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Equation
1. Introduction
We consider integral functionals
a0 = [ fox Duodx ()
Q

whereu : 2 — R, £2 isabounded open subset of R" and f : £2 x R" — [0, +00); about f (x, z) we assume thatx — f(x, z)
is measurable and z — f(x, z) is continuous; u is taken from Sobolev space W!1(£2). We are interested in functions u
solving the Euler equation

ZD,- (g(x, Du(x))) =0 (1.2)
i=1 9zi

in weak form, or more generally

> Di(ai(x, Du(x))) = 0, (1.3)
i=1
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where g; : 2 x R" — R with x — a;(x, z) measurable and z — a;(x, z) continuous. In past years great attention has been
paid to anisotropic functionals whose model is

[ QD 4 sl 4+ Dy (14)

2

where the derivative D;u = ?7” has the exponent p; that might be different from the exponent p; of the derivative Dju = ;’7”
0Xj j

when j # i. Such a model suggests to consider energies f (x, z) where

fx,2)| <c (1 + Z szl’”) (1.5)
i=1

or Eq. (1.3) with coefficients a;(x, z) satisfying

lai(x, 2)| < c(1 4|z~ (1.6)

This anisotropic framework looks useful when dealing with some reinforced materials, see [ 15]; about theoretical viewpoint
see [10], example 1.7.1, page 169. In the present paper we are interested in the integrability of solutions u to (1.3): does high
integrability of boundary datum u, improve the integrability of the solution u? A positive answer has been given in [8,4,2]
when the operator is monotone:

vy Iz — 2P <) (aix 2) — ai(x, )@ — Z) (1.7)
i=1 i=1

for some positive constant v. Please, note that monotonicity forces f to be convex, when g;(z) = % (z). Recently, [9] shows
1
that convexity of f is not necessary; only coercivity of f is required:

v Y lzIP < f(x,2), (18)
i=1

for some positive constant v,. The result contained in [9] is valid for minimizers of (1.1). When f is no longer convex,

stationary maps u need not to minimize {, so we cannot use such a result. In the present paper we deal with stationary
maps u and we show higher integrability, provided coercivity for ‘;—f is assumed:

9z
n n af
DI B RIS (19)
i=1 i=1

for some positive constant v. More generally, higher integrability holds true for weak solutions u to (1.3) under coercivity
for a:

n n
vy Izl <Y aix 2z, (1.10)
i=1 i=1

for some positive constant v. In order to state our theorem, let us assume that py, ..., pp, € (1, +00) withp < n, where p
is the harmonic mean, that is

11
= Dt (1.11)
D i=1 Di

condition p < n allows us to consider the Sobolev exponent p* = n"—_ﬁﬁ. As far as the boundary datum u, is concerned, we
assume that

u, € WH(2) with D, € L%(2), q; € (p;, +00) (1.12)
foreveryi =1, ..., n. Let us introduce the Sobolev space
Wy @) = {vews (@) Dperr@vi=1,....n}. (1.13)

In this paper we will prove the following
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Theorem 1.1. Let u € u, + W01’(p")(9) verify

/ > aix, Du()Dip(x)dx =0 Vo € Wy " (£2) (1.14)
2 =1

under growth condition (1.6) and coercivity (1.10). Then

U €, + L, (2) (1.15)
where
= Tk
t= % (1.16)
p—bp
with
(1 1 P
O0<b< min (——— and b < =. (1.17)
i=1,..., n \ pi qi
Remark 1.2. When p; > 2 foreveryi = 1, ..., n we consider
n B
f@ =Y (20zl* + |zl sin(z]) * . (1.18)

i=1

hand, (1.6) is satisfied with ¢ = 3p, (1.10) holds true provided v = 2. Thus we can apply our Theorem 1.1 to this example.
Please, note also that (1.5) is satisfied with ¢ = n6” and (1.8) holds true provided v, = 1.

The previous Theorem 1.1 deals with global integrability; in the anisotropic setting, local integrability has been studied
in[5] and [3] under the additional assumption p; < p* for every i. Such an inequality forces exponents py, . . ., p, to be close
enough; when they are spread out, it is possible to get counterexamples in which bad boundary data forces solutions to
be bad as well, see [6,11,12,7] and sections 5,6 in [13]. We end this introduction by remarking that this paper is concerned
with higher integrability of u; as far as higher integrability of Du is concerned, a delicate interplay between the regularity of
x — f(x, z) and the growth of z — f(x, z) appears: see [1].

2. Proof of Theorem 1.1

Let us consider L € (0, +00) and

u—u,+L ifu—u, <—L,
=10 if —-L<u—u, <L, (2.1)
u—u,—L ifu—u,>1L

so that

¢ € Wy P (2) (22)
and

Dy = (Du — Duy) V(jy—u,|>1)» (2.3)

where 14(x) = 1ifx € Aand 14(x) = 0ifx ¢ A. Now

n n
> / D = D[ < 3 e ( / D + / |Diu*|l’f) = () +
i=1 7 {lu—ux|>L} i=1 {lu—ux|>L} {lu—us|>L}

coercivity (1.10) allows us to handle (I) so that

n n

1 .

h+an < = > ai(Du)Du+c; Y / D, |P
{lu—te|>1} 127 im7 J{u—u>1}

c n c n n )
- > ai(Du)(Du — D) + — / > @D, +c1 ) / Dt [P
{ i=1 Y {lu—ux|>L}

Vo Su—uel>1) 557 Vo Su—ul>1) 527
V) + (V) + (VD).
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We keep in mind that u verifies Eq. (1.14); when ¢ is taken as in (2.1), Dg is given by (2.3), then we have (IV) = 0. Growth
condition (1.6) allows us to control (V), thus we have

c n . n ,
V) + V) + (VD) < = Z/ (1+ D)~ Dyt | + ¢4 Z/ IDju, [P = (VII) + (V).
VA3 Hlu—ue>1) im1 Jlu—uxl>1)
In (VII) we use Holder inequality with exponents pipj1 , pi and we get
N pi=1 1 N
pj pi
(VI + (vIIT) < C3Z( / 1+ |D.-u|)ﬂf> ( f |D.-u*|pf) +ay f D, P = (IX) + (X).
i1 \/ 2 {Ju—tte|>1} o7 Y lu—te|>1)

Let us set
pi—1

then

1

n B

(IX)ECSE </ IDfu*I”"> .
= \J{ju—u>1)

i=

Moreover, there exists Ly = Lo(u, u,) > 0 such that, for every L > Ly the measure of {|u — u,| > L} is small enough to
ensure that

/ IDjus [P < 1;
(lu—us]>1)

1
P
/ IDju, [P < (/ |Diu*|p’>
{lu—ux|>L} {lu—uy[>L}

1

n B

(X)§C1§ (/ ID,-u*I"') )
i=1 {lu—ux|>L}

We collect all the previous inequalities and we get

1
n n E
E / [Diu — Dju |P" < cg E (/ |Diu*|pi> .
i=1 J{lu—ux|[>L} 1 {lu—uy|>L}

i=

thus

and

Let us consider t;, to be chosen later, such that p; < t; < g;fori = 1, ..., n. We use Holder inequality and we get

/ IDiu [P ) < / IDiug | ) 1{lu — us| > L} i .
{lu—ux|>L} {lu—us|>L}

We would like that the exponent % would be independent of i. To this aim, according to assumption (1.17), we take b

such that 0 < b < minj—,__, (pl, - q%) and we define
ti = b ;
1-— bp,
thenp; < t; < g;and
Li—pi _ b
tipi
Let us set

then

n
S pue D <l -l > 0
i=1 Y {lu—ux|>L}
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Now we lower the left hand side by considering only the ith piece of the sum; then we take the Pli power; eventually we

take the product over all i and we get
1

n pli n bi
1‘[(/ |D,-u—D,»u*|Pf> < n<C8|{|U—U*| > L}|b)
i=1 \Y{Ju—ux|>L} i=1

Zi = nb
b \i=1 il nb
<C8|{|U— u| > L} > =cg {lu—u | > L} 7.

Let us come back to the test function (2.1): according to (2.2), ¢ is zero on the boundary of 2, then we can use the anisotropic
Sobolev embedding (see [16] and Theorem 3.1 in [9]), in order to get

(e =) ]

A

<
n 1_1
. pl n
= Cg[]_[(/ D — Diu*l”’> ]
i=1 {lu—uy|>L}
1 b
< coCq |{lu —uy| > L}|P.

Since
lol = (Ju — ty] = D Tgu—u, >0
forL > Lwe get

@~ P [{ju— | > ) =/ Q-
{lu—usx|>L}

/ (=] — P s/ (u = ] = LY? =f ol?".
{lu—ux|>L} {lu—ux|>L} 2

The previous inequalities merge into

IA

Sk

= C10 bp™
{lu —u > L} < —= {lu —uf > L} P,

(L—LDP
for every L,Lsuchthatl > L > Ly > 0. Now we use Lemma 4.1 at page 93 of [14]; for the convenience of the reader,
such a Lemma has been explicitly written in [9] as Lemma 3.2; application of such a Lemma requires that b < E%: such an
inequality has been assumed in (1.17). We use the aforementioned lemma and we get, for s > Lo,

pp*
1\ p-bp*
{lu —uel > s} <cn 5 ;

such an inequality guarantees that u — u,, € L', (£2) witht = ;j;* . This ends the proof of Theorem 1.1. O
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