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1 Introduction

This paper deals with regularity properties for minimizing sequences of integral functionals of the type
() = | fe, Dula))da, (11)
Q

where €2 ia an open bounded subset of R?, u = (u!,u?,u3)t : Q@ C R® — R3 is a vector-valued map, and
Du is the 3 x 3 Jacobian matrix of its partial derivatives, i.e.,

Dul D1u1 Dgul Dgul a
uOé
Du=| Du? | = | Diu? Dyu® Dsu? |, Dgu® = e a, B €{1,2,3}.
8
Du? Diu® Dsu® Dsu?

We consider two special classes of (1.1). For the first class, we assume that there exist Carathéodory
functions F: Q@ x R3*3 5 R, G: Q xR3*3 5 R and H : Q@ x R — R, such that

f(z,8) = F(z,€) + G(z,adjs€) + H(x,det §). (1.2)
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For the second class, we assume that there exist Carathéodory functions F® : Q x R? - R (a = 1,2, 3),
G:OxR¥>*3 53R and H: QxR — R, such that

3
fla,6) = F(2,6%) + G(x,adjy€) + H(w, det £). (1.3)

In (1.2) and (1.3), det ¢ is the determinant of the matrix

¢! & & &

E=@ =188 | =8¢k foaec{l23}, (1.4)
3 3 3 ¢3
3 & & &

and adj,& = ((adj,€);]) € R3*3 denotes the adjugate matrix of order 2 whose components are

(adin€)] = (~1)+ det (?; Eg) L mie{L2,3),
k SI

where o, 8 € {1,2,3\{v}, a < fand k, I € {1,2,3}\{¢}, k < L

We remark that in the nonlinear elasticity theory, &, adj,¢ and det ¢ govern the deformations of line,
surface and volume, respectively.

For some regularity results of the variational integral (1.1), we refer the reader to Ball [3], Acerbi
and Fusco [1], Bauman et al. [4-7] and Dacorogna [17]. Partial regularity results, that is the regularity
of solutions up to a set Qg and the study of the properties of the singular set are contained in [12,
19,24-27,37,54,56]. For the polyconvex case, only few everywhere regularity results are available; we
mention [27], where the everywhere continuity was proved in the two-dimensional case, and [26], where
Holder continuity for extremals was dealt with, still in dimension two. Global pointwise bounds can be
found in [20,43,46-48,51].

Important contributions in this field follow from the work of Cupini et al. [16], where the authors gave
a regularity result for local minimizers u : Q2 C R? — R3 of a special class of polyconvex functionals, i.e.,

3
/Q { > [Fulw, Du®) + Galz, (adj Du)®)] + H(z, det Du)}dx. (1.5)

a=1

Under some structure assumptions on the energy density, the authors proved that local minimizers u are
locally bounded. This paper illustrated some ideas and methods which lead to local boundedness for
local minimizers of some polyconvex functionals.

In the paper [13], Carozza et al. considered polyconvex functionals of the calculus of variations defined
on maps from the three-dimensional Euclidean space into itself, i.e., they assumed that the integrand
f(x,€) in (1.1) is of the form

f(x,€) = F(a,[6]%) + Gz, [adjy¢]*) + H(w, det £). (1.6)

Under some conditions on the structure of the functional, the authors proved local boundedness of
minimizers.

In the paper [15], Cupini et al. proved local Hélder continuity of vectorial local minimizers of special
classes of (1.1) with rank-one and polyconvex integrands

f(a,€) =Z (,€%) + G(x,). (1.7)

The authors assumed that the energy densities in (1.7) satisfy suitable structure assumptions and may
have neither the radial nor the quasi-diagonal structure and they obtained some regularity results.
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Recently, Gao et al. [32] considered two special cases of the integrand f(z,s,¢). They assumed the
splitting structure on the leading part of f:
3
f(x,u, Du) = Z F%(xz, Du®) + lower order terms. (1.8)
a=1
Moreover, they assumed anisotropic behavior. Under two special cases of the “lower order terms”
and some structural assumptions, they proved that minimizers either are bounded or have suitable
integrability properties by using the classical Stampacchia lemma (see Lemma 2.9 below).

We also refer to [52] and the references therein for some aspects of the process/approach to interior
regularity of weak solutions to a class of nonlinear elliptic equations in the divergence form, as well as of
minimizers of integrals of the calculus of variations.

For the study of minimizing sequences of variational integrals, we mention [9], where some properties
of the minimizing sequences for integral functionals are considered, and [46], where pointwise bounds are
obtained for suitable minimizing sequences of functionals of the type

/ (|Du|? + h(det Du)) d. (1.9)
Q

In both the above mentioned papers, the authors used the Ekeland’s e-variational principle (see Lemma 2.7
below). For some other applications of the Ekeland’s e-variational principle, we refer the reader to Leonetti
et al. [45], in which the variational integral of the type (1.9) was considered with h(t) is of logarithmic
type. For some other results related to the variational integral (1.9), we refer the reader to [33,44].

In the present paper, we give some regularity properties for minimizing sequences of the variational
integral (1.1) with the integrand f(z,&) being as (1.2). In the mean time, we give uniform higher
integrability for the gradients of minimizing sequences of the variational integral (1.1) with the integrand
f(z,€) being as (1.3). We mention that unlike [16], we do not make any convexity assumptions on the
integrands.

For the first class, we assume that there exist constants

ki,ks >0, ko >0, (110)
1<p<3, (1.11)
0<qg< g, (1.12)
0<r< g (1.13)
(1.14)
and nonnegative functions

a(x),b(x),c(r) € L™(Q), m>1, (1.15)

such that for almost all x € , all £ € R3*3 and all t € R,
kil€]P — ke < F(,€) < k1f¢)” + a(w), (1.16)
= k1[€]? — k2 < G(w,€) < ksf¢|? + b(w), (1.17)
— kq|t|" — ko < H(z,t) < kslt|]” + c(z). (1.18)

In (1.16)—(1.18), the norm [¢| for a matrix £ = (£}) € R**? is defined by

3 3
HEDNEED IR (1.19)
=1

ij=1
We remark that the norms for the matrix ¢ and the vectors ¢* defined above are different from the ones
in [13,15,16,32)].
Under the hypotheses (1.10)—(1.18) on f(x,€) in (1.2), J is well defined. Our first theorem is the
following theorem.
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Theorem 1.1.  Consider the variational integral

J(u) = / {F(z, Du(z)) + G(z,adj, Du(x)) + H(z,det Du(x))}dx. (1.20)
Q
We assume the conditions (1.10)—(1.18). Let
romin{p,pq,pr,m}. (1.21)
29 q 2r

Then there exist a minimizing sequence {v,} in Wol’p(Q) and positive constants c1,co and c3 depending
only on p,q,r,m, k1, ko, k3,|Q| and |[a+ b+ c||pmq), such that

(i) 1<ry< % = ||vnllLe) < c1, 0= (pro)*;

(i) 70 = 2 = [lec2lvnl]| 11 () < Q(1+ <L)

(iil) ro > ]% = [JvnllLe (@) < cs.

We remark that in the assumption (1.16), we have the same constant k; on the left-hand side and the
right-hand side: this is a structure condition that keeps away De Giorgi’s counterexample [18] and that
allows for L estimates contained in Theorem 1.1(iii). We use the same constant k; from below and from
above in the proof of Theorem 1.1 when writing the left-hand side of (3.8). We remark that solutions to
vectorial problems might be irregular (see the surveys [53] and [42]).

We remark also that in (1.5), (1.7) and (1.8), the leading part of f has splitting form. In [13], the
integrand is of the form (1.6) with the functions F(x,t), G(x,t) and H(x,s) satisfying some restrictive
conditions (see [13, Theorem 2.2]). In Theorem 1.1 of the present paper, we assume that the integrand
f(x,€) is as in (1.2), and this kind of integrand seems to be more general. Meanwhile, our assumptions
(1.10)—(1.18) seem to be weaker than the formers.

We have the following corollary.

Corollary 1.2.  Let
J(u) = /{|Du(a:)|p + |adj, Du(z)|? + |det Du(x)|" }dx (1.22)
Q

with p, q and r satisfying (1.11)—(1.13), respectively. Let

r_ p p—qp—-r
ro =minq —,——, —— 5.
29" ¢ 2r

Then there exist a minimizing sequence {v,} in Wy () and positive constants ¢, ¢y and ¢4, depending
only on p,q,r and |Q|, such that

(1) 1<ry <3 = lallper @ < b o' = (prp)*;

.. / 2

(ii) 7 = 2 = [le=!"n ]| Loy < QUL+ F-);

(iii) 70 > 2 = [lonllL(0) < ¢

For the second class, i.e., the integrand f(z,¢) is as in (1.3), we assume (1.10)—(1.15) and (1.17)—(1.18).
Instead of (1.16), we assume that for almost all x € Q and all n € R3,

kE1nlP — ko < F(x,n) < k3|n|P + a(z), ao=1,2,3. (1.15)

Under the above-mentioned conditions, J is well defined.

Our second theorem is as follows.

Theorem 1.3.  Let Q) be a reqular domain. Consider the variational integral

3
J(u) = /Q { Z F(x, Du®(x)) + G(z,adj,Du(z)) + H(z, det Du(x))}dm (1.23)

Under the assumptions (1.10)—(1.15), (1.15)" and (1.17)—(1.18), then there exist a minimizing sequence
{vn} in Wol’p(Q) and constants 6,cq > 0, depending only on p,q,r,m, ki, ka, k3, Q| and |la+b+c| pmq),
such that

vanHLP*‘;(Q) < cy4.
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Recall that a bounded open set Q C RV is called regular if there exist Ry > 0 and 0 < #y < 1, such
that for any xzg € 02 and for any 0 < R < Ry,

|Br(o) \ Q| = fownRY,

where Bgr(xp) is the ball centered at xy with radius R and wy = |By|.

Corollary 1.4. Let Q be a reqular domain and

3
J(u) = /Q { Z |Du® ()P + |adjy Du(x)|? + |det Du(a:)|T}dx

with p, q and r satisfying (1.11)—(1.13), respectively. Then there exist a minimizing sequence {vn} in
Wol’p(Q) and constants §', ¢y > 0, depending only on p,q,r and ||, such that

||vvn||LP+5’(Q) < d)

2 Preliminary results

This section is devoted to preliminary lemmas used in the proof of Theorems 1.1 and 1.3.
For the matrix (1.4) with the norm defined in (1.19), we have the following lemma.

Lemma 2.1.  Consider the matriz (1.4). The following hold:
() 1€] = 1€'] + 1€%] + 1€°];
(ii) [(adjo€)*] < [€711€7], e € {1,2,3}, B,y = {1,2,3}\{a}, B <
(i) [adjp¢| < |€1%;
(iv) [det ] < [€1]1€2]1€7] < I€[°
Proof. (i) The result is obvious by the definition (1.19).
(i) For o € {1,2,3}, 8,7 ={1,2,3}\{a} and 8 < 7,

|(adjp€)| = [(adjé)$| + |(adj€)$| + | (adjé)s|
= |e5e] —e3€8) + |efe] — &€l + |ele] — e7¢€b)]
< le5€3) + €365 + 1€0€d | + €75 | + €063 | + €765

3
< 1€

ij=1
= [€711€7).
(iii) By (i) and (ii), one has
ladjs¢] = |(adj€)'| + |(adj»€)?| + |(adjé)°|
<IEIE°) + 1€M1E7] + 1€ 11
< (I + 1871 + 12D + 1€2] + 1€°])
= €.

(iv) By the definition (1.19), we use (ii) to obtain

3 3
det & = | > & (adjp)}| < 14]1I(adjsd)]]
j=1 j=1
3
<1ED " I(adjpé)i] = €1 (adjy€)| < [€11€7]1€%] < 1€J°.
j=1

This completes the proof. O
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The next lemma illustrates that the integrand f(z,&) defined in (1.2) is p-coercive and bounded from
below.

Lemma 2.2.  Under the assumptions (1.10)—(1.18), there exists a positive constant My, depending only
on p,q,r, k1 and ks, such that for any & € R3%3,

. k
f(x,6) = F(z,€) + Gz, adjp€) + H(x,det €) > 51|5|P — M > —M;.
Proof. We use (1.16)—(1.18) and the results (iii) and (iv) in Lemma 2.1 in order to get

f(x,8) = F(z,8) + G(x,adjy€) + H(z,det &)
> k1[€|P — k1ladjp|? — ki|det §|" — k2
> kl€]P — kalé]?T — k1 [€]°T — 3k (2.1)

The conditions 0 < ¢ < § and 0 <r < £ in (1.12) and (1.13) allow us to use Young’s inequality

o bt 11
ab<6%+£ S ab>0, 1>l SHa=1 >0 (2.2)
to derive (take a = [£]?9, b=kq, e = %, t= 2% and t' = p_2q)
k1 2q p—2q, L
k1]€]* < P = kP 2.3
e < B2 gp (4) 2 (2.3
and (take a = [¢%, b=ki, e = B, t = £ and ¢/ = _B)
k 3 3
T T poar p—or %
walef < 22 e + () e (2.9

Substituting (2.3) and (2.4) into (2.1) and noticing

k(2 80\ ki
4 \ p P 2

we have
k ky\ 7R p -2 ki 7 p—3
1 1\ TP —2aq, 55 1\ "7 p—or, o
2 el = kr2 _ | = kP — 3k
flag) > g - () TR - () TR
k
= S 1P = My >~
where
p—2q p—3r _ar
M, = 4 + 47-37 | k1 + 3ko.
This completes the proof. O

Analogously, under the assumptions (1.10)—(1.15), (1.15)" and (1.17)—(1.18), the integrand f(x,¢&)
defined in (1.3) is p-coercive and bounded from below.

Lemma 2.3.  Under the assumptions (1.10)—(1.15), (1.15)" and (1.17)—(1.18), there exists a positive
constant My, depending only on p,q,r, k1 and ke, such that for any & € R3%3,

3
Z (2,6%) + G(w,adjy€) + H(x, det ) > P — My > — M.

221) 1
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Proof. We use (1.15)’, (1.17), (1.18) and the results (iii) and (iv) in Lemma 2.1 in order to get

3
fl@,6) =Y F*(2,6%) + G(z,adjy€) + H(w, det €)
a=1
3

>k Y €7 — kafadjp€|? — kaldet £|” — ks

a=1
3 P
> it (Y [e) - hle — bl st
a=1
= k14" PP — k1 [€]?T — k€T — Bk

(2.5)

The conditions 0 < ¢ < £ and 0 < r < £in (1.12) and (1.13) allow us to use Young’s inequality (2.2) to

derive (take a = |£[%4, b=k, e =

!/
t——qandt -E57)

e < 2 jep + ()

473

_2q
P24 D— 2q k{nf%q

p
and (takea:|§\3’“,b:k1,€:%,t L and t' = 73T)
k 3 TR 3
, r ST —3r ro
g < 234 (B) 7T Ry

Substituting (2.6) and (2.7) into (2.5) and noticing

R, oy %
4r p p 4pr

we have
2k1 p _ﬁp72q P k1 _%pf?)r P
f@,6) =z &P — | Tkl “\» ki~ — 5ko
k1
221) 1|§|p MQa
where

2 Fq - 3 DT
My = (p 14575 4+ L T4p33r)k1 + 5ko.
p p

This completes the proof.

We recall Fatou Lemma, which can be found, for example, on page 23 in [8].
Lemma 2.4. Let f, be a sequence of L'(E) functions such that

() fn =0 ae. in E;

(ii fE fn(x)dx < +00 for every n € N.
Let
for a.e. x € E.

f(x) = liminf £, (x)

n—

/Ef(x)dx

We now prove the following lemma.

Then
gliminf/ fo(z)dx
n—oo E

Lemma 2.5. Consider the functional

J(u) = /Q{F(x, Du(x)) + G(z,adj,Du(zx)) + H(x, det Du(x))}dz.

(2.6)

(2.7)

(2.8)
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Let the functions F(x,£), G(x,€) and H(x,t) satisfy the assumptions (1.16)—(1.18), respectively. Define
V ={w:Q— R® such that w e W' (Q; R?)} (2.9)

and set
d(w,v) = [[Dw — Dvl[1(q) (2.10)

for every w,v € V. Then (V,d) is a complete metric space and J is lower semicontinuous with respect
to d.

Proof. By the definition d(w,v) in (2.10), one easily check that d is a distance on V', and one should
only note that d(w,v) = 0 implies Dw = Dv a.e. {2, since w = v = 0 on 0f2. Poincaré’s inequality

Slull oy < I1Dullpoi), YueWyP(4RY), S=S(N,p) (2.11)

with p =1 gives us w = v in Q. The completeness of (V,d) is obvious.
Let {wg}r C V be converging to we, € V with respect to d so that

Dwy, — Dws  in LY(Q).
Then there exists a subsequence {ws, }5 such that
Dwg, () = Dweo ()
for almost every x € Q. Continuity of £ — f(z,€) implies
f(z, Dws, (x)) = f(z, Dws(z)) ae. z €€,

and then
f(z, Dws, (x)) + M1 — f(z, Dws(x)) + M; ae. z€Q,
where M; is the constant in Lemma 2.2. Such a pointwise convergence together with the facts that

f(z, Dw,, (x)) + My and f(x, Dws(z)) + M; are nonnegative, allows us to use the Fatou lemma (see
Lemma 2.4), and we get

J (weo) < liminf J(ws, ) = liminf J (wy).
k— o0 k—o00

This means that J is lower semicontinuous with respect to d. O

Analogously, one has the following lemma.

Lemma 2.6.  Consider the functional
3
J(u) = / { Z F(z, Du®(x)) + G(z,adj,Du(z)) + H(z, det Du(x))}dx (2.12)
QLa=1

We assume (1.10)—(1.15), (1.15)" and (1.17)—(1.18). Define
V ={w:Q— R* such that w € Wy "' (Q; R®)}, (2.13)

and set
d(w,v) = [|[Dw — Dv|| 11 (o) (2.14)

for every w,v € V.. Then (V,d) is a complete metric space and J is lower semicontinuous with respect
to d.

Let us recall the Ekeland e-variational principle (see [21-23,28,36]).
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Lemma 2.7. Let (V,d) be a complete metric space and let F : V. — (—o0,+c0] be a lower
semicontinous function such that infy F is finite. Let € > 0 and uw € V' be such that

Fu) < Jlel‘f/ Fv) +e. (2.15)

Then there exists a v € V such that
(i) d(u,v) < 1;
(i) F(v) < Flu);
(iii) v minimizes the functional G(w) = F(w) + ed(v, w).
For some applications of the Ekeland e-variational principle, we refer the reader to [8,9,17,45,46].
In the proof of Theorem 1.1, we need the following lemma (see [9, Lemma 2.3]).

Lemma 2.8. Let Q C RN be a bounded, open set; let v be a function in Wol"p(Q) with 1 < p < N; let
Yo, P1 and P be nonnegative measurable functions, and v, and 7o be real numbers such that

N
Yo € L(Q), 1<ro<

N -1
P eLn@), n>L o<y <p*“7, (2.16)
1
N T2 -1
L™ () N < .
Py € L™(Q), 7m2>N, 0 "2 < =
Suppose that for every k > 0,
/\wwmg/j%+mw%+%mﬂm, (2.17)
Ag k

where A, = {x € Q : |v(z)| > k}. Then there exists a positive constant cs, depending on the various
parameters and on the Wol’p(ﬂ) norm of v, such that
[vllre@) < e o= (pro)™.

The following well-known Stampacchia lemma is from [55, Lemma 4.1].

Lemma 2.9. Let ¢, a and 8 be positive constants and ko a real number. Let ¢ : [ko, +00) — [0, +00)
be decreasing and such that

o) < Gl ) (2.18)
for every h and k with h > k > ko. It results that
(i) if B > 1, then
¢(ko +d) =0,

where .
d* = cel(ko)]” 12771,

(ii) if B =1, then for any k > ko,
_1
(k) < p(kg)e! ~(coe) = (ko)
(iil) if B < 1 and ko > 0, then for any k > ko,

P o 1\ 77
k) <275 4 k)T lka} (1)

Stampacchia lemma is an efficient tool in dealing with regularity issues of minima of variational integrals
as well as solutions to elliptic equations and systems. This lemma has also been generalized in many
respects, and we refer to [29,31,39,41] for more details. For some other results related to Lemma 2.9, we
refer to [2,8,10,11,14,29,30,35] and [31, 34, 38,40,49, 50].

In the proof of Theorem 1.3, we need the following lemma (see [9, Lemma 2.6]).
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Lemma 2.10. Let Q C RY be a reqular bounded, open set; let v be a function in Wol’p(Q) with
1 <p< N, Y, 1 and s be nonnegative measurable functions, and v, and 72 be real numbers such that
(2.16) holds. Let us assume that there exists a Q > 1 such that for every ¢ € Wol’p(Q),

/ [VolPde < Q {IVo + Vol? + o + dr(fv] + o)™ + da(|v] + |¢]) " hda.
supp¢y suppy

Then there exist & > 0 and c; > 0, depending on the various parameters and on ||v||W01,p, such that
Vv € LPTI(Q), and

IVllLrss) < cr(IVollLe@) + [l¢]

rri@) + [v2llLr @) + 1Yol ro ) + 1).

3 Proofs of Theorems 1.1 and 1.3

This section is devoted to the proof of the main theorems.

For convenience of the reader, we outline the scheme of the proofs of Theorems 1.1 and 1.3. For F = J
and {u,} C Wy(Q) any minimizing sequence of variational functionals (1.20) or (1.23), the previous
Lemmas 2.5 and 2.2 allow us to use the Ekeland e-variational principle (see Lemma 2.7) to derive that
there exists another minimizing sequence {v,} C V satisfying some sorts of variational inequalities. For
such a sequence, we use an appropriate test function, Lemma 2.8 or Lemma 2.10, and the Stampacchia
lemma (see Lemma 2.9), and we derive the desired results.

Proof of Theorem 1.1.  We let V be as in (2.9) and the distance d be given by (2.10). Let F = J and
{un} C Wol’p(ﬂ) be a minimizing sequence of 7, i.e.,

J(un) — ir‘}fj(u) as n — +o00. (3.1)
Assume that J(u,) > infy J(u) for every n € N. We set
en = J(uy) — i‘r}f J(u),
where {e,} is a sequence of positive real numbers, converging to zero. Then
T (up) < ir‘}fJ(u) +éen. (3.2)

It is no loss of generality to assume ¢, < 1. Lemmas 2.5 and 2.2 tell us that (V,d) is a complete metric
space, J is sequentially lower semicontinuous with respect to d, and infy J is finite: infy J > —M;|Q].
We use the Ekeland e-variational principle (see Lemma 2.7) and we derive that there exists a sequence
{vn} C V such that

/ |Dv,, — Duy|dx < 1, (3.3)
Q
T (vn) < T (un) (3.4)
and
J(v,) < J(w) + an/ |Dv,, — Dw|dx for every w € V. (3.5)
Q

(3.4) together with (3.1) implies
J(vn) = ir‘}f J(u) asn— oo,

which means that {v,} is a minimizing sequence.
We now prove that such a minimizing sequence {v,,} is uniformly bounded in W, ?(Q), i.e., there exists
a constant cg, depending only on p, q,r, ki, k2, |Q| and [|a + b + c[| (@), such that

ol < cs. (3.6)
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In fact, Lemma 2.2 tells us that f(x,&) is p-coercive:
k1
f(l',D’Un) + Ml 2 ?|Dvn|pa
from which, and considering the facts (3.4), (3.2) and &, < 1, we derive
2 2
[ Do |Pdz < —(T (vn) + M1 |€]) < 1= (T (un) + M1 |Q2])
Q k1 k1
2
< = (i T(w) + 1+ M) < +oo.

1

(3.6) is proved.
Now, for any fixed n € N and any k > 0 we take

1 1
w Ty (vy,)
w=|w|=| w2 |ev
w? v

where Ty (v}) is the truncation function of v} at level k, i.e.,

Ty (v}) = max{—k, min{v}, k}}.

n

We use the above w in (3.5) and we have
/Q{F(x, Dv,,) + G(z,adj,Dvy,) + H(z, det Dvy,) Yz
< /Q{F(x, Dw) + G(x,adj, Dw) + H(x,det Dw)}dx + &, /Q |Dvy, — Dw|dzx. (3.7)
Let us define the superlevel set

A;,k ={zecQ:|vl(z) >k}
Since Dw = Duv,, in Q\A}l’k7 (3.7) yields
{F(x, Dv,) + G(z,adj,Dvy,,) + H(z,det Dv,)}dx
ALk

< {F(z, Dw) + G(x,adj,Dw) + H(x,det Dw)}dx + &, / ) |Dv,, — Dw|dz.

1
An,k An,k

(1.16)—(1.18) merge into

k1 / |Dvp,|Pdx — kq / |adj, Dvy, |Tda — ky / |det Dv,,|"dx — 3/ kodx
AL, AL, AL, A

1
n, n n, n,k

< kl/ \Dw\pdﬂc—l—kg/ |adj2Dw|qu—|—k3/ |det Dw|"dx
AL AL A,

n,k
+/
A

from which we derive

(a(z) + b(z) + (z))dz + 2 /A \Du,, — Dul|dz,

1
n,k

k:l/ (IDwn|? — | Dw|P)dz
AL

n,k

<k / ladjy Dv,|4dx + k;3/ ladj, Dw|%da
Ai’wk A;,k
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+ k1 / |det Dv,,|"dx + ks /
AL, A}

o,

where we have used again ¢, < 1. Since

1
n,k

al. Sci China Math

|det Dw|"dx
Jk

n

|Dv,, — Dw|dx + / (a(z) 4+ b(x) + c(x) + 3k2)dz,

1
An,k

where 1g(z) is the characteristic function of the set E, i.e., lg(z) =1if z € F and 1g(x) =0if = ¢ E,

we obtain that for z € A], ;,

0 0 0 0
Dw = Dv% = Dlv% ngfl D?ﬂ’% ,
Dv? D1v? Dyv3 Dsv?
(adeDvn)l (adszUn)% (adsz”n)% (adszUn)é

adj,Dw = 0 = 0 0 0

0 0 0 0

and
det Dw = 0.

From (3.9), we obtain

|Dw| = |Dvg| + |Duy.

We apply a basic inequality
a’ + v < (a+0b)P

to obtain

, YVa,b>0, Vp=>1

|D1}711|p < |Dv,|P — |[Dw|?.

From (3.10), we obtain

ladj, Dw| = [(adjy Dvn)'|.

Substituting (3.12), (3.13), (3.11) and (3.9) into (3.8), we arrive at

ky / | Dvl [Pdx
1

n,k

<h [ ladpDonftde ks [ fadiy Do) rdo
Al Al

n,k n,k

+ k1 / |det Dy, |"dx + / |Dv} |dx + / (a(z) + b(x) + c(x) + 3ko)dx
Al 1 1

n,k Ank

= kl-[l + kg[g + Ifl.[g + I4 + I5.

n,k

Our nearest goal is to estimate I;, : = 1,2, 3,4, 5.
We use (i) and (ii) of Lemma 2.1 and Young’s inequality in order to get

L :/ |adjq Doy, |9da
Al k

n,

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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= (I(adjp Dn)'| + [(adjp Dvn)?| + [(adjp D)) 1da

1
An,k

</ (|IDv3 | Dvp| + |Duy || Duy| + [Duy || Dug ) da
Al

n,k

<o / (IDv2|| Do ) 0de + 29 / Do [9(|De2| + | Do ) tda
Al 1

n,k n,k
< 2q/ (|Dv2||Dv3|)9dx + 2%/ |Dvl |Pda
A} Al
n,k n,k

+ 2‘105/ (IDv2| + | Dv]) -4 da.
A'}L,k
We use Lemma 2.1(ii) again and we have

12:/ |(adj2Dvn)1|qdm</ (IDv2|| Do |)da.
Al 1

n,k n,k

I3 can be estimated by using Lemma 2.1(iv) and Young’s inequality, i.e.,

I; = / |det Dv,,|"dx
1

n,k

< / Do (|De2 | D))" d
1

n,k
1 2 3\ 2=
gs/ |Dvn|”dx+05/ (|Dv2|| D3 |) 7= da.
A}L,k }L»k

14 can be estimated by using Young inequality, i.e.,

I, = / |Dv}|dx < 5/ |Dv} [Pdx +/ C.dz.
ALk ALk ALk

To sum up, we substitute the above estimates for I; (i =1,2,3,4) into (3.14) and we have

ky / | D} [Pdx
Al

n,k

< (k127 + kg)/ (|Dv2||Dv3|)9dx + (k129 + k1 + 1)5/ |Dv} [Pdx
1 1

n,k n,k

+k12qc€/ (|Dv3|+|Dvg|)%dx+klcg/ (D2 || Dv3 )75 da

+ Cedx + / (a(z) + b(x) + c(x) + 3ka)dx.
A;,,k A:L k

We take e small enough such that (k129 4+ k1 4+ 1)e < k1, and then the second term on the right-hand
side of the above inequality is absorbed by the left-hand side. Thus,

[ ipuirar<a [ 10DRIDD + (DeE + Do)

n,k n,k

+ (|Dv2|| D3 )77 + (a(z) + b(z) + c(z) + 3ks + 1)]dz

=:cg Yodx. (3.15)

1
Ak

where c¢g is a constant depending only on p, q, 1, k1, ko and ks.
We recall the definition for rg in (1.21) and we distinguish the following proof into three cases:
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Casel. 1<ry< %.
It is obvious that

(IDw; || Dvi))? € L3 (Q),
(|Dvy| + |Duj|) 750 € L (Q),
(IDwp || Dvp)) 7= € L' ()

and
(a(z) + b(z) + c(z) + 3ka + 1) € L™(Q),

which imply ¥ € L™(€2). We are now in a position to use Lemma 2.8 to derive that there exists a
constant cs, depending on p, q,7,m, ki, k2, k3, || and |la + b + ¢||pm (o) and on the Wolp(Q) norm of v},
such that

opllLe) < s, o= (pro)*
Notice from (3.6) that v, is uniformly bounded in WO1 P(Q) by a constant cg depending only on
p,q, 7, k1, k2,|Q| and |la+b+c||Lm(q), and then the constant c5 above can be independent of the WyP(Q)

norm of v}, i.e., there exists a constant i, depending only on p, q, 7, m, k1, k2, k3, |Q| and lla4-b+4cllLm (),
such that

||U71L||LG(Q) <cp, o= (pro)*.

Similarly, there exist constant ¢ and ¢}, depending only on p, q,r, m, k1, k2, k3, |Q| and ||a + b + cllLm ),
such that

[vpllLo) < i, o= (pro)*,
||UEL||L"(Q) <df, o= (pro)*.
Therefore,
[onllze@) < lopllze@) + 1valle@) + [vpllLe@) < el + 6 + ¢ = e1, o = (pro)*,
as desired.

Case 2. rg= %.
We start by estimating the right-hand side terms in (3.15):

2q

[ apipeiias< ([ qpeipantas) Ak (3.16)
Aalfz,k %l,k

[ i< ([ (Dvi|+Dv5;|>de)” ALl e, .7
ALk ALk

[ apipanEa< ([ apiiinta) - 319
ALk ALk

/ (a() + b(@) + c(x) + 3ka + 1)dz < la+b+ e+ 3k + 1l pmlAL o7, (3.19)
Al

Combining (3.15) with (3.16)—(3.19), and recalling the definition ro in (1.21), one has
/ Dok [Pdx < cro(| AL x|' =7 + [AL b[17750 4 [AL L [1775 4 AL 1)
AL,

< el Al ', (3.20)
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where c1g is a constant depending only on p, q,7,m, k1, ko, k3, Q2] and ||a + b+ c||m (o) and the WOI’I’(Q)

norm of v2 and v3. Due to (3.6) again, the constant c;o can be depending only on p, q,r,m, k1, k2, k3, ||
and [|a + b+ c[[m (o). For any h >k > 0, the Poincaré inequality (2.11) gives us

[ ioipas = [ pek - Tih)ps
Jk

>9(/M—ﬂmwhﬁp
Q

y(/ v;zuﬁwwﬂp
Al

n,k

> 8P</ v} — Tk(vi)lp*dx) ’
Al

n,h

g

> 87 (h — k)| AL, |

We substitute the above inequality into (3.20) and we have that for any h > k > 0,
8P (h— k)AL 7 < crol ALl

from which we derive . .
1 11 1 1-L1LH)e

|An,h| < (h IR k)p* IAn7k|( TO) P

where ¢y is a constant depending only on p, q,r,m, k1, k2, k3, || and |la + b+ c||m (). We use the facts

that 3 LN
ro = — and (1—>p:1,
p To/) P

. Vh>k>0, (3.21)

and we have
C11

AL | < ———
‘ n,h| (h—k’)p*

Al il, Yh>k>0.
Thus (2.18) holds with
ko =0, k)= |A}L,k\, cg=ci1, a=p° and [=1.
We use the Stampacchia lemma (see Lemma 2.9(ii)) to derive that for any k > 0,
[An ikl = Hlvnl > K} < H{z € Qo Jup | > O}l (e19) 7k € gpem0enk, (3.22)

where
1

Clg = |Q|e, 662 = (Cue)_?. (323)
From (3.22), we have that for any k > 0,

1 k C12
[{e3ezlvnl > e3e2ky ) = |{|o}] > kY| < CEOE

Let k = e3¢k, Then for any k > 1, .
302‘”7“ 7. “12
feteretl > By < 22.

We use the above inequality and (3.23) in order to get
1 too 1
/ ede2lvnl gy = / [{e3e2lvnl > ¢} |dt
Q 0

+00 Lkl 3y
= [ e

k=0
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E+1

+oo
< |Q|+Z/% {2 vhl > Tt
k=1

—+o0
=10+ [{e*= > &)
k=1

+oo c
12
<l %
k=1

7.‘.2

= Q| + c12 5

em?
=|Q[1+— .
||<+6>

Similarly, one can use the same method to derive

2
/ e3alvil gy < |0 (1 + M)
o 6

. 2
/ eSCQ\Udex < |Q| (1 + e7r>
Q 6
Hoélder’s inequality gives

3 , 3 2
/e@\mdx:/ecqu;H\vaHvi\)dxg 11 /eswzldx (i ).
Q Q 1 \Je 6

1

and

Case 3. 71> %.
We start from (3.21). In this case,

and (2.18) holds with

1 *
ko =0, cp(k):|A71%k|, cg =c11, va=p° and ﬂ<1r>2>1.
0

We use the Stampacchia Lemma (see Lemma 2.9(i)) to derive that there exists a constant d, depending
only on p,q,r,m, k1, ko, k3, || and [|a + b + ¢||m (q), such that

|{m€Q:|U,11| >d}| =0,

ie.,
vl <d ae Q.

Similarly, one can use the same method to derive
[02], |03 < d ae. Q.
Hence,
[v] = [0l + |02 + |02 <3d =c3 ae. Q.

The proof of Theorem 1.1 is completed. O
Now we are going to prove Theorem 1.3.

Proof of Theorem 1.3.  As in the proof of Theorem 1.1, we let V' be as in (2.9) and the distance d
be given by (2.10). Let F = J. We use Lemmas 2.6 and 2.3 and by Lemma 2.7 we derive that there
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exists a minimizing sequence {v,} C V such that (3.3)—(3.5) hold true. Lemma 2.3 implies that such a
minimizing sequence is uniformly bounded, i.e., (3.6) holds true.
Let ¢ € Wy (Q) and we take

+

1
Up T @
w = ()

(%

SwW 3IN

It is easy to see w € Wy P(Q;R?) Wy ' (Q;R?), which allows us to take the above w in (3.5) and we
have

3
/ { Z F(z, Dvy) + G(z,adj,Duy,) + H(z, det Dvn)}dm
@ La=1

3
< / { Z F*(z, Dw®) + G(z,adj, Dw) + H(x,det Dw)}dx + En/ |Do|dzx.
Q Q

a=1

Since for 2 € Q \ suppyp, one has Dw = Dv,, and Dy = 0, from the above inequality we derive

3
/ { ZFO‘(I,DUS) + G(z,adj,Dvy,) + H(z, det Dvn)}dx
supp

a=1
3

Lo A%

a=1

+en / |Del|dz.
suppy

We use the assumptions (1.15)"; (1.17) and (1.18), and noticing that Dw? = Dv? and Dw® = Dv3, we
have

F(z, Dw®) + G(z,adj, Dw) + H(x,det Dw)}dm

k1/ |Dv;|defk1/ |adj2Dvn|qu—k:1/ |detDvn|rdz73/ kodx
suppy suppe suppey

suppy

< ks / | Dw?|Pda + kg/ |adjo Dw|?dx + ks / |det Dw|"dx
suppe suppyp suppy

+ / (a(z) + b(x) + c(z))dx + En/ |Dyl|dz,

suppy

from which, and noticing Dw! = Dv} + Dy, we derive

kl/ |Dvl [Pdx < kg/ | D} +D<p|pdac+k1/ ladjy Doy, |9da:
suppep suppy Suppy

+ k3 / ladj, Dw|dx + kq / |det Dv,,|"dx
suppy

suppg

+ kg/ |det Dw|rdx+/ |Dy|dx
suppp

suppy
+ / [a(x) 4+ b(x) + c(z) + 3k]dx
suppy
= ksl + k117 + ksls + k119 + kslig + I11 + L2, (324)
where we have used again ¢, < 1
(

I7 can be estimated by using (i) and (ii) of Lemma 2.1 and Young’s inequality, i.e.,

I; = / |adjy Doy, |9da
suppy
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B / (I(adjo Dvn) | + |(adjy Dun)?| + | (adjy Du,)? ) da
suppy

<2t [ (DaDedldn 20 [ DD+ D) de
suppyp

suppy

< Qq/ (|Dv2||Dv3|)9dx + 2‘16/ |Dvl |Pda
suppy

suppy

+21C, (|Dv2| + | Dv3|) 7" da. (3.25)

suppy

We use (i) and (ii) of Lemma 2.1 and Young’s inequality again to estimate Ig as follows:
Ig = / |adj, Dw|?dx
suppp
— [ (@i, D)) + l(adi, Du?| + adiy D)
suppy
< / (IDv; || Dvp| + [ Dy, + Dyl| Dvy| + | Duy, + Del|Dug|)?da
suppy
<2t [ (DeR|Dedrs
suppy
—|—2q/ |Dv} 4+ Do|%(|Dv2| 4 |Dv?|)1dx
suppy
24
<2 [ (palpediyde+ 22 [ |Del+ DpPda
suppp

suppy

2q - prq
+LQ)/ (IDv2| + | Dv3|) 7% da. (3.26)
p suppy
We use Lemma 2.1(iv) and Young’s inequality to estimate Iy and I1o as follows:

Ig :/ |det Dv,,|"dx
suppy
<[ iDoir(Delipe)y s
suppy

< 5/ | Dl |Pdx + C. (|Dv2||Dv3 )7 da, (3.27)
supp¢y

suppy

Lo :/ |det Dw|"dx
suppy

< / Duk + D" (|Dv? || Dv2 ) d
suppy

r

< 7/ |Dv;+D<p|de+u/ (|IDv2||Dv2|) = d. (3.28)
p suppy p suppy

We estimate I;; as

111 = / |D(p|dl‘
suppe

= / |Dv} + Do — Dvl|dx
suppy

< / |Dvl + Dyldz + / | D} |dx
suppy suppe
1 ) 1
< 7/ |Dv,, + Dp|Pdx +/ —dx
P Jsuppe suppy P
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+5/ |Dv} [Pda + C. dx

suppy suppey

1

= f/ |Dv} + Do|Pdx + e/ | D} |Pdx
p suppy supp¢y

1
+ / <, + C€> dz. (3.29)
suppp \P

Substituting (3.25)—(3.29) into (3.24), we arrive at

kl/ | Dvt [Pdx < kg/ |Dv} 4+ Dp|Pdx + k12q/ (|Dv2|| D)9 dx
suppy suppy suppey
+k12qs/ |Dv;\de+k12qcs/ (|Dv2| + | Dv3|) -7 da
suppy suppy
2 3 21q 1
—|—k32q/ (|Dvz||Dv; ) da 4+ ks— |Dv,, + Do|Pdx
suppy suppey

2q - Prq
+k3M/ (|Dv2| + |Dv3|)7~7 dx
p suppy

pT

+k15/ Dol Pz + kiC. | (D62 Dv? )P da
suppy suppy
p—r

+k35/ |Dv} + DolPdz + ks / (|IDv2|| D3 |) 7=+ da
suppy suppey

1
+ 7/ |Dv} + Do|Pdx + 5/ |Dvl [Pda
suppy

p suppy

[ <;,+Cs)dx+ | fa(o) + ) + cfo) + 3kalda

= (k129+ k1 + 1)5/ |Dv} [Pdx
suppe
k32qq ]ﬂ37" 1

+ (lcg + + 2 ) / | Dvy, + DopPda + / bodw,  (3.30)
P 0 p) S suppy

where
Yo = (k1 + k3)29(|Dvy || Dvp])?

2(1 - Prq
+ [qug + ks(ppqq (IDv| + [Dvp])?=a

+ |:k105 + k?,p ; r] (|Dv2|[Dvj )7
1
+ <p’ + CE> + [a(z) + b(z) + c(z) + 3ks].

We take € small enough such that
(k12q + kl + 1)8 < kl,

and then the first term on the right-hand side of (3.30) is absorbed by the left-hand side. Thus, (3.30)
yields
/ | Dl [Pdx < 013/ {|Dv} 4+ Dp|P + v }dz,
suppy suppy
where c;3 is a constant depending only on p, q,7, k1, k2 and ks.
What we need to show next is

Yo € L™(Q), 1<ry< %. (3.31)
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In fact, by the conditions (1.11)~(1.15) and v, € W, ?(), we have

(|Dv;||Dvp])? € L2 (),

(|Dv| + |Duj|) 755 € L5 (Q),
(IDwp || Dvi)) 7= € L' (),
a(x) + b(x) + c(xz) € L™(Q).

The above inclusions together with the definition of r¢ in (1.21) imply (3.31) (we remark that the condition
ro < % is irrelevant because if 109 € L"(Q2) for some r > %, then we also have g € L™ (Q) and 1 < 9 < %)
We are now in a position to use Lemma 2.10 to derive that there exist constants 6, c; > 0, depending on
D, q,r,m, k1, ke, ks and |Q] and on the Wol’p(Q) norm of v}, such that

IVop | Lo+s ) < er(|[Vonll ey + Yol Loy + 1) < cj.

We use (3.6) again and we know that the constants §, c; and c} above are depending only on
P, q,7,m, k1, ko, ks, Q] and [[a + b 4 ¢l Lm ().

Similarly, there exist constants ¢j, ¢§ > 0, depending on p,q,7,m, ki1, ka, k3, Q] and |la + b+ ¢||pm (),
such that

||VUZHLP+5(Q) <cf and HVUZHLPM(Q) <.
Thus,
IVunll oo ) < Z HVUMLPH(Q) < Zci =:cC4.
i=1 i=1
This completes the proof of Theorem 1.3. O

4 Conclusion

In this paper, we obtain some regularity properties for minimizing sequences of the variational
integral (1.1) with the integrand f(z, &) being as (1.2). Meanwhile, we prove uniform higher integrability
for the gradients of minimizing sequences of the variational integral (1.1) with the integrand f(x, &) being
as (1.3). It is worthwhile to note that we do not need any convexity assumptions on the integrands via
the Ekeland variational principle. So we weaken the assumptions compared with the ones of preceding
results. Moreover, it is also interesting to study Holder continuity for minimizing sequences as well as
other further regularity properties for gradients of minimizing sequences of the variational integral (1.1)
in the future.
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