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G10VANNI CUPINI, FRANCESCO LEONETTI® & ELVIRA MASCOLO

Communicated by 1. FONSECA

Abstract

We give a regularity result for local minimizers u : @ C R?® — R? of a
special class of polyconvex functionals. Under some structure assumptions on the
energy density, we prove that local minimizers u are locally bounded. For each
component u* of u, we first prove a Caccioppoli’s inequality and then apply De
Giorgi’s iteration method to get the boundedness of #“. Our result can be applied
to the polyconvex integral

3

/ (z |Du®|P + | adj, Du|? + | det Du|’)dx
Q

a=1

with suitable p, g, r > 1.

Mathematics Subject Classification. Primary: 49N60; Secondary: 35J50

1. Introduction

We study the regularity of local minimizers for a special class of variational
integrals

1(u, Q) :/ F(Du)dx (1.1)
Q

where u : Q2 C R" — R™ is a vector-valued map and Du is the m x n Jacobian
matrix of its partial derivatives

=1,2,....m
aua o slryenny
uz(u],u2,...,um), Du:(— .
0xi Jiz12,..n

A function u € W' (2, R") is a local minimizer of I if f(Du) € L} ()
and
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I(u,suppe) < I(u+ ¢, suppe),

for all p € Wh1(Q, R”™) with supp ¢ € Q.

Motivated by the applications to nonlinear elasticity, J. Ball in 1977 pointed out
in [1] that the convexity of f with respect to Du is unrealistic in the vectorial case.
Indeed, it conflicts with, for the instance, the natural requirement that the elastic
energy is frame-indifferent. The convexity must be replaced by different and more
general assumptions, such as the so called quasiconvexity and polyconvexity, already
introduced by Morrey [36] in an abstract setting. In particular, we are interested in
the polyconvexity condition, which takes into account the constitutive hypothesis
that the energy is invariant under the transformation g — g + ¢, for every null
Lagrangian ¢.

A function f : R™*" — R, f = f(&), is said to be polyconvex if there exists
a convex function g : R7™" — R such that

fE)=g(T$))), (1.2)

where
min(m,n) n m
t(m,n) =
(m, ) ; (l)(l)

and T (&) is the vector defined as follows:

T() = (5, adjy &, ..., adj; &, ..., adjminpmm £) -

Here adj; £ denotes the adjugate matrix of order i. In particular, if m = n, then
adj, & = deté.

The polyconvexity assumption is commonly used as a structural assumption in
mathematical models of elasticity, since, if n = m = 3, then &, adj, £ and det&
govern the deformations of line, surface and volume, respectively.

Our main purpose is to illustrate some ideas and methods which lead to local
boundedness for local minimizers of some polyconvex functionals.

In our paper n = m = 3 and we assume that there exist Fy, : R3 — [0, +00),
Gy : R3 — [0, 4+00), witha € {1,2,3},and H : R — [0, +00) convex functions
such that

3
f&) =D {Fu®) + Go ((adjp §)%)} + H(det &), (1.3)

a=1
where
& & & 3
t=|egetel | =¢8], &*eRforae(l,2,3},
gag) \F
and adj, £ € R**3 denotes the adjugate matrix of order 2 whose components are
& &

(adjzs)yi:(—l)y+idet( B ,3) y.ief{l,2,3},
& &
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where o, 8 € {1,2,3}\ {y},a < B,and k, [ € {1, 2,3} \ {i}, k < [. Moreover,

(adj, §)* = ((adi; §)a1, (adj; §)a2, (adjp §)a3).

Integrands (1.3) occur as stored energy densities for certain models from nonlinear
elasticity (see Ball [1,2], Ogden [39]) and, by the results by Ball [1,2] and Miiller
[38], (see also the monograph by Dacorogna [8]), the corresponding minimization
problems have a solution.

To have regular local minimizers some growth conditions have to be considered.
We assume that Fy, (§%) grows like |£*|7, Ga((adjz 5)0‘) grows like I(adjz 5)0‘ |q
and H (det &) grows like |det&|".

In this paper, under suitable assumptions on the exponents p, ¢, r (see condition
(2.5)) we prove that the local minimizers of / are locally bounded in €2, see Theorem
2.1. We note that F,, G4, H may depend on x too: Fy(x, &%), G4 (x, (adj2 é)a),
H(x,det&); see Theorem 2.1.

As an application of Theorem 2.1, let us consider the functional (1.1) with

3
Fouw =3 (|Du“|14/5 + | adj Du“lz) + | det Dul?2.

a=1

By Theorem 2.1 every local minimizer u : @ C R®> — R3 of I is locally bounded.
14

Note that the existence of a minimizer of 7 in u + W(}"T (), withu € Wl'% (2),
comes from Remark 8.32 in [8], see Theorem 3.1 below.

Partial regularity results, that is the regularity of solutions up to a set €2¢ and
the study of the properties of the singular set (see for example section 4.2 in [33]
and section 1 in [34]) are contained in [7,12,14,15,17,22,40]. For the polyconvex
case, only few everywhere regularity results are available; we mention those by
Fusco and Hutchinson in [18], where the everywhere continuity is proved in the
case n = m = 2, Fuchs and Seregin [16], where Holder continuity for extremals
is dealt with. Global pointwise bounds are in [9,24,26-29]. Interesting results are
contained in [3-6,42]; see also [25].

The main novelty of our result is the technique used to obtain the regularity re-
sult. We prove the local boundedness of vector valued minimizers u = (ul, u?, ud )
by using De Giorgi’s iteration method, used until now only in the scalar case. In-
deed, we first show that each component u® satisfies a Caccioppoli inequality (see
Proposition 2.3); then we apply De Giorgi’s procedure, separately, to each u®.

The special structure on f in (1.3) is in some sense necessary to treat this type
of functional since in the vectorial framework minimizers can be unbounded in
view of some counterexamples, see [10,43], section 3 in [33] and the recent [35].

The integrals considered can be inserted in the class of functionals with p, g-
growth. The mathematical literature on the regularity under p, g-growth is very
rich; energy functionals with anisotropic, non-standard or general growth have
been studied by many authors and in different settings of applicability. Under p, g-
growth it is now well known, as in our result, that a restriction between p and ¢
must be imposed due to the counterexamples in [11,13,20,23,30-32]; we refer to
[33] for a detailed survey on the subject.
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Our paper is organized as follows. In the next section we present the precise
statement of our local boundedness result (Theorem 2.1) and we describe our strat-
egy for proving it; eventually we provide the proof. In Section 3 we recall an
existence result for a suitable class of polyconvex functionals (Theorem 3.1); using
this result and Theorem 2.1 we obtain the existence of locally bounded minimizers
for a class of functionals satisfying the assumptions of these two results (Theo-
rem 3.2). Section 4 is the Appendix, devoted to two technical results used to prove
Theorem 2.1.

2. Local Boundedness

We consider 2 € R open set, a function f : Q x R¥3 — [0, 400), and the
functional

I1(u) :=/ f(x, Du(x))dx
Q

where 1 : Q € R3 — R3,

X1 X2 X3
Du!
— 2 _ 2 2 2
Du := | Du = | uy, uy, uy,
Du3
3 3 3
uy, Uy, Uy,

We assume that there exist Carathéodory functions F, :  x R? — [0, +00),
Gy : QxR = |0, +00), @ € {1,2,3}and H : Q x R — [0, +00), such that
A— Fyu(x, ), A —> Gy(x, L), t > H(x,t) are convex, with

3
f0,8) =D {Fu(x, &%) + Galx, (adjp §))} + H(x, det).  (2.1)

a=1

Here

%-1

e=[82], & eRforacil,?2, 3}

%-3
and adj, & € R**3 denotes the adjugate matrix of order 2 whose components are
& &
5 &

where o, B € {1,2,3}\ {y},a < B,and k, ] € {1, 2,3} \ {i}, k < [. Moreover,

(adjy &)y = (17" det( ) v, i€e{1,2,3},

(adj, §)* = ((adj; §)a1, (adjp §)a2, (adjs £)a3)-
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We assume that there exist exponents | < p < 3,1 < ¢, 1 < r, constants
ki,k3 > 0, ko > 0 and functions a,b,c : 2 — [0, +0o0) such that, for all
o e {l,2,3},

kihP —ky < Fou(x,2) < ks (AP + 1) +a(x) VreR (22
ki M7 —ky < Go(x,2) < ks (1A +1) +b(x) VreR? (2.3)
0<H@) <ks(tI"+1)+cx) VieR, (2.4)

where a, b,c € L°(R2),0 > 1.
Our main result is the following.

Theorem 2.1. Let f satisfy (2.1) and growth conditions (2.2), (2.3), (2.4), with
1 <r <gq < p <3. Assume

* * 1

ar ) 1 - P ) 1 - (> (2'5)
p(p*—q) q(p*—r) o

£<min 1-—
*

where p* = 33__[7[)’ if p <3, and, if p =3, then p* is any v > 3.

Then all the local minimizers u € Wll)’cp (Q: R3) of I are locally bounded.

Remark 2.2. If 0 = oo then % must be read as 0. Moreover, we remark that
if p = 3, then p* can be chosen large enough so that (2.5) is implied by the
assumptions 1 <r < g < pando > 1.

For the sake of simplicity we prove the theorem in the case with no dependence
onx, thatis, f(&), Fy(£%), G¥((adj, £)%), H(t), with a(x) = b(x) = c(x) = 0in
the growth conditions. See also Remark 2.6.

Sketch of the Proof

We now provide a sketch of the proof of Theorem 2.1. For a local minimizer
u = (u',u?, u) we will prove that each component is locally bounded. In the
following we consider the first component u' (we can argue similarly for the other
components u?, u3).

STEP 1: Caccioppoli inequality for «!. We use the minimality condition with
a suitable test function; such a test function and the particular structure (2.1) of
the density f guarantee a Caccioppoli inequality for u! on every superlevel set
{u1 > k}. More precisely, with fixed xo € € and a ball Bg,(x9) € 2 (we will not
write the center xg if no confusion may arise) we have that there exists ¢ > 0 such
that forall s, > 0,s <t < Ry,

1 p
u
/ |Du1|pdx§c/ ( ) dx + cl{u' > k)N B,|”
{(u' >k}NBy (ul>k}nB, \ I — 8

(2.6)

with a suitable ¥ > 0. The Caccioppoli inequality (2.6) permits us to apply the
classical methods to get the regularity in the scalar case. Observe that on the right
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hand side of (2.6) we do not get the same exponent p as in the left hand side, but the
larger p*; it still allows us to prove the local boundedness of ul, see also [19,37].
STEP 2: Decay of the “excess” on superlevel sets. For a suitable radius R < Rp and
a suitable level d, we define a sequence pj, of radii starting from R and decreasing
to %, another sequence kj, of levels starting from % and increasing to d. We define
the “excess” on the superlevel set as follows:

p*
Iy = / (ul —kh) dx. 2.7)
{u! >kp}NBy,

Note that Jj, is a decreasing sequence. Using Sobolev inequality and Caccioppoli
estimate (2.6) we are able to show that

Jnpt £ Q"7 2.8)

for some constants ¢, Q > 1.

STEP 3: Iteration. On the right hand side of (2.8) there is competition between the
increasing Q" and the decreasing Jhﬁ’7 p ;if 9p*/p > 1 and the initial value Jy is
small, then

U £ QT gy (2.9)
so that
hEToo Jp =0, (2.10)
which implies
u' £d  aeinBgp. (2.11)

Since assumption (2.5) guarantees ¥p*/p > 1 we get (2.11). Lower bounds for ul
can be obtained by showing that —u is a minimizer for a similar functional.

To accomplish this program, we will use two technical lemmas; their statements
and proofs can be found in the Appendix.

STEP 1: Caccioppoli Inequality

The particular structure (2.1) of the density f guarantees a Caccioppoli in-
equality for any component u® of u on every superlevel set {u® > k}. In the next
proposition we state this result in the case of the first component u'.

Proposition 2.3. Let [ be as in (2.1), satisfying the growth conditions (2.2), (2.3)
and (2.4), with

* *

pp
< and r < .
p*+p P*¥+4q

q 2.12)

Letu e WIL‘CP(Q; R3) be a local minimizer of I.
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Let Br(xg) € 2, |Br| < 1, R < 1, and, fixed k € R, denote
Apr=1{x € By(xo) : u'(x) >k} 0<71<R.
Then there exists ¢ > 0, independent of k, such that for every 0 <s <t < R:

1 r
—k
/ |Du1|pdx§c/ (u ) dx
Al AL, N\ =S

k.s

*

2 3p (pg*qw
+c 1+||a+b+C||La(BR)+ (|DM |+|D1/l |) dx
Bg

rp*
q (p*—r)q
+ (/ (adj, Du)1’ dx) AL1", 2.13)
Bgr
e s * * 1
where ¥ := min {1 — p(zf—q)’ 1 — q(;i’_r), 1 - ;}.

Proof. For the sake of simplicity we will give a proof assuming that the integrand
function f is independent on x, and consequently, that a, b and ¢ in (2.2), (2.3) and
(2.4) are equal to 0.

Let Br(xg) € 2, |Bg| < 1 and R < 1. Let s, be such that s < t < R.
Consider a cut-off function n € C§°(B;) satistying the following assumptions:

2
0<n=1 n=1linBs(xo), |Dnl= PR (2.14)
-5

L, .
P RY),

(¢]

Fixing k € R, define w € W,
w! = max(u1 —k,0), w? = 0, w = 0,
and, for u > p*,
¢ = —ntw.
For almost every x in Q \ ({n > 0} N {u' > k}) we have ¢ = 0, thus
f(Du+ Dg) = f(Du)  almost everywhere in Q2 \ ({n > 0} N {u1 > k}).

(2.15)
For almost every x in {n > 0} N {u' > k} denote
pn~! (k —u') Dy
A= Du? ) (2.16)

Du?
We notice that
(1= n")Dul + p = (ke —u) D
Du + Do = Du? = (1 —n")Du +n"A.
Du3
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Since
det(Du + D¢) = (1 — n**) det Du + n"* det A
and
adj,(Du + Do) = (1 — n*) adj, Du + n* adj, A,
and using that f is polyconvex, we get

f(Du+ Do) < (1 —n") f(Du) +n" f(A)
almost everywhere in {n > 0} N {ul > k}. 2.17)

1
loc

By the minimality of u, f(Du) € L
that

(£2). Lemma 4.2 in the Appendix ensures

n“f(A) e L'(u' > kyn{n > 0}).

Therefore (2.15) and (2.17) imply f(Du + Dg) € L} ().

loc

By the local minimality of u, (2.15) and (2.17) we have

/ f(Du)dx S/ {4 =" f(Du) + " f(A)} dx.
A;L,ﬂ{ﬂ>0}

A}mﬂ{n>0}

The inequality above implies

/ " f(Du)dx < / " f(A)dx. (2.18)
Al (>0} A N(n>0)

Taking into account (2.16) and the particular structure of f (see (2.1)) we obtain

Fy(A%) = Fy(Du?), F5(A%) = F3(Du’), Gi((adj, A)') = G1((adj, D)),
(2.19)

then, by (2.18),

3

/ n* ‘Fl (Du') + E Go((adj, Du)®) ~|—H(detDu)] dx

AL, N{n>0} —
k.t a=2

3
< / n* Iﬂ(un‘(k—u‘)Dn) + > Gal(adj; A)*)+H (det A)] dx.
Ag ,Nin=>0} o

(2.20)

By the growth assumption (2.2),

1 1 u' —k\"
" Fi(un~ (k —u’)Dn) Scn"+cu”n“_”( P— )

almost everywhere in A,Lt N{n > 0}.
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Therefore, recalling 4 > p and the inequality z” < z/* + 1if z > 0, we obtain

l/t] —k r*
J 7 G- uhpmar e [ 14 ( ) dx.
A N{n>0} Al

t—s

(2.21)
Moreover, by (2.3) and Lemma 4.1-(c) in the Appendix

3

3
" D Gol(adiy A)*) < nk3 D (I(adjy A)*|7 + 1)

a=2 a=2

1 q
u —k
< en + epldnt 1 ( . ) (1Dw?| + | Du|)?.

The first 1nequa11ty in (2.12) implies ¢ < p*. Using the Young inequality with
exponents - q

ﬂ{n>0}
1

—k\?
e~ (”t — ) (IDu?| + | Du )

u' p* 2 32
=cl +c(IDu”| + [Du’[)r*.
—
We have thus proved that

3
" > Geu((adj, A)*)dx
/Ai‘,m{n>0} Z ¢ ?

a=2

u —k " ) P L
gc/l T+ (5 + (DU + D)7 b dx.  (2.22)
Ak‘t $

By (2.4), and computing det(A) with respect to the first row (see Lemma 4.1-(b))

r

1
u
n" H(det A) < cent +cp nt™" (

— K\ |
adj, D
r—s ) ‘( & u)
Notice that, by (2.12), r < p*. By the Young inequality with exponents
-
=

u' —k\"
curn“_r( P— ) ‘(adjz Du)1

Therefore

and

/ n* H(det A) dx
A}mﬂ{n>0}

wl — K\ ) 1
<c 1+ + ‘(adh Du)
AIL/ t—s

rp*
v } dx. (2.23)
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Taking into account that the inequalities in (2.12) are equivalent to p‘i”j 7 <P
and prf_r < g, by the Holder inequality we obtain
2 3 ap* 1 r*pj,
/ (D) + D)7 + |(adiy Du)'|" 7} dx
Abs
( W) *
P*—a)p __4qp
< ( (1Du?| + |Du3|)"dx) AL
Bgr ’
_mpr y
. 114 (P*=r)q P B A
+ ( / (adj, D) ‘ dx) A} ' (2.24)
Br
Since |A,Lt| < |Bg| < 1, by (2.20), (2.21), (2.22), (2.23) and (2.24) we get
3
/ [Fl(Dul) + > Ga((adjy Du)®) + H(det Du)] dx
Allc,: a=2
1 p*
—k
= C/ (u ) dx
A N1
( Zp*)
P*=q)p
+cfl+ ( (IDu?| + | Du’|)? dx)
Br
q )
p*-rq
+ (/ (adj, Du)1’ dx) 1AL1?, (2.25)
Bg ’
where
k k
ﬁ::min[l— apr ,1— i ]
r(p* —q) q(p*—r)
Since G,, G3, H > 0 and
Fi(Du") > ky|Du'|P — ks,
we have that (2.25) implies (2.13). |

STEP 2: Decay of the “Excess” on Superlevel Sets

In this step we consider a scalar Sobolev function v : Q C R" — R, n > 2.
Let us assume that 2 is an open set in R” and v is a scalar function v €

W]L’CP(Q; R), p > 1. Fix Bg,(x¢) € € with Ry < 1 small enough so that
|Bg,(x0)] <1 and / [oP" dx < 1. (2.26)
Bg,

np

Here p* = 7

if p<nand p*isanyv > pif p =n.
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For every R € (0, Ry] we define the decreasing sequences

R R R 1 _ Ph + Ph+1 R 3
L faEa S N S NI
=gt o 2(+2h) Ph 2 P G

Fix a positive constant d = 1 and define the increasing sequence of positive real
numbers

1
khlzd(l—ﬁ), h e N.

Moreover, define the sequence (J, ) as

Jon :=/ (v — kp)?" dx,
A

KnPh
where Ay , = {v > k} N B),. The following result holds:
Proposition 2.4. Letv € W,." (2 R), p > 1. Fix Bg,(xo) € Qwith Ry < 1 small

enough such that (2.26) holds. If there exist 0 < ¢ < 1 and co > 0 such that for
every () < s <t < Ro and for every k € R

v—k\" 9
[Dv|” dx < ¢ dx + [Ag " ¢ (2.27)
Aks Ape NI —S

then, for every R € (0, Ro],

*

A\ el
Jv,h+1 S C(ﬁv R) 2 P Ju’hp )

with the positive constant c¢ independent of h.

Proof. In the following we write Jp, in place of J, ;.
Notice that (J;) is a decreasing sequence, since the following chain of inequal-
ities holds:

Jpv1 < /
A

Let us now define a sequence (;,) of cut-off functions in CS°(Bj, (xo)) such that

_ . 2h+4
0<¢ <land g, =1lin By, , Do = 5.

(v — kpy)? dx < / -k dx <J, Vh.

A

kpy1.00 kn+1:Pn

(2.28)

If we denote (v — kj4+1)+ = max{v — kj+1, 0} we get

Jht1 = /
Akpg1.on41

=/ (& — ks 1)4)P dx. (2.29)

(= k)" ¢ dx < / (0 — ks ¢ dx

Akpy1.0n
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By the Sobolev embedding Theorem and the properties of ¢, we get

(G = ks 1) )P dx
Bg

<c (/ |D(h (v —kh+1)+)|pdx) !
Bgr

1 137
r P
<c [ (/ IDVER| X(w>kny1) dx) + (/ |(v = kny1)4 DEnl|? dX) }
Br Bpg

*

1 LyP

P 2h p )
<c / |[Dv|Pdx ) + (F) / (v —kpy1)? dx
Akjy 1.6 Ay 1.0

(2.30)

*

Using (2.27) with k = kp41, t = pp, s = pp wWe obtain

/ mvwdxfc[(g)”* /

* 9
|U - kh+l|p dx + |Akh+1,ph| ] .

Kp41:Pn kp1-Pn
(2.31)
Collecting (2.29), (2.30) and (2.31) we obtain
2\” .
Jhy1 <c (E) / (v —kpg1)? dx + |Akh+1qph|§
Akpy 1.0
P*
211 P ?
+ (—) / (v — kp41)? dx} . (2.32)
R Ac
h+1:Ph

. *
Since z7 < z7 + 1 for every z > 0,

(%)

thus obtaining

oh p*
Jhy1 < ¢ (—) /
R A

Since

2m\? .
(w—kpy1)P dx < (E) /A (W—kpy1)? dx + [Ag, o0l

kp1-Pn kp1-Pn

P
P

* 4
(v —kp+1)? dx + [Akyyr, 00l + |Akh+ln0h|]
Kn+1:Ph

(2.33)

| Aty orpn | Kkt — k)P < / (v —kp)?" dx < Jp,

Akpi1.0n
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we have

J oh+2 r*
|Akh+],ph| S " ¥ — ( ) J/’l'
(kn+1 — kp)? d

Taking into account that

/

the inequality (2.33) gives

(v —kpg1)? dx < / W —kp)?" dx < Ji,

Kp41-Ph Akjp 108

2\ P oh\ OP" Ahy\P” 5
Jh+1 SC[(E) Jh+(g) J,f+(7) Jh] : (2.34)

Since J;, < 1 for every & and recalling thatd > 1 > Ry > R, we get
oh p* oh op* ) oh p* ohp*  ohip* )
(3) #+(Z) #+(F) »=|2+Tom )
2 1 I
[, p* g0
= (RP* + Rﬁp*) I+

By (2.34) it follows that

J

2 1 * P *p* h ﬁﬁ
T+t sc[(WJrRﬁp*)Z’”’ J;f] "< R (2”5 ) 57

STEP 3: Iteration and Proof of Theorem 2.1

We now resume the proof of Theorem 2.1. As in the proof of Proposition 2.3,
we will consider an integrand function f independent on x; consequently, a, b and
cin (2.2), (2.3) and (2.4) have to be considered 0.

We need the following classical result, see for example [21].

Lemma 2.5. Let y > 0 and let (Jy) be a sequence of real positive numbers such
that

Tt S AT v e NU{o}, (2.35)

1 1 h
withA > Oandi > 1.IfJo S A v A v then J, <A™ 7 Jypand limy_, o Jp = 0.
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Fix Bg,(xo) € €2 with Ry < 1 small enough such that |Bg,(xp)| < 1 and
fBR lulP" dx < 1. By Proposition 2.3 we have that u! satisfies, for every 0 < s <
0

t < Rp and every k € R,

1 p*
—k
/ |Du1|pdx§c/ (u ) dx
Al AL, \NT—=S

k.s

(P*—q)p
+cl1+ (|Du?| + |Du|)? dx
BR()

L,

where ¢ > 0 is independent of s, ¢, k and ¥ := min{1 — q,:i 11— rﬁfi ]
r(p*—q) q(p*=r)

_mp*
(p*—r)q

(adi, Du)"q dx) ALI?, (2.36)

Therefore the scalar function u! satisfies (2.27) of Proposition 2.4 with constant ¢
depending on

q
(|Du2| + |Du3|)P dx and / (adj2 Du)l‘ dx.
Bg,

Bry

Note that these integrals are finite by (2.2) and (2.3). Moreover, they are independent
of u'; indeed (adj2 Du)l depends only on u? and u>.
As above, let us define

1
kh:zd(l—ﬁ), heN

with d = 1 (d will be fixed later) and, for every R € (0, Ry], define

R R R 1 _ Ph + Ph+1 R 3
= — T = — 1 7 ) = =5 1
Phi= 5t 2(+2h) oh 2 U Ta

and

Jan= (' — kp)P dx.

A
kpspn

Proposition 2.4, applied to u', gives

p*p* h ﬂﬁ
Jul,h+1 < C(l?, R) (2 r ) J .’ (237)

ul,h’

with the positive constant ¢ independent of /& and, by (2.5), with the exponent ¢ %*
greater than 1.
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Indeed, since

*

1 d b
JLII,O = 1 u — E dx —>d—+o00 O,
A

we can choose d = 1 large enough so that

1

1
—_—— * ok \ T £
PF_ ppt P* 12
Jjpo<c@ R "7 '(2 » ) @

Therefore, by Lemma 2.5, limj,_, o Jjop=0. Thus, u! < d almost everywhere in
B r, . We have proved that u' is locally bounded from above.
2

To prove that yl is locally bounded from below, we notice that —u is a local
minimizer of [, f(Dv)dx where

3

F@) =D {Fu(=E") + Gu((adjy £))} + H(— det ).

a=1

If we denote
Fy(M) :=Fu(=2), H@)=H(-1), *reR reR,

the functions Fy, H, are convex and satisfy (2.2) and (2.4).
The function f satisfies the assumptions of Theorem 2.1, so we obtain that
there exists d’ such that —u! < d’ almost everywhere in Br,. We have therefore
2

proved that ul € LB Ry (x0)). Due to the arbitrariness of xo and Ry, we get
2
ul € L2 (Q).

loc
The symmetric structure of the energy density f allows us to obtain an analo-
gous statement to Proposition 2.3 also for #? and u>. Therefore, reasoning as for

u' (see also Remark 4.3), we obtain that u?, u> € Li» (R2), too.

Remark 2.6. We proved Theorem 2.1 by assuming that the integrand function is

independent of x. In the general case, with f depending on x and satisfying the

general growth conditions (2.2)—(2.4), with a, b, ¢ belonging to L?, o > 1, the
p

proof goes in a similar way, with the additional condition that 1 — % > o

3. Existence and Regularity

Consider an open, bounded set Q2 C R3 and a Caratheodory function f :
Q x RY3 — [0, 400), f(x, &) := g(x, T(§)) with

T(€) := (&, adj, &, det &) € R¥3 x R x R

where z — g(x, z) is convex.
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Let i € WLP(Q; R?) be a function such that Jo f(x, Dia(x))dx < +oo0.
Consider the minimization problem

min [I(u) :=/ f(x, Du(x))dx : u€ii+ Wol’p(Q;R3)]. (P)
Q

We suppose that there exist constants ¢; > 0, ¢c; > 0 and real exponents
P, q, 7 > 1such that

c1 (|E|p+|adj25|q+|det§‘|7)—csz(x,é‘). 3.1

The following existence result holds (see Remark 8.32 (iii) in [8]):

Theorem 3.1. Consider the variational problem (P). If f satisfies (3.1) with expo-
nents

2<p<+o0, L1§q<+oo, 1 <7 < +oo,

then (P) has a solution.
As a consequence of Theorem 3.1 and Theorem 2.1 we have the following:

Theorem 3.2. Consider the variational problem (P), where Q2 is an open bounded
set in R? and f satisfies (2.1), the growth conditions (2.2), (2.3), (2.4) and

ka|det&)" — ks < H(det&) (3.2)
. 34+4/45 o P*(p*=p)p = P*(p*=p)gq
with p € (355.3), P S4= oo ST ST S o

k4>0,k520anda>;.

Then there exists a minimizer u of (P), withu € Llo(fc(Q, R3).

*

Proof. Itsuffices tonotice that % <1-
3+4/45 3
4 b

art s ; P (p*=p)p
2= 18 equivalenttog < P —p)p
AL PP The thesis immedi-
ately follows by Theorem 3.1 and, taking into account that a minimizer is also a

local minimizer, by Theorem 2.1. O

o »
and that p € ) implies that =1 <
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4. Appendix

Given a vector v = (vi,---,v,) € R" we write [v| 1= /> 7, viz. Analo-

gously, given a matrix A = (a;5), i,j € {l,---,n}, A’ is its i-th row and
|A| == /z;{jzlal?j.

Lemma 4.1. Consider the matrices A, B € R3%3

Al B!
A=|B?*), B=| B
B3 B3

Then the following estimates hold:

(a) |A| < |A'| + |B?| + |B3),
(b) |det A| < |AY||(adj, B)!,
(c) I(adj, A)2j] < |A'||B3| and |(adj, A)3j| < |A'||B?|, forall j € {1,2,3}.

Proof. The first estimate is trivial, because

|Al = VIA]2 + |B2]2 + |B3|2 < |A'| + |B?| + |BY).
To prove the second one, notice that

3

|det Al < > |Ayjll(adj; A)yj-
Jj=1

Since the second and third rows of A and B coincide,

(adj; A)1j = (adj B)1;  j €{1,2,3};

moreover,
. 1 . . .
)(adjz B) ‘ = |((adj, B)11. (adj, B)12, (adj; B)13)]
so we have
3 3
> 1Ajll(adjy A)ijl = D A lI(adjy B)1j| < |A'||(adjy B)'|
j=1 j=1

and we conclude.
To prove (c), notice that, with fixed j € {1, 2, 3},

|(adjp A)2j| < [Arill B3kl + [Awl|B3il i,k €{1,2,3}\ {j}, i #k;

so the first inequality in (c) follows. Analogously, the second inequality follows.
O
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Lemma 4.2. Let Q be an open subset of R3. Consider a Caratheodory function
f:Q2x R3%3 — [0, +00). Assume that there exists c1,c3 > 0 and ¢co > 0 such
that for every £ € R°

c1 (517 +1adj £17) — 2 < f(x, 8) 4.1)
< c3 (1617 + | adjy &7 + | det]" + 1+ o)),

withl <p,1<gq,1<r,wkx)=0.
Letu € WhP(9; R3) be such that x — f(x, Du(x)) € L. (). Fixn € CL(),
n > 0and k € R, and denote, for almost every x € {u' > k} N {n > 0},

un~ 'k —u')Dn
A= Du?
Du3

For the sake of simplicity, we write f(A) instead of f(x, A) and f(Du) instead of
f(x, Du(x)). If (2.12) holds and o € LIIOC(Q), then

n'fAd) e L'(u' > kyn{n >0} v > p*.

Proof. Denote i := (u?, u’) and

o Du?

By the growth condition (4.1) and Lemma 4.1 we have, almost everywhere in
{u' > kyn{n >0y,

P . . q
F) = {(sn @t = 01n))" + 1Dil? + | @di, D[ + 1+ o)
_ ~ 14 _ . r
+e{un @' = oipnpal)” + ¢ fun @' = 01Dyl |@diy D'}
4.2)
Since (2.12) holds, g < p and r < g; thus there exist @ > 1 and 8 > 1 such that
qgu < p*, ga’' =p, and rB < p*, rp =q.
Therefore, by the Young inequality, there exists ¢ > 0 such that, almost everywhere
in{u! > k}N{n >0},
1,1 ~ 19 1,1 _ . "
un—(u —k)[Dn||Dult + yun~ (u —k)|Dn| |(adj, Du)

~1,1 a ~1,1 B
< c ('@ = 01Dnl)" +c (un~' @' = 01D

te <|Dﬁ|p ¥ ‘(adjz Du)! ‘q) . 43)

Denote ¢ := max{p, qo, r3}. We have

(s = 01Dm1) "+ (s 1) " + (s ' = 1))

< win~0@" — k)71 Dyl + 3. (4.4)
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Therefore, by (4.2), (4.3) and (4.4), almost everywhere in {u1 > k}N{n > 0}, we
have

- - - - . . q
n' F(A) < e [utn 0w =T Dyl + o IDil” + ' |adiy D' [+ ]

By (4.1)and f(Du) € L! () we obtain

loc

n'|Dil? + ' |(adj, Du)'

IA

n' (1Dul? + |adj, Dul?)

t

Z—l(f(Du) o) e LY(Q).

‘q

IA

Since u € L{Z:C(Q; R¥andt —§ >t — p* > 0, we have '~ (u! — k)4|Dn|? e
L'{u' > k} N {n > 0}). We have thus proved that n’ f(A) € L'({u' > k} N {n >
0}) for all t > p*. O

Remark 4.3. Analogous inequalities to those in Lemma 4.1 hold true if

B! B!
A=| A2 ), o A=| B?
B3. A3

Therefore, a statement similar to Lemma 4.2 can be given for u? and u3, with

Du! Du!
A= | un~ Yk —u®>Dn and A:= Du? ,
Du? un~'(k —u)Dn
respectively.
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