(ε, p)

(t− τ)r

∫

Ak,t

|u|r dx.

(10.25)

x Hölder ^ Young 1v+rp
∫

Ak,t

ϕ1

( |u|
t− τ

)r−p+1

dx ≤
∫

Ak,t

ϕ
r

p−1

1 dx+
1

(t− τ)r

∫

Ak,t

|u|r dx. (9.26)
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x (10.4), Hölder ^ Young 1v+�r
∫

Ak,t

β1|∇u|p−1|hv,u| dx

≤ β1

(∫

Ak,t

|∇u|r dx
)p−1

r

c(p− r)

(∫

Ak,t

∣∣φr∇(u− ψ) + rφr−1(u− ψ)∇φ
∣∣r dx

) r−p+1
r

≤ β1ε

∫

Ak,t

|∇u|r dx+ C(ε, r, p)c(p− r)

∫

Ak,t

∣∣φr∇(u− ψ) + rφp−1(u− ψ)∇φ
∣∣r dx

≤ β1ε

∫

Ak,t

|∇u|r dx

+C(ε, r, p)c(p− r)

[∫

Ak,t

|∇u|r dx+

∫

Ak,t

|∇ψ|r dx+
(2r)r

(t− τ)r

∫

Ak,t

|u|r dx
]
,

(10.27)

(10.15) tz�`mt�"`_��CÆ�
∫

Ak,t

β2|u|m|hv,u| dx

≤ β2

(∫

Ak,t

|u| mr
p−1 dx

) p−1
r
(∫

Ak,t

|hv,u|
r

r−p+1 dx

) r−p+1
r

≤ β2

[
ε

∫

Ak,t

|u| mr
p−1 dx+ C(ε, r, p)c(p− r)

∫

Ak,t

∣∣φr∇(u− ψ) − rφr−1(u− ψ)∇φ
∣∣r dx

]

≤ β2Cε

∫

Ak,t

|∇u|r dx

+C(ε, r, p)c(p−r)
[∫

Ak,t

|∇u|r dx+

∫

Ak,t

|∇ψ|r dx+
(2r)r

(t− τ)r

∫

Ak,t

|u|r dx
]
, (10.28)^ ∫

Ak,t

ϕ1|hv,u| dx

≤ ‖ϕ1‖ r
p−1

‖hv,u‖ r
r−p+1

≤
∫

Ak,t

ϕ
r

p−1

1 dx+ c(p− r)

[∫

Ak,t

|∇u|r dx+

∫

Ak,t

|∇ψ|r dx+
(2r)r

(t− τ)r

∫

Ak,t

|u|r dx
]
.

(10.29)�aCÆ (10.13)-(10.15), (10.17), (10.22)-(10.29), �$rp
∫

Ak,τ

|∇u|r dx ≤ Cε

∫

Ak,t

|∇u|r dx+ C(p− r)

∫

Ak,t

|∇u|r dx

+ C

∫

Ak,t

|∇ψ|r dx+ C

∫

Ak,t

ϕ
r

p−1

1 dx+
C

(t− τ)r

∫

Ak,t

|u|r dx,

(10.30)
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VB C 29℄o~ n, r,m, p, k0, α, β1, β2 ^ |Ω| t�C����$ &rz�tz\"�R�V ∇u. F� r1 P *< p, (r C(p −
r1) = 1. �~(Ut r1, � r1 < r < p, 9� C(p − r) < 1. F� ε > 0 (r
θ = C(p− r) + Cε < 1. j\� (10.30) sy

∫

Ak,τ

|∇u|r dx

≤ θ

∫

Ak,t

|∇u|r dx+ C

∫

Ak,t

[
|∇ψ|r + ϕ

r
p−1

1

]
dx+

C

(t− τ)r

∫

Ak,t

|u|r dx.
(10.31)F� ρ,R �\ R0 ≤ ρ < R ≤ R1. j\�x (10.31), �$ioT�~!7�\

ρ ≤ τ < t ≤ R t t ^ τ , �$y
∫

Ak,τ

|∇u|r dx

≤ θ

∫

Ak,t

|∇u|r dx+ C

∫

Ak,R

[
|∇ψ|r + ϕ

r
p−1

1

]
dx+

C

(t− τ)r

∫

Ak,R

|u|r dx.
(10.32)� (10.32) ovkw 10.2, �$Hy

∫

Ak,τ

|∇u|r dx ≤ c

[
C

∫

Ak,R

[
|∇ψ|r + ϕ

r
p−1

1

]
dx+

C

(t− τ)r

∫

Ak,R

|u|r dx
]
,VB c 2xkw 10.2 9Tt�C�j\� u �\1v+ (10.6) , VB ϕ0 = |∇ψ|r +

ϕ
r

p−1

1 , γ = r. �xkw 10.1, rp	�w�
§4.11 |� - /�z�\N,:nK A- -�~`�:�!/2/	� - E�$�? (B,E) ∈ L

q(1−ε)
loc (Ω,Rn) × L

p(1−ε)
loc (Ω,Rn) t3,`�<�(y 1 < p, q <∞, 1

p
+ 1

q
= 1, ε P *�divB = 0, curlE = 0 �\�1v+

| B |q + | E |p≤ C〈B,E〉+ | F |q,VB F ∈ Lr(Ω,Rn), r > q(1 − ε). 9T	�0Q��?/�s�^�X^ A- �^�L
divA(x,∇u) = divF�2Btov�
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4.11.1 709Fm7X� Ω y Rn, n ≥ 2 Bty4X��!�{v	� - E�?t1v+�\��L
divA(x,∇u) = div F, (11.1)�2t3,`�<w��(y

|A(x, z)|q + |z|p ≤M〈A(x, z), z〉, x ∈ Ω, (11.2)

1 < p, q <∞, 1
p

+ 1
q

= 1, M > 0 y�C��I p- �^�L
div |∇u|p−2∇u = 0, (11.3)ts� A(x, z) = |z|p−2z �\ M = 2 "t (11.2) +�x [1∼3] 4� } (11.1) t�2 u ∈ W 1,p−ε

loc (Ω) (ε > 0) t W 1,p+ε
loc (Ω) /�<t�|��2! Coccioppoli1v+ (xO0t Iwaniec-Hodge 2��� McShanej!��rp)

−
∫

Q

|∇u|p−εdx ≤ C

[
−
∫

2Q

∣∣∣∣
u− u2Q

2R

∣∣∣∣
p−ε

dx+ −
∫

2Q

|F |qdx
]

� Poincaré-Sobolev 1v+
(
−
∫

2Q

∣∣∣∣
u− u2Q

2R

∣∣∣∣
p̃

dx

) 1
p̃

≤ C

(
−
∫

2Q

|∇u| np̃
n+p̃dx

)n+p̃
np̃0aYnrp\7�X^� Hölder 1v+

−
∫

Q

| ∇u |p−ε dx ≤ C

{(
−
∫

2Q

| ∇u |
n(p−ε)
n+p−ε dx

)n+p−ε
n

+ −
∫

2Q

| F |q dx
}
,(y −

∫
Q
fdx +, f � Q t� OV� −

∫
Q
fdx = 1

|Q|

∫
Q
fdx, Q y Rn B�[�'�e*JO:�'By R, 2Q y� Q b3�'�e*JO:�'By 2R t�[�3,`�<0QxO0t Giaquinta-Modica[4,5] brp�!��~	� - E�?t1v+�9T/�<0Qt�\72/�
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\�	� -E�$�? B = (B1, B2, · · · , Bn) ∈ Lqloc(Ω,R
n), E = (E1, E2, · · · , En) ∈

Lploc(Ω,R
n), 1 < p, q <∞, 1

p
+ 1

q
= 1, 
� 2f��

div B =

n∑

i=1

∂Bi

∂xi
= 0, curl E =

(
∂Ei
∂xj

− ∂Ej
∂xi

)

i,j=1,··· ,n

= 0.�*t�!CÆ+2 [6]  }t�!�t8+� [7, �w 2.1].7X 1.1 s 1 < p, q <∞� Hölder�[��1
p
+ 1

q
= 1, 1 < r, s <∞� Sobolev�[�� 1

r
+ 1

s
= 1 + 1

n
. t?j~ Cn = Cn(p, s) w{i0{*�~ ϕ ∈ C∞

0 (Ω),

∣∣∣∣−
∫

Q

ϕ
〈B,E〉

| B |ε| E |εdx
∣∣∣∣

≤ Cnε‖ϕ‖∞
(
−
∫

2Q

|E|p(1−ε)dx

) 1
p
(
−
∫

2Q

|B|q(1−ε)dx

) 1
q

+Cn‖ϕ‖∞
(
−
∫

2Q

|E|s(1−ε)dx

) 1
s
(
−
∫

2Q

|B|r(1−ε)dx

) 1
r

,

(11.4)

CL 0 ≤ 2ε ≤ min{p−1
p
, q−1

q
, r−1

r
, s−1

s
}, div B = 0, curl E = 0.

4.11.2 �DR5+99?�X 11.1 s Ω ⊂ Rn, 0 ≤ ε < min{1
p
, 1
q
}, (B,E) ∈ L

q(1−ε)
loc (Ω,Rn)×Lp(1−ε)loc (Ω,Rn),

1 < p, q <∞, 1
p

+ 1
q

= 1, div B = 0, curl E = 0, 
|E(x)|p + |B(x)|q ≤M〈B(x), E(x)〉, a.e. Ω, (11.5)CL M > 0 �j~��t? ε = ε(n,M) w{��7| 0 < ε < ε, (B,E) ∈

L
q(1+ε)
loc (Ω,Rn) × L

p(1+ε)
loc (Ω,Rn), �i0 Q ⊂ 2Q ⊂⊂ Ω,

(
−
∫

Q

(|E|p + |B|q)1+εdx

) 1
p(1+ε)

≤ C

(
−
∫

Q

(|E|p + |B|q)1−εdx

) 1
p(1−ε)

,CL C = C(n, p,M) �Hj~�^b F��[ Q (r 2Q ⊂⊂ Ω. x (11.5) r
−
∫

Q

(
(|E|p + |B|q) 1

p

)p(1−ε)
dx = −

∫

Q

(|E|p + |B|q)1−εdx

= −
∫

Q

|E|p + |B|q
(|E|p + |B|q)εdx ≤ C −

∫

Q

〈B,E〉
(|E|p + |B|q)εdx.

(11.6)
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x Young 1v+
ab ≤ 1

p
ap +

1

q
bq,

1

p
+

1

q
= 1, a, b ≥ 0,rp

|B|q + |E|p > 1

q
|B|q +

1

p
|E|p ≥ |B||E|.�kw 1.1 Bp5SYC ϕ ∈ C∞

0 (Ω) �\ 0 ≤ ϕ ≤ 1, d� Q B ϕ ≡ 1. x*t1v+� (2.2) ^ r = nq
n+1

� s = np
n+1

t1v+ (1.4) 4��P *t ε,

−
∫

Q

(
(|E|p + |B|q) 1

p

)p(1−ε)
dx ≤ C −

∫

Q

〈B,E〉
|E|ε|B|εdx

≤ Cnε

(
−
∫

2Q

|E|p(1−ε)dx
) 1

p
(
−
∫

2Q

|B|q(1−ε)dx
) 1

q

+Cn

(
−
∫

2Q

|E|
np(1−ε)

n+1 dx

)n+1
np
(
−
∫

2Q

|B|
nq(1−ε)

n+1 dx

)n+1
nq

≤ Cnε−
∫

2Q

(|E|p + |B|q)1−εdx+ Cn

(
−
∫

2Q

(|E|p + |B|q)n(1−ε)
n+1 dx

)n+1
n

= Cnε−
∫

2Q

(
(|E|p + |B|q) 1

p

)p(1−ε)
dx+ Cn

(
−
∫

2Q

(
(|E|p + |B|q) 1

p

)np(1−ε)
n+1

dx

)n+1
n� g = (|E|p + |B|q) 1

p , x*t1v+rp
−
∫

Q

gp(1−ε)dx ≤ Cnε−
∫

2Q

gp(1−ε)dx+ Cn

(
−
∫

2Q

g
np(1−ε)

n+1 dx

)n+1
n

. (11.7)jy np(1−ε)
n+1

< p(1 − ε), (11.7) 2\7� Hölder 1v+�p ε P *(r θ =

Cnε < 1. ��ovkw 6.1 nX3 g t`�^C�a� σ0 = σ0(n, p) (r�Py
0 < σ < σ0,g ∈ L

p(1−ε)+σ
loc (Ω), d
(
−
∫

Q

gp(1−ε)+σdx

) 1
p(1−ε)+σ

≤ C

(
−
∫

2Q

gp(1−ε)dx

) 1
p(1−ε)

.�F�t g, � I yPy(r g ∈ Lp̃loc(Ω) t8C p̃ ∈ [p(1− ε), p] t�a�x����a I �V p1 = p(1 − ε). �*2/ I v~m� [p(1 − ε), p]. x\;CÆ (11.7)4�a I y%t�1v+ (11.7) �kw 1.2 �V g 0$>~ Lp̃loc(Ω), VB8C
p̃ > p1. j\��a I y%t^Xt�(UH��a [p(1− ε), p] Da�*t0Q� p̃ = p WI}��^ovkw 2.2, a� p2 > p (r g ∈ Lp2loc(Ω). �w 11.1 2$�
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dy�w 11.1 /�<0Qtov�\�y4X� Ω ⊂ Rn Bt�L�
divA(x,∇u) = 0, (11.8)(y A : Ω × Rn → Rn 2\7u NV� x → A(x, z) �Py z ∈ Rn `:�

z → A(x, z) ��nPy x ∈ Ω �C�YC A(x, z) �\a�t�B<_�
〈A(x, z), z〉 ≥ |z|p (11.9)

|A(x, z)| ≤ β|z|p−1, β ≥ 1. (11.10)x (11.9) ^ (11.10) 4a��C C(β) = (1 + βq) (r��nPyt x ∈ Ω, y
|A(x, z)|q + |z|p ≤ C(β)〈A(x, z), z〉, (11.11)(y x, z y Rn Bt|$��X^ A- �^�L (11.7) �2t/�<0Q^� [1] B{v Iwaneic-Hodge 2t��rp����$X= Iwaniec-Martin 0Qt�\2/��` 11.1 s 0 < ε < 1

p
, u ∈ W

1,p(1−ε)
loc (Ω) ��o (2.4) |!l8�t?

ε̄ = ε̄(β, n), w{��7 0 < ε < ε̄,u ∈W
1,p(1+ε)
loc (Ω), �i0 Q ⊂ 2Q ⊂⊂ Ω,

(
−
∫

Q

|∇u|p(1+ε)dx
) 1

p(1+ε)

≤ C

(
−
∫

2Q

|∇u|p(1−ε)dx
) 1

p(1−ε)

,CL C �.H9 β � n |Hj~�^b< E(x) = ∇u(x), B(x) = A(x,∇u). � 2f� div B = 0,curl E = 0.x (11.11),

|E(x)|p + |B(x)|q = |∇u|p + |A(x,∇u)|q ≤ C(β)〈A(x,∇u),∇u〉,(U E,B y	� - E�$�?�ov�w 11.1 rp
[
−
∫

Q

(|A(x,∇u)|q + |∇u|p)1+εdx

] 1
p(1+ε)

≤ C

[
−
∫

2Q

(|A(x,∇u)|q + |∇u|p)1−εdx

] 1
p(1−ε)

.

(11.12)
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ov (11.9),(11.10), *t1v+�W
[
−
∫

2Q

(|A(x,∇u)|q + |∇u|p)1−εdx

] 1
p(1−ε)

≤
[
−
∫

2Q

(|A(x,∇u)|q(1−ε) + |∇u|p(1−ε))dx
] 1

p(1−ε)

≤
(
−
∫

2Q

βq(1−ε)|∇u|p(1−ε) + |∇u|p(1−ε)dx
) 1

p(1−ε)

= C(β)

(
−
∫

2Q

|∇u|p(1−ε)dx
) 1

p(1−ε)

.

(11.13)

�a (11.12) ^ (11.13) r
(
−
∫

Q

|∇u|p(1+ε)dx
) 1

p(1+ε)

≤ C(β)

(
−
∫

2Q

|∇u|p(1−ε)dx
) 1

p(1−ε)2$��w 11.1`ovp�\7yqg8�
� K-?/�s� f = (f 1, f 2 · · · , fn) ∈
W

1,n(1−ε)
loc (Ω,Rn),

|Df(x)|n ≤ KJ(x, f), K ≥ 1,(y |Df(x)|+,u K* Df(x)t�C�J(x, f) = detDf(x)y Jacobi:�+�! Jacobi:�+.y J(x, f) = 〈B(x), E(x)〉,(y E = ∇f i = (f ix1
, f ix2

, · · · , f ixn
),B =

A(x,∇f i) = 〈G−1∇f i,∇f i〉n−2
2 G−1∇f i, ∀i = 1, 2, · · · , n. [8] ^2/�(Ut

B,E,(2.1) I}�VB p = n, b" div B = 0, curl E = 0. x�w 2.1, �P *t ε, f ∈W
1,n(1+ε)
loc (Ω,Rn), (H2 Iwaniec[8] tO00Q�

4.11.3 �o��|�ZL+\� (B,E) ∈ L
q(1−ε)
loc (Ω,Rn) × L

p(1−ε)
loc (Ω,Rn), 1 < p, q <∞, 1

p
+ 1

q
= 1, (r

divB = 0, curlE = 0, (11.14)

|B(x)|q + |E(x)|p ≤M〈B(x), E(x)〉 + |F (x)|q, (11.15)(y F ∈ Lrloc(Ω,R
n), r > q(1 − ε), ε P *� M > 0 y�C��X 11.2 s 0 ≤ ε < min{1

p
, 1
q
},B,E �SV (3.1),(3.2) |n� - (�i��t? ε̄ = ε̄(n, p, r) � η̄ = η̄(n, p, r), w{k 0 ≤ ε < ε̄, ���7| 0 ≤ η < η̄,
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(B,E) ∈ L
q(1−ε)+η
loc (Ω,Rn) × L

p(1−ε)+η
loc (Ω,Rn), �i0 Q ⊂ 2Q ⊂⊂ Ω, 7

(
−
∫

Q

(|B|q + |E|p)
p(1−ε)+η

p dx

) 1
p(1−ε)+η

≤ C

{(
−
∫

2Q

(|B|q + |E|p)1−εdx

) 1
p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

}
,

(11.16)CL C �.H9 n, p, r � M |Hj~�^b F��[ Q (r 2Q ⊂ Ω, <
Q+ = {x ∈ Ω : 〈B,E〉 ≥ 0, a.e.},

Q− = {x ∈ Ω : 〈B,E〉 ≤ 0, a.e.}.x Young 1v+^ (11.15), y
∫

Q−

−〈B,E〉
|B|ε|E|ε dx ≤

∫

Q−

(|B||E|)1−εdx ≤
∫

Q−

(
1

q
|B|q +

1

p
|E|p

)1−ε

dx

≤
∫

Q−

(C〈B,E〉 + |F |q)1−ε dx ≤
∫

Q−

|F |q(1−ε)dx ≤
∫

Q

|F |q(1−ε)dx,j\ ∫

Q

〈B,E〉
|B|ε|E|εdx =

∫

Q+

〈B,E〉
|B|ε|E|εdx+

∫

Q−

〈B,E〉
|B|ε|E|εdx

≥
∫

Q+

〈B,E〉
(|B|q + |E|p + |F |q)εdx−

∫

Q

|F |q(1−ε)dxov 1 < p, q <∞, 1
p

+ 1
q

= 1, ^ r = nq
n+1

, s = np
n+1

tkw 1.1, *t1v+Iy
−
∫

Q

〈B,E〉
(|B|q + |E|p + |F |q)εdx

≤ 1

|Q|

∫

Q+

〈B,E〉
(|B|q + |E|p + |F |q)εdx

≤ −
∫

Q

〈B,E〉
|B|ε|E|εdx+ −

∫

Q

|F |q(1−ε)dx

≤ Cnε−
∫

2Q

(|B|q + |E|p)1−εdx+ Cn

(
−
∫

2Q

(|B|q + |E|p)
n(1−ε)

n+1 dx

)n+1
n

+2n −
∫

2Q

|F |q(1−ε)dx
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≤ Cnε−
∫

2Q

(|B|q + |E|p + |F |q)1−εdx+ Cn

(
−
∫

2Q

(|B|q + |E|p + |F |q)n(1−ε)
n+1 dx

)n+1
n

+2n −
∫

2Q

|F |q(1−ε)dx.x (11.15),

〈B,E〉 ≥ 1

C
(|B|q + |E|p − |F |q) =

1

C
(|B|q + |E|p + |F |q) − 2

C
|F |q,j\

−
∫

Q

〈B,E〉
(|B|q + |E|p + |F |q)εdx

≥ 1

C
−
∫

Q

(|B|q + |E|p + |F |q)1−εdx− 2

C
−
∫

Q

|F |q
(|B|q + |E|p + |F |q)εdx.(�WU

−
∫

Q

(|B|q + |E|p + |F |q)1−εdx

≤ C −
∫

Q

〈B,E〉
(|B|q + |E|p + |F |q)εdx+ 2 −

∫

Q

|F |q
(|B|q + |E|p + |F |q)εdx

≤ Cnε−
∫

2Q

(|B|q + |E|p + |F |q)1−εdx+ Cn

(
−
∫

2Q

(|B|q + |E|p + |F |q)
n(1−ε)

n+1 dx

)n+1
n

+Cn −
∫

2Q

|F |q(1−ε)dx.< g = (|B|q + |E|p + |F |q) 1
p , *t1v+�W

−
∫

Q

gp(1−ε)dx

≤ Cnε−
∫

2Q

gp(1−ε)dx+ Cn

(
−
∫

2Q

g
np(1−ε)

n+1

)n+1
n

+ Cn −
∫

2Q

(|F | 1
p−1 )p(1−ε)dx.j\xkw 1.2, a� ε̄ = ε̄(n, p, r) ^ η̄ = η̄(n, p, r), (r� 0 ≤ ε < ε̄, ��Pyt

0 ≤ η < η̄, g ∈ L
p(1−ε)+η
loc (Ω), d

(
−
∫

Q

gp(1−ε)+ηdx

) 1
p(1−ε)+η

≤ C

{(
−
∫

2Q

gp(1−ε)dx

) 1
p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

}
.

202



(U
[
−
∫

Q

(|B|q + |E|p)
p(1−ε)+η

p dx

] 1
p(1−ε)+η

≤
(
−
∫

Q

gp(1−ε)+ηdx

) 1
p(1−ε)+η

≤ C

{(
−
∫

2Q

(|B|q + |E|p + |F |q)1−εdx

) 1
p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

}

≤ C

{(
−
∫

2Q

(|B|q + |E|p)1−εdx

) 1
p(1−ε)

+

(
−
∫

2Q

|F |q(1−ε)dx
) 1

p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

}

≤ C

{(
−
∫

2Q

(|B|q + |E|p)1−εdx

) 1
p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

}

2$�\�y4X� Ω ⊂ Rn Bt�L
divA(x,∇u) = divF, (11.17)(y F ∈ Lrloc(Ω), r > q(1 − ε), ε P *� A : Ω × Rn → Rn y�\z�/B��ts���` 11.1 s 0 ≤ ε < min{1

p
, 1
q
},u ∈ W

1,p(1−ε)
loc (Ω) ��o (3.4) |!l8��t? ε̄ = ε̄(n, p, r) � η̄ = η̄(n, p, r), w{k 0 ≤ ε < ε̄, ���7 0 ≤ η < η̄,

u ∈W
1,p(1−ε)+η
loc (Ω), �i0 Q ⊂ 2Q ⊂⊂ Ω,

(
−
∫

Q

|∇u|p(1−ε)+ηdx
) 1

p(1−ε)+η

≤ C

{(
−
∫

2Q

|∇u|p(1−ε)dx
) 1

p(1−ε)

+

(
−
∫

2Q

(|F | 1
p−1 )p(1−ε)+ηdx

) 1
p(1−ε)+η

} (11.18)

CL C �.H9 n, p, r |Hj~��p�� F ∈ Lrloc(Ω), r > q, � u ∈ W 1,p′

loc (Ω), p′ > p, j\ u y (11.17) a�f�t�2�^b < E = ∇u^ B = A(x,∇u)−F , � 2f� div B = 0^ curl E = 0,
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d
|E|p + |B|q = |∇u|p + (|A(x,∇u) − F |)q

≤ |∇u|p + 2q−1|A(x,∇u)|q + 2q−1|F |q

≤ C(β, q)〈A(x,∇u),∇u〉+ 2q−1|F |q

= C(β, q)〈A(x,∇u)− F,∇u〉 + C(β, q)〈F,∇u〉+ 2q−1|F |q.{v Young 1v+�jy
〈F,∇u〉 = 2〈F,∇u〉 − 〈F,∇u〉 ≤ 2|F ||∇u| − 〈F,∇u〉

= 2

{
[2C(β)]

1
p |F | |∇u|

[2C(β)]
1
p

}
− 〈F,∇u〉

≤ 2

{[
2C(β)

] 1
p−1

|F |q +
|∇u|p
2C(β)

}
− 〈F,∇u〉

≤ C(β, p)|F |q +
|∇u|p
C(β)

− 〈F,∇u〉

≤ C(β, p)|F |q +
|∇u|p + |A(x,∇u)|q

C
− 〈F,∇u〉

≤ C(β, p)|F |q + 〈A(x,∇u),∇u〉 − 〈F,∇u〉

= C(β, p)|F |q + 〈A(x,∇u) − F,∇u〉,P_
|E|p + |B|q

≤ C(β, q)〈A(x,∇u)− F,∇u〉 + C(β, q)|F |q
= C(β, q)〈B,E〉+ C(β, q)|F |q,
 E,B y�\ (3.1) ^ (3.2) t	� - E�$�? (F̃ = C(β, p)|F |q h\ |F |q). x�w 11.1 rp |E|p + |B|q t3,`�<�� |∇u|, CÆ+ (11.18) x (11.17) 6*rp�

204



�p�� F ∈ Lrloc(Ω),r > q, �x�h4 u 0$>~ W p′

loc(Ω),p′ > p. RLb�w 2.1 t2/���b !� p = q = 2 tV:g8^� [9] Brp�pPa=� �y 4.1 .oW Iwnaiec, Martin[1] ℄2gJ���+ [1]; y 4.2 .oW2gJ�rRR [1]; y 4.3 .m}2gJ [3]; y 4.4 .m}2gJ�Y�u�/Ll [1]; y
4.5 .oW2gJ�rf�$e� [1]; y 4.6 .mW}W2gJ�rf�$e� [2]; y 4.7 .m}2gJ�i�.�EK� [1]; y 4.8 .mW}2gJ�i�. [1]; y 4.9 .m}2gJ�ER- [1]; y 4.10 .m}2gJ�i�. [1]; y 4.11 .m}2gJ�U(J [1]
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O.A.Ladyženskaya, N.N.Ural’ceva

[1] Linear and quasilinear elliptic equations, New York, London, Academic Press, 1968.

J.L.Lewis

[1] On the weak solutions of certain elliptic systems, Comm. Part. Diff. Equa., 1993, 18(9/10),

1515-1537.

G.B.Li and O.Martio

[1] Uniqueness of solutions with very weak boundary values, Nonlinear Analysis, TMA, 2002,

51(4), 693-701.

J.Li and H.Y.Gao (xS℄2gJ)

[1] Weighted integral inequalities for differential forms, J. Math. Koyto Univ., 2004, 44(4), 715-

727.

J.L.Li and H.Y.Gao (xMÆ℄2gJ)

[1] jr� (L1, L2)-BLD r�s.�;�BGG�� 2004, 47(6), 1107-1114.

M.A.Lavrent’ev
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