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Interval-valued data is a complex data type which can be got by summarizing large datasets, linear
regression models for interval-valued data have been widely studied. Panel data models combining
cross-section and time series real-valued data have become increasingly popular in economic research
and data mining. It is very important to construct the regression models for panel data with uncertainty
and range variability. This paper introduces panel data regression model for interval-valued data and
constructs three kinds of panel interval-valued data regression models: the centre model of fixed
effects panel interval-valued data regression, the min-max model of fixed effects panel interval-valued
data regression and its special model, the centre and range model of fixed effects panel interval-valued
data regression. Then combining the parameters estimation of interval-valued regression and analysis
of covariance for panel data, this paper presents the parameters estimations for three kinds of panel
interval-valued data regression models. Finally, our proposed panel interval-valued data regression
models are applied in forecasting of Air Quality Index, the experimental evaluation of actual data sets
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shows the advantages and the performance of our proposed panel interval-valued data models.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Interval-valued data are applied in many situations [1,2] in
which data represent variability (minimum and maximum of
daily temperature), uncertainty (confidence intervals), etc. The
research of interval analysis assumes that observations and es-
timations in practice are usually uncertain or incomplete and can
be represented as intervals. Interval-valued data have also been
used in symbolic data analysis (SDA) [3]. One source of interval-
valued data is the aggregation of huge data in a reduced number
of groups [4], which makes it possible to consider the variability
in the data. So how to analyse interval-valued data is meaningful.

Several approaches were used to analyse interval-valued data.
Some authors applied neural network models to manage interval-
valued data [5,6]. In SDA, Billard and Diday [7] introduced dis-
persion measures and central tendency of interval-valued data.
Interval-valued linear regression models were also built based
on certain predefined criterion [8-14]. Billard and Diday [8] pre-
sented the first algorithm for fitting interval-valued linear regres-
sion, and this algorithm consisted of fitting a linear regression
model to the midpoints of the interval values and the parameters
were obtained by minimization of the mid-point error. Later,
Billard and Diday [9] discussed the Min-Max Method, which
defined two models, each for one response bound, with response
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lower bounds depending on the lower bounds of regressor vari-
ables and the response upper bounds depending on the upper
bounds of regressor variables. Lima Neto et al. [10] introduced
the Centre and Range Method (CRM), also proposed two linear
models: one for the midpoints and the other for the ranges. Lima
Neto et al. [11] later extended CRM to the Constrained Centre
and Range Method (CCRM) which guaranteed the mathematical
coherence of predicted values. Nonlinear regression models for
interval-valued data were also established based on dynamic
clustering algorithm [12].

Modelling and forecasting interval-valued time series (ITS) re-
ceived considerable attention in econometrics and statistics [ 15—
17]. Song et al. [18] discussed feature selection approaches for
dynamic interval-valued ordered data.

For more complicated economical or administrative activities,
which are represented by panel interval-valued data, i.e. cross-
section and time series interval-valued data, how to model it is
still an interesting problem, although there are some regression
models and time series models for interval-valued data.

Statistical models combining cross-section and time series
real-valued data become increasingly popular in economic re-
search, a panel data set offers a certain number of advantages
over traditional pure cross-section or pure time series data sets. A
detailed account of the benefits of panel data can be found in the
book by Hsiao [19], and panel data models allow us to construct
and test more complicated behavioural models than pure cross-
section or time series data. So far, the data in panel data models
are all real-valued [20-24], it is very necessary to build a panel
data model for interval-valued data.
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By introducing fixed effects panel data regression models for
interval-valued data, this paper presents three kinds of panel
interval-valued data regression models and the estimation of
their parameters, and this is the first attempt to discuss panel
interval-valued data models. Both interval-valued regression
models and panel data regression models are extended to panel
interval-valued data regression models. Compared with panel
data regression model, panel interval-valued data regression
model can deal with uncertain data or variable data; compared
with interval-valued regression model, panel interval-valued data
regression model can reduce the degree of collinearity among
explanatory variables, and improve the effectiveness of model
estimation. Panel interval-valued data regression model can con-
struct and test more complex behaviours. Panel interval-valued
data regression models are used to analyse various actual prob-
lems, such as Air Quality Index (AQI) and stocks forecasting.

The main contributions of this paper include:

e Introducing interval-valued data into the panel data models
solves the problem of uncertainty and range variability.

e Three novel fixed effects panel interval-valued data regres-
sion models are constructed respectively:
(1) The centre model of fixed effects panel interval-valued
data regression (P-CM);
(2) The min-max model of fixed effects panel interval-
valued data regression (P-Min-Max) and its special model
(S-P-Min-Max);
(3) The centre and range model of fixed effects panel
interval-valued data regression (P-CRM).

e Each model reduces the degree of collinearity among ex-
planatory variables and can predict the interval of the re-
sponse variables, respectively. The applications in the fore-
casting of AQI show the advantages and the performance of
our proposed panel interval-valued data models.

The rest of this paper are organized as follows: some related
preliminaries are provided in Section 2; the proposed three kinds
of panel interval-valued data regression models are presented
in Section 3; the actual interval-valued data sets are analysed
and compared in Section 4 to illustrate the performance of the
proposed models.

2. Preliminary
In this section, some related preliminaries are provided.
2.1. Interval and their arithmetic

The statistical treatment of interval-valued data is considered
them as elements belonging to the space K.(R) =
{la,b] :a < b,a,b € R}. Each compact interval A € K.(R) can
be expressed by means of its (inf, sup)-representation, i.e. A =
[infA, supA], with infA < supA. Alternatively, the notation A =
(midA, sprA) with sprA > 0, where midA M is the
midpoint of the interval, and sprA = M denotes the spread
or radius of A. Statistical developments with interval-valued data
are generally based on the (mid, spr)-parametrization, since the
non-negativity condition for the spr component is usually easier
to handle than the order condition for the inf and sup components
of the (inf, sup)-characterization.

In order to manage intervals, a natural arithmetic is defined on
K:(R) by means of the Minkowski addition A + B =
{a+b:aeA, be B} and the product by scalars A\A = {Aa : a €
A}, for any A, B € K.(R) and A € R. The space (K.(R), +, -) is not
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linear but semi-linear due to the lack of symmetric elements with
respect to the addition.

For two intervals A = [a~,a"], B = [b™,b*] in K(R), the
operations are as follows:

e A+B=[a"+b",a" +b"| = (midA + midB, sprA + sprB),
eA—B = A+ (-B) = [a —bt,a" —b"] = (midA —
midB, sprA + sprB),

_ [Ab=,AbT], A >0
efFor A € R AB = [Ab*. Ab~]. % < 0

spr)-parametrization AB = (AmidB, || sprB).

and in (mid,

2.2. Linear regression model for interval-valued data

All existing linear regression approaches with interval-valued
data used certain fixed reference points to model interval data [8-
14], three methods are introduced and a novel special case for
Min-Max method is presented.

Let E = f{e1,e3,...,e,} be a set of examples which are
described by p + 1 interval-valued quantitative variables: depen-
dent variables Y and independent variables X;, X,, ..., X,. Each
example e; € E(i=1,2,...,n) is represented as an interval
quantitative feature vector z; = (xn, X2, - .5 Xip, y,-), where x;; =
[aj.bj] e Ke R)G=1,2,....p)yi = [y ¥'] e K (R).

2.2.1. Centre method

For the example z; = (i1, X2, ..., Xp, i), (i = 1,2,...,N),
where x; = [azbj] € KR, yi = [y'.y'] € K (R). Let
aij+bij c yiLeriU

c __ C C C C — —
X = (Xi1’f‘i2!--~ X)), where X = ¢ = (i =

i > “ip
1,2,...,m;j=1,2,...,p)
The linear regression relationship of X1, X, ..., X, related to Y
was constructed by using the midpoints of response and regressor

intervals:
¥i = Bo + Bixip + Boxip + -+ Bpxip + &

The values of g§, 81, 85, . .
square (OLS) [8].

., B, were estimated by ordinary least

2.2.2. Min-Max method

The Min-Max method suggested estimating the lower and
upper bounds of the intervals by using different vectors of param-
eters [5]. It was equivalent to supposing independence between
the values of lower and upper bounds of the intervals.

X1, X2, ..., X, related to Y was studied according to the linear
regression relationship:
L __ L L L L L
Vi = Bo + Biain + Byai + - - - + Byaip + &; (M
¥ =By +BVbii + By b+ -+ B by + & )

The sum of the squares of deviations in the Min-Max model was
denoted by

n n
$i= 20 (7 2 (&)’

i=1 i=1

Ordinary least square (OLS) was used to find the values of
Bs. B, By. ... B and By BY.BY. ..., B¢ by minimizing the ex-
pression S;.

The estimations of the parameters B, By, 85, ..., By and
By BY.BY..... By were equivalent to estimating B, By, 85,
...,;315 based on left points a; (i = 1,2,...,m;j = 1,2,...,p)
and 7, B, B3, ..., B based on right points by (i=1,2,...,n;
j=1,2,...,p) respectively.
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n, 0, > i it D i G2, > i tip
0, n, > b, > b, > ibip
4 > i > ibin 3@ + (bin)?] > i lapai + bipbi] > i [aipain + bipbin]
2= . . . ) )
2itip-1)  Xibip-y  2ilanaip-n + bibip-nl i [62aip-1) + bbip-1)] 2 [aipaip—1) + biphip—1)]
> ap > ibip i lanaip + bitbip] i l[aaip, + biabip] Yo [a? +bj)]
T
=00 Yo Y 0han +yPba) > Olap + ybip))

Box 1.

Taking into consideration the system with the same mecha-
nism, as a special case of Min-Max method, the coefficients of
lower and upper bounds of the intervals are assumed to be the
same in Eqgs. (1), (2), but different in the intercept terms, that is

Vi =By + Brain + Brain + -+ - + Byaip + e’ (3)

y{ = By + Bibir + Bybip + - -+
By s By Brs Bas -

pression S,

+ Bybip + & (4)

., B, are obtained by minimizing this ex-

2 2
p p
= DUt — A = 2B | |- B DB
i=1 j=1 j=1

B =By, B Bi,.... Bp) =A B,
where A; is a matrix (p + 2) x (p + 2) and B, is a vector (p + 2) x
1, denoted as equations in Box I.

For a new given example x; described by x,[ =
(Xit1: Xic2, - - - Xip), Where Xige = [ bin] (k= D),
according to Egs. (1), (2) or (3), (4), the response varlable y, =
[#, 7] is predicted as follows:

i = B + Biai + Bian + - + Bﬁaip,
}A’iu:Bé}‘i‘B%}bil+/§§]bi2+"'+,8,[,jbip
or

¥ =By + Biain + Bya + -+ + :Bpaips
.91U = BSL + B1bil + ,32bi2 + -+ prilr

Sometimes Min-Max method and it is special case do not
guarantee the mathematical coherence of the predicted interval
bounds, then the response variable is predicted as follows:

Sl U oL 5U
Yi +¥i VitV on N
] [lzl’lzl]lfy{'.>y§];

oL "U i oL Hu
i Vi lf.yi =V

L 55U

= [yi. ¥}

2.2.3. Centre and range method

Lima Neto et al. [10] presented the Centre and range method
(CRM) to estimate the parameters vector using the information
contained in the midpoints and ranges of the intervals.

For the examples z; = (Xi. X2, ..., Xp,¥i), i = 1,2,....n
where x; = [ay bj] € KR, yi = [y'.y'] € K (R). Let

C C — j—
X = (x”,xlz,...,xlp) and X/ = (x”,xlz,...,xlp) where x§ =
gjtby o bj—a ¢ yx +yx y' _yl

2 ’ U 2 'yj - 7y1 -

Y, yi were c0n51dered as dependent variables, x{ =
(X5, x5, ..o x0) and X = (X[, X, .. xp) (= 1,2,...,n)

as independent predictor variables. They were related in the
following linear regression relationship:

= B+ B+ B + -+ i+ of )
= B+ B+ B e B + ] ©)

In the CRM method, the sum of squares of deviations was
given by

i=1

- Z(yl 11 "'_IBprfp)2+
n
Z( —Bo—Bixiy — - — ;Xirp)z'
i=1
Bo BY: By, - - - By and By, B, B3, .. ., B, were estimated by min-

imizing the expression Ss.

In CRM, maybe j! is negative. To avoid this situation, Lima
Neto et al. [11] extended CRM to include positive constraints
to the coefficients of interval ranges, which guaranteed the pre-
dicted upper bounds were greater than or equal to their respec-
tive lower bounds. But the obtained estimators can be biased,
implying a poor adjustment of the model to the real linear re-
lationship of data. For a given new example X, the assignment
method of the predicted value y; = [j/f , j/f’] is adjusted as follows:
. . [, 7] if 1 < 0;
Yi_[y"y']: 5C o 5e 5] ifor
[yi —Yi: Vi 'H’i] ify; > 0.

2.3. Linear regression model for panel data

The term “panel data” refers to the pooling of observations
on a cross-section of firms, countries, households, etc. over sev-
eral periods. This can be achieved by surveying a number of
individuals and following them over time.

Panel data set contains repeated observations for the same
unit y; and X; for units, i = 1,2,...,N and periods t =
1,2,...,T, also called longitudinal data.

Compared with time series or cross-section data sets, panel
data model holds some advantages. (1) Panel data model sup-
poses that individuals (firms, states or countries) are heteroge-
neous, and it can control individuals’ heterogeneity. Time series
and cross-section studies not controlling this heterogeneity run
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the risk of obtaining biased results. (2) Panel data give more infor-
mative data, more variability, more degrees of freedom and less
collinearity among the variables. Time-series studies are plagued
with multi-collinearity. (3) Panel data models allow us to con-
struct and test more complicated behavioural models than pure
cross-section or time series data. (4) Panel data are more able
to identify and measure effects that are simply not detectable in
pure cross-section or pure time series data.

A panel data regression differs from a regular time series or
cross-section regression in that it has a double subscript on its
variables

Vie=o+ B Xy +up,i=1,2,...,N;t=1,2,...,T (7)

with i denoting individuals (such as firms, countries, etc.) and
t denoting time, the i subscript, therefore, denotes the cross-
section dimension whereas t denotes the time series dimension.
« is a scalar, B is p x 1 vector and X;; are the itth observation on
p explanatory variables.

Most of the panel data applications utilize a one-way error
component model for the disturbances, with

Uir = Wi +ve + €ir,

where u; denotes the unobservable individual-specific effect, v,
denotes the unobservable time-specific effect and ¢; denotes the
remainder disturbance. In the following, the focus is on the panel
data model with individual-specific effects, that is

yi=ci+ B X +ei,i=1,2,...,N;t=1,2,...,T (8)

where ¢; is an unobserved effect for individual i and is time
invariant. The parameters «;, 8 were estimated by least-squares
dummy-variable (LSDV) [19].

[i:é(xw Xi) (Xie — X;) }]

N (9)
|:ZZ Xir — X1 Vie _.VI)i|
i=1 t=1
—BXi,i=1,2,...,N,
where Xic = (Xie1, Xz, -+ Xig) s Xi = 2 Y 1_ Xies i = 2 3oy Viee

3. Fixed effects panel interval-valued data model

For panel interval-valued data set S = {(Xi,yi)| i = 1,2,
Nyt =12, T yie = [yh.y}] is assumed as the ob-
served interval-valued dependent variables, Xj =
(x,ﬂ, Xit2s v+ s xi[p)T as p x 1 interval-valued independent vectors
with Xij = [aitj,b,-[j], i=12,....,Nt = 1,2,....T,j =
1,2,...,p.
In the following, using certain fixed reference points, the linear
regression models with fixed individual-specific effects are to be
constructed for the panel interval-valued data set.

S={(u,ye)| i=1,2,...,N; t=1,2,..., T}

In this section, three kinds of fixed-effects panel interval-
valued data models are proposed. Using the midpoints of the
interval to represent interval-valued data, the centre model of
fixed effects panel interval-valued data regression (P-CM) is con-
structed based on the midpoints of the panel interval-valued
data. The Min-Max model of fixed effects panel interval-valued
data regression (P-Min-Max) improves the P-CM model by es-
tablishing two models to fit the lower- and upper-bound of panel
interval-valued data. The centre and range model of fixed effects
panel interval-valued data regression (P-CRM) also uses two inde-
pendent models to fit the panel interval-valued data: one for the
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midpoints of interval and another for ranges of the interval. These
three kinds of fixed effects panel interval-valued data regression
models hold their own advantages and disadvantages.

3.1. The centre model of fixed effects panel interval-valued data
regression

For the panel interval-valued data set S = {(Xi,yie)| i =

1L,2,...,N; t=1,2,. ytf”luf

J’n is considered as dependent varlable and th(k = 1,2,
.., p) as independent predictor variables. Based on the centre
value of the panel interval-valued data, the linear regression
model with fixed individual-specific effects is as follows:

ylt Ol-l-,B 1t1+/3 zt2 +,B 1rp+‘9ict (10)

where ¢ ~N(0,0%),i=1,2,...,N;t =1,2,...,T.
Averaging Eq. (10) over time gives

T}, letx _ axtk;bl[k c

yﬁZai+lglc)_(lsl+ﬁ2c)_(€2+"'+/3pxzp+€ (11)

where J§ = £ 31, ¥iu X = ¢ 20 Xk = 1.2, p).
Subtracting (11) from (10) gives

Yie=Vi = By =Xi1) 485 Xiey =X )4+ -+ B (Xigp —=X{ )+ (ef = 1)

Thus, in the centre model of fixed effects panel interval-valued
data, the sum of squares of deviations is given by

—_

T

N
=22 (Y- Zﬂj Xy = %)
=1

The values of ﬂf,ﬁ;,...,
expression Sy,

BT =B Bs....

I\
-
-

B, are estimated by minimizing the
ﬂ;)T =A, 'By

—(BX1 + BoXip + -
where, see equations in Box II.

For a new given example Xy = (Xic1, Xic2, - - - , x,'tp)T, with x;j =
[aij, big]. the response variables y;; = [yh. %] are predicted as
follows:

@i =Y + BpXip):

T ~

5}:} = &i + (XlLt) /3

3B = 6o ()
where (XiLt)T =
(bit1s bicas - . bip).

3.2. The Min-Max model of fixed effects panel interval-valued data
regression

(aif17 Qjt2, -+, aitp)' (Xll[J)T =

In Min-Max panel interval-valued data regression model, sup-
pose a panel interval-valued data model with individual-specific
effects is as follows:

Vi = of + Bins + 5o + -+ - + Baip + £ (12)

Vit = o + BUbicr + B bia + -+ + By bip + &} (13)

ek ~N(0,0?), 6] ~N(0,02),i=1,2,...,N;t=1,2,...,T.

P-Min-Max model consists of two different models. The re-
gressor lower bounds are used to build a model for the response
lower bounds. The same is done for the upper bounds.
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N T N T
Z Z [(Xie1 _ic. 1t1 ’_‘f.l)]’ Z Z [(Xith - ’_‘f.z) (X1 — ’_‘1‘6.1)]! s Z Z [(xictp - ’_‘f.p) (Xictl - ’_‘fﬂ)]
i=1 t=1 i=1 t=1 i=1 t=1
N T N T N T
Z Z (x5 — ’zﬁ1) (Xictz - ’_‘gz)]v Z Z [(Xith - ’_‘fz) (X2 — Rﬁz)], s Z Z [(Xicrp - )_(z?.p) (Xictz - )_(1?.2)]
Ag = i=1 t=1 i=1 t=1 i=1 t=1
N ' N T . N .
Z Z [(x 1t1 i, lctp - )_(ch)]’ Z Z [(XI'CIZ - 5‘162) (Xictp - )_(lcp)]’ R Z Z [(x ltp iA lctp - )_(fp)]
i=1 t=1 i=1 t=1 i=1 t=1
N T N T
Ba=() D [0 =¥ = %)l oo Y I — Py — X0 )
i=1 =1 i=1 t=1
Box II.
Based on the infimum of y; and xi (i = 1,2,. = Ni t = Subtracting (19) from (17) gives
1,2,...,T;k = 1,2,...,p), the parameters o; B~ = U -u - - U -u
S —y = bir1 — b; .. bin — b; g — g 21
(B BS. ..., ﬂﬁ)T are estimated by least-squares dummy-variable Yie =¥i = By(bien — bia) + -+ By(bip — bip) + (e — &) (21)

(LSDV) [19].

o Al A AT -1
Bt = (ﬂ%,ﬁg,...,ﬁ;) = (A%) "B} (14)
Gt =yt —pA,i=1,2,...,N,

T N T
where _IqL Zl 1 Z[‘ 1 (Alt ) (Alt i) %Bél = Zi:l Zt:]
(A — A) (V2 =31), A = (ainn, Gz, - aigp) A = 7 > A
- T
yf = %Zt:] yft

So does it to obtain the parameters of, BY =

(ﬂ%’,ﬂzu,...,ﬂ;’)T based on the supremum of y; and xi;
(=12 .. . Nt=12 . . .T:k=12....p).

. S L NT .

BU = (BY. B BY) = (A 'BY (15)

&/ =y —BUB.i=1,2,....N,
T N T
where AY = YN, > 1(B:r B;) (B — B;) ’TBZJ = D in1 Dt
D D T

(Bie — Bi) (W —3Y), Bir = (i1, bica, .. bip)  Bi = 7 2oy Bic,
- T
ylu = % Zt=1yiﬁ]~

Considering some systems with the same mechanism, as a

special case of Min-Max panel interval-valued data model (S-
P-Min-Max), the coefficients of lower and upper bounds of the

intervals are assumed to be the same in Egs. (12), (13), but
different in the intercept terms, that is

Vi = of + Biier + Byliea + -+ + Byaip + e (16)
yiLtI =(X,'U + B1binn +ﬂ2bit2+”'+ﬂpbitp+8i¥ (17)

gk ~N(0,02), ¥ ~N(0,02),i=1,2,...,

* it
Averaging (16) and (17) over time gives

+ B,lip + (18)

N;t=1,2,...,T.

Vi =af + By + Byl + - -

¥ = o + Bibir + Bybip + -+ + Bybyp + &/ (19)

Lo o1iNT Loz oANT 0 sUu . 1NT U
Yvhere 1yi. T f2t=1yit' Qi = er:l Qidks Y5, = th:l Yier
bik =7 > i1 bik-

Subtracting (18) from (16) gives

Yie =¥ = Bi(@ir — Gia) + - + Byl — Gip) + (e — &) (20)

The values of B, B,, ...,
this expression Ss,

B, can be estimated by minimizing

N T
Ss= ) (e +ZZ &)
i=1 t=1 i=1 t=1
N T P 2
ZZ[ i — Vi — Zﬁj(aitj — aiy)
i=1 t=1 j
2
+ ylf Zﬂ] l[] l] ]
B = (B]! (RN} ﬁp)T :A;]Bs,
Qb =t — Biaiy — Bylin — - — Bp‘_lip,
6’ =yY — B,bi1 — Bybiy — - — Bszxp,
where
A]] A21 ce Ap]
As = Ap Ay ... ApZ .
Ap Ay ... Ay
T
Bs = (%1 Voo --s ¥p) s
with
Anm

N T
= Z Z [(@itm — Gim) (Gitn — Gin) + ( itm — Ei.m) (bim - Bi.n)]’

t=1
nm=12,...,p,

N T
=2 2 10k -y
i=1 t=1

j=12,...,p.

For a new given example x; described by x; =
(Xit1: Xic2, - -, Xigp), Where xig = [, bie] . (k = 1,2,...,p),
according to Egs. (12), (13) or by (16), (17),

AL N AL AL
Yie = a7 + Biaie1 + -+ - + Byain + ﬂpal‘t[h

) (aij — a@iy) + (yf{ - }_/f]) (big — Ei.j)]a



A.-b. Ji, ].-j. Zhang, X. He et al.

¥ =a + Bbin +B§]bir2+--~+/§gbitp
or

5’%[ = &1’- + B]aitl + Bzaitz +-+ Bpaitp»
99 =&Y + Bibiet + Bobiz + -+ + 3pb,-[p.

Sometime P-Min-Max model and S-P-Min-Max model do not
guarantee the mathematical coherence of the predicted interval
bounds, then the response variables are predicted as follows:

Vi + Vi Vi +3i

2 2
lt 4 yl[]

] if & > y;

yi[ - [}A/'[N}A/,L;] = [
if L < yY.

3.3. The centre and range model of fixed effects panel interval-valued
data regression

For panel interval-valued data set S = {(Xit,yi)| i
. — c __ C C C |
2, Ns 6 =12, Thlet X§ = (X5, X5y, -, X5,), Xip =
Gitj+bi _r _ bij—aiy ¢ Yie Wi
7 Xig = 2 i z

T —
(%1, xﬂ, ot xitp) where x{, =
yzt yxr
Yie =

yl[(ylt) is assumed as dependent variable and X; (X};) as in-

dependent predictor variables. They are related in the following
linear regression relationship:

yzt_a J’_/S lt1+ﬁ ito T J’_ﬂ ltp+8ict (22)

yl[_a +/3 1[1+IB 1[2 -+ p 1tp+€1t (23)
where &}, ~ N(0, o2), e/, ~ N(0, 6?)

* it
P-CRM model consnslts of two independent models: one for the

interval midpoints and another for the interval ranges.
Averaging over time in (22) gives

)_Ilc=alc+/3§)_(fl+ﬂ§)_<lc2++ p1p+8 (24)
Averaging over time in (23) gives
Vi =i + X+ ByXip o+ BoXi, & (25)

= _ 1 T I | T T
where yzl — TZt 1y1t' zk - th:lXitk* Yi = th:lyit'

X o= 1 Z
i t=1 z k*
Subtractmg (24) from (22) gives
yit 131( it1 — zl) "+/3p(xitp_)_(ic.p)+(8ict_éic.)

Subtractmg (25) from (23) gives
yir[—}_/;:ﬁ;(x{tl 11) +,3( itp — lp)+(81rt_gir.)

Thus, in the P-CRM model of fixed effects panel interval-valued
data, the sum of squares of deviations is given by

N T
So= > [(eg — &) +(eh — &)’

i=1 t=1

N T P 2
DI R DR ACAEE S
i=1 t=1 j=1
2
p
o B/ R ACAE )
j=1

The values of g{, 65, ..., ;; BL. B,
minimizing this expression Sg

Y Se. pr 2 P -1
(BS. BSs . B BrL Ble o BT = A5 B

A o\ T

B, can be estimated by
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&f =i — Bixi, — Bsxiy — - — ByXi
al =yl — ﬂzlz "'_Az;’?;p'
where
An An - Ap
A= Ap Ap - Ap ’
A1p A2p T App
Bi1 Byi --- By
B— Biz By -+ Bp ’
By, By -+ By

and 0 means that the p x p zero matrix here,

N T
A=Y > (¥ — %) (¥ — X1,

i=1 t=1

2 : X" =T
Bnm = Z[ ltm_ lm lm_xl

‘_n)],n,m=l,2,...,p.
i=1 t=1

ZZUH ¥5) (5 — X)),

i=1 t=1

N T
nj = ZZ [(y;r _y;) (xirtj -

i=1 t=1

X)Li=12,....p.

For a new given example x; described by x; =
(Xic1, Xic2s - - - Xip), where Xige = [, biae] . (k = 1,2,....p),
according to Egs. (22), (23), 35, ¥}, are derived as follows.

AC _ AC 2CA,C 2CL,C
Vie =& + BiXipn + BpXip + - + 13 itp

aro__ AT AT T AT T Qryr
Vie = & + BiXiq + BoXipp + -+ BpXipy

Negative y}, may result in incoherence of the predicted interval
bounds. In order to guarantee the mathematical coherence of the
predicted interval bounds, the predicted values are adjusted as
follows:

if i, > 0;
if I, <oO.

Vit [ythvyzL:] — { Alct e it> it it
it> Vie)

4. Applications in forecasting of air quality index (AQI)

Air pollution is caused by harmful suspended particles re-
leased into the atmosphere. The air pollution problem in most
cities is very severe and has been the focus of the public and
government [25].

Some scholars studied the air quality from different aspects.
Luo [26] found out the primary pollutant of city was PM10,
followed by SO2. Xu et al. [27] showed that O3 and NO2 exhibited
a moderately negative correlation. Xu [28] used the principal
component analysis to explore the correlation between various
pollutants in the air quality monitoring index in Xi’an. Xu [29]
used daily average data of air pollution indicators in Changsha
and Haikou to obtain an optimal linear regression model.

The studies mentioned above are limited to a separate city
and use daily average data of air pollution indicators. The used
calculation process of air quality index is as follows: (1) compared
with the grading concentration limit of each pollutant (GB3095-
2012), the Individual Air Quality Index (IAQI) is calculated by
the measured concentration values of CO, NO2, 03, PM10, PM2.5
and SO2, (2) AQI is the maximum value of the IAQI of various
pollutants. This brings up a problem: In the current measurement,
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118.720 1897.420 —6.059 8910.749 6165.432 764.430
1897.420 69439.917  1584.667  214216.458 152054.792 15517.008

Ay — —6.059 1584.667  37584.208 1644.758 20593.275 471.683
47| 8910.749 214216.458 1644.758 1436243.017 765614.758 53382.075
6165.432 152054.792 20593.275 765614.758 593461.017 22183.542
764.430  15517.008 471.683 53382.075 22183.542 33606.175

By = (1565.643, 61067.783, 4088.633, 203740.45, 189149.316, 4962.3 )T

Box III.

Table 1

Individual-specific effects «; of each city in P-CM model.
Cities i as
Shanghai 1 13.260
Chongqing 2 4.820
Beijing 3 13.430
Tianjin 4 13.941

only the PM10 or PM2.5 affects the final AQI. This paper tries to
solve this problem with new methods.

The concentration of all kinds of pollutants changes with space
and time. The panel interval-valued data can be used to describe
this variation, this paper aims to construct panel interval-valued
data models for AQI Based on the AQI-related data in Shanghai,
Chonggqing, Beijing and Tianjin in China, this study selected AQI-
related data from 4 representative cities for 40 consecutive days
(2018.11.01-2018.12.10). Among them, the data of the first 30
days are used to train the models, and the remaining data are
used to test the models.

For the panel interval-valued data set S = {(xi,Vit)| i =
1....4 t=12,...,40}, yi = [y, y!] is considered to be
the observed interval-valued dependent variable, which is AQI.
yﬁ represents the minimum value of AQI in ith city on date t and
Vi represents the maximum value of AQI in ith city on date ¢,
Xie = (Xit1, Xit2s - - - » Xitg) | 1S an interval-valued independent vec-
tors, which represent the values of CO, NO2, 03, PM10, PM2.5 and
S02 respectively, Xy = [aig, big], i = 1,...,4,t = 1,2,...,40,
j=1,2,...,6, ay indicates the minimum value of kth pollutant
in ith city on date t, and by indicates the maximum value of kth
pollutant in ith city on date t. Because the original data set is too
large, it is not shown here, and can be found in the attached table.
Only models results are displayed.

4.1. AQI forecasting of P-CM

The specific construction process of this model is shown in
Section 3.1. Data processing can be lead to matrix: (see equations
in Box IIL.)

The regression coefficients are computed as follows:

~ ANA A A A A T _
B = (B, Bs5. BS. Bs. BS. BS) =A,'Bs .
= (1.784, —0.069, —0.015, 0.261, 0.938, —0.158)
The individual-specific effects can be computed as follows:
a; = j§ — (1.784x7, — 0.069%{, + 0.015x; ; + 0.261x{,
+ 0.938x{; — 0.158%{,)

- 30 - 30 .
where ¥ = 35 377 ¥ Xy = 35 ooy Xigo (k=1,2,.... 611 =
1, ..., 4). The individual-specific effects (a;) of each city in this
model are shown in Table 1.

Table 2
Individual effect values &, & of each city in P-Min-Max model.

Cities at ay

i
Shanghai 1 12.190 24.962
Chongqing 2 3.506 14.083
Beijing 3 13.395 18.086
Tianjin 4 11.040 31.134

The AQI P-CM forecasting models can be constructed as fol-
lows: i = [¥%, ], where
Jh = af+1.784a;; — 0.069air; + 0.015ai3 + 0.261ay4
+ 0.938a;5 — 0.158a;,

Vi = &f+1.784b;e; — 0.069bi> + 0.015b;e3 + 0.261bjes
+ 0.938bj;5 — 0.158bjs6.

4.2. AQI forecasting of P-Min-Max model and S-P-Min-Max model

4.2.1. P-Min-Max model

The specific construction process of this model is shown in
Section 3.2, by processing the lower bounds of the interval, the
related matrix can be obtained as equations in Box IV.

The regression coefficients are computed as follows:

~ N - ~ ~ ~ AT _

Bt= (Bt B; B3 PBi Bs PBy) =(A)7'Bs

= (8.144, —0.065, —0.002, 0.186, 0.945, —0.195)T
Similarly, by processing the upper bounds of the interval, the
related matrix can be got as equations in Box V.

The regression coefficients are computed as follows:

By =
(969.253,40759.4, —6307.9, 102146.433, 103829.367, 2637.667)T
The regression coefficients are computed as follows:

A At ATr Arp A At AT _

B = (BY By By By BY BY) =AY

= (—15.719, 0.009, —0.166, 0.347, 1.020, —O.711)T

and the individual effect values &,.L, &,V are computed as follows:

AL =L ALZ
o =Y _:3 Al
AU _ U aUR
a =y; —B°B,i=1,2,...,N,
T T
where Ay = (G, Gie2, - - ., Qies) "+ Bir = (bitlabiIZs--wbitp) ,

1. 1 30 4. p o 1 30 p. Lo 1 30 L SU
Al - 30 tzlAlt 7Bl — 30 [:]Blt s yl‘ — 30 tzlyitv yi -

1 230 U
30 2ut=1Y;+

The individual effect values &}, @’ of each city in this model
are shown in Table 2.
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24.456 776.628 76.082 2493.962 2297.016 109.323

776.628 52571.433 20087.833 97769.333 86656.067 6122.533

Al — 76.082  20087.833 62053.4  16904.267 19593.067 4012.3
47| 2493.962 97769.333 16904.267 502140.9 312562.267 11284.367
2297.016 86656.067 19593.067 312562.267 314787.733 5249.067

109.323  6122.533 4012.3 11284.367  5249.067 4314.2

B, = (2771.609, 102108.367, 20135.4, 401845.767, 368975.067, 6722.667)T

137.904 7668.833

Box IV.
10.369 410.147 —56.275 782.054 850.545 28.581
410.147 24313.533 —3843.433 31886 35642.033 1546.3
AV — —56.275 —3843.433 7628.733 —2615.6 —4949.033 —91.967
4= 782.074 31886 —2615.6 129391.467 69390.833 2830.167
850.545 35642.033 —4949.033 69390.833 91720.5 2301.267
28.582 1546.3 —91.967 2830.167 2301.267 1539.142
Box V.
34.825 1186.775 19.806 3276.016  3147.561 137.904
1186.775 76884.967 16244.4 129655.333 122298.1 7668.833
A — 19.806 16244.4 69682.133 14288.667 14644.033 3920.333
>~ | 3276.016 129655.333 14288.667 631532.367 381953.1 14114.533
3147.561 122298.1 14644.033 381953.1 406508.233 7550.333

3920.333 14114.533  7550.333
Bs = (3740.863, 142867.767, 13827.5, 503992.2, 472804.433, 9360.333)"

4698.9

Box VI

Then the AQI P-Min-Max forecasting models can be con-
structed as follows: i = [J%, V1, where

yi = & + 8.144a;; — 0.065a;; — 0.002a;3 + 0.1864;.4
+ 0.949a;5 — 0.195a;6,

yi =&Y — 15.719b;114+0.009b;; — 0.166b;3 + 0.347bjs
+ 1.020bj;5 — 0.711bjs6.

4.2.2. S-P-Min-Max model

The specific construction process of this model is shown in
Section 3.1. Data processing can lead to matrix as equations in
Box VL.

The regression coefficients are computed as follows:

B =(B1’32733’B47/§5735)T =A;lBS .
= (3.313, —0.053, —0.024, 0.223, 0.948, —0.192)

and the individual effect values &, @’ are computed as follows:

& =i —(3.313a;1 — 0.053d;, — 0.0244;3 + 0.223di4
+ 0.948a;5 — 0.1924;6)

&Y =3 — (3.313b;1 — 0.053b;, — 0.024b;3 + 0.223b;4
+ 0.948b;5 — 0.192b;6).

The individual effect values &f, @’ of each city in S-P-Min-Max
model are shown in Table 3.

Table 3

Individual effect values &, & of each city in S-P-Min-Max model.
Cities i at av
Shanghai 1 15.132 14.717
Chongqing 2 5.402 6.715
Beijing 3 14.893 16.393
Tianjin 4 15.654 15.966

Then the AQI S-P-Min-Max forecasting models can be con-
structed follows: J;; = [J4, V1, where

Y = & + 3.313a;; — 0.053a;, — 0.024a;3 + 0.22304
+ 0.948a;5 — 0.192a;6,

9 = & + 3.313by; — 0.053by; — 0.024by3
+ 0.223bjes + 0.948bis — 0.192byee.

Sometimes P-Min-Max model and its special model do not
guarantee the mathematical coherence of the predicted interval
bounds, then the response variables are predicted as follows:

[faﬁ +3i Vi I
Jie = [ 90] = 2 2
(ARG

] if & > ¥

enl AU
if yi < Yic-
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14.125 508.548 —44.549 1359.774 1311.901 58.976
508.548 30672.958  885.258 52853.3 52270.642 3543.375
A —44.549 885.258 18477.067 1727.842 3928.108 1145.025
61 = 1359.774  52853.3 1727.842  244995.542 151395.933 6415.783
1311.901 52270.642 3928.108 151395.933 161458.992 3895.075
58.976 3543.375 1145.025 6415.783 3895.075 1539.142
0 0 0 0 0O
0 0 0 0 0 O
0 0 0 0 0O
A2=As3=1109 0 0 0 0 0
0 00 0 0O
0 0 0 0 0O
3.287 84.840 54.452 278.234 261.880 9.977
84.840  7769.525 7236.942 11974.367 8878.408  291.042
Ay — 54.452  7236.942 16364 5416.492  3393.908 815.142
64 = 278.234 11974.367 5416.492 70770.642 39580.617 641.483
261.880 8878.408 3393.908 39580.617 41795.125 —119.908
9.977 291.042 815.142 641.483 —119.908 810.308
Bs = (1565.643 61067.783 4088.633 203740.45 189149.317 4962.3
304.789 10366.1 2825.117 48255.65 47252.9 —282.133)
Box VII.
Table 4 Then the predicted value
Individual effect values &, @ of each city in P-CRM model.
™ ; P P . SN Vo — Vi Ve + 51 if YL = 0;
Cities ' i a; a; Ve = [yft’yg] — A? Acylt th yzt] ) {lzrt
Shanghai 1 1563 13.260 i Viel ifyi, <O0.
Chongqing 2 0.075 4.820
Beijing 3 1.224 13.430
Tianjin 4 0.962 13.941 4.4. The evaluation of three models

4.3. AQI forecasting of P-CRM

The specific construction process of this model is shown in
Section 3.3. Data processing can lead to matrix: Ag =
As1  As2
A3 Ass
The regression coefficients are computed as follows:
B = (B, BS. BS. BS, Bs. BS, By B, B, Br. BL, BL, )T = Ag 'Bs
=(1.784, —0.069, 0.015, 0.261, 0.938, —0.158,
5.590, 0.115, —0.121, 0.102, 0.984, —0.272)

, where (see equations in Box VII.)

The individual effect values &, @] of each city can be computed
as follows:
af = 5 — (1.784%, — 0.069%,+0.015%¢, + 0.261%,

+ 0.938%5 — 0.158% ;)

&l =¥ — (5.590%],40.115%], — 0.121x! 5 4 0.102%/ ,
+ 0.984%; — 0.272%!).

A

The individual effect values &f, &/ of each city in P-CRM model
are shown in Table 4.
Then the AQI P-CRM forecasting models can be constructed as
follows: 3 = (5, ), where
V5 = &f — 1.784x;,; — 0.069x{,,+0.015x{5 + 0.261x,
+ 0.938x{; — 0.158x5,

9 = &} +5.590x},,40.115x,, — 0.121x,; + 0.102x},,
+ 0.984x,; — 0.272.

All three models are presented, but which one is the best to
predict the air quality index? The fitting effect and prediction
performance of these models were evaluated by calculating three
error measures: mean magnitude of relative error (MMER), mean
average absolute error (MAE), root mean squared error (RMSE).
The better the fitting degree of the model is, the lower the error
measure is.

To prove that our proposed models are superior to the general
interval-valued regression model, this study conducts two groups
of experiments below. In the first group of experiments, the data
of the four cities are regarded as a whole, and the corresponding
solutions were obtained by using the corresponding pooled panel
interval-valued regression model (that is, the ordinary interval-
valued linear regression discussed in Section 2.2), this means
that such experimental data are regarded as having no individual
effect. In the second set of experiments, the data of the four
cities are regarded as panel interval-valued data with individual
behaviour differences (individual effects), and the corresponding
solutions are obtained in Sections 4.1-4.3.

For convenience, the MMER; of pooled panel interval-valued
data regression model and fixed effects panel interval-valued data
regression model rewrite P — MMER; and F — MMER; respectively.
MMER, MAE;, MAE, RMSE; and RMSE are also expressed similarly.

The individual index MMER; (i = 1,2, ..., N) and total index
MMER are defined respectively:

T
MMER; = 5- Z {

t=1
1]
it

5L L
Yie Vie
3

Yie

sU U
Yie Vi
i}
Vit

+

N

MMER:ﬁZZ{

i=1 t=1

oL L
Yie Vit

oL
Yit

+

I
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Performance of the fitting errors estimate value of P-CM.
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Evaluation measure (fitting)

Cities
P — MMER; F—MMER; P —MAE; F—MAE; P—RMSE; F — RMSE;
Shanghai 0.174 0.087 7.175 4.255 9.346 5.975
Chongging  0.064 0.042 5.130 2,659 7.743 5611
Beijing 0.161 0.109 9.420 8.670 13.268 11.616
Tianjin 0.111 0.074 8.575 7.178 11.904 10.307
Total 0.127 0.078 7.575 5.691 11.091 8.952
Table 6
Performance of the forecasting errors estimate value of P-CM.
Cities Evaluation measure (forecasting)
P— MMER;, F—MMER;, P—MAE;, F—MAE P —RMSE; F — RMSE;
Shanghai 0.179 0.132 5.487 4.960 6.869 6.183
Chongging  0.071 0.043 3.455 1571 3.880 2.092
Beijing 0.340 0.189 15.129 13.232 20.071 18.208
Tianjin 0213 0.141 14.235 12.135 20.741 19.436
Total 0.201 0.126 9.576 7.975 15.003 13.769
Table 7
Performance of the fitting errors estimate value of P-Min-Max.
Cities Evaluation measure (fitting)
P — MMER; F—MMER; P —MAE; F—MAE; P—RMSE; F — RMSE;
Shanghai 0.101 0.105 4.425 4532 5.829 5.902
Chongqing 0.085 0.049 5.705 3.267 8.517 5.626
Beijing 0.101 0.097 8.206 8.067 11.432 10.918
Tianjin 0.076 0.065 6.605 6.340 9.181 8.411
Total 0.091 0.079 6.235 5551 9.097 8.201
Table 8
Performance of the forecasting errors estimate value of P-Min-Max.
Cities Evaluation measure (forecasting)
P — MMER; F— MMER; P —MAE; F—MAE; P —RMSE; F — RMSE;
Shanghai 0.126 0.145 4412 5.641 6.906 7.456
Chongging  0.072 0.070 3.143 2.202 3.589 2.958
Beijing 0.239 0.190 14.629 13.364 20.629 19.291
Tianjin 0.178 0.137 14.035 12.564 21.846 20.342
Total 0.154 0.136 9.054 8.442 15.637 14.820

The individual index MAE; (1,2, ..., N) and total index MAE
of lower and upper bounds of the predictive interval are defined
respectively:

MAE; = 3y " {[95 —vie| + 91 — i

t=1

T
MAE = 5z Y Y {9k — v + 9% =i [}

i=1 t=1

The individual index RMSE; (1, 2, ..., N) and total index RMSE of
lower and upper bounds of the interval are defined respectively:

! Vi —Vi : T P —y- 2
RMSE; = %{\/Zle (yTth yfr) +\/Z::1 (ny{ Yff) N

N 2 . 2
RsE - 1 \/ o (k) \/ Tl (k)

NT

},

Based on the training data set and test data set in the attached
table, the fitting errors and prediction errors of the models can
be obtained. The fitting and forecasting errors for pooled panel
interval-valued data regression model and three kinds of the fixed
effects panel interval-valued data regression models are given in
Tables 5 to 12.

As shown in Tables 5 to 12, our proposed three kinds of fixed
effects panel interval-valued data regression models all have good
fitting effects and prediction performance. Compared with the

10

three models, the fitting effect and prediction performance of the
P-CM model is the worst. Meanwhile, compared with the pooled
panel interval-valued regression model, in general, our proposed
three kinds of fixed effects panel interval-valued data regression
models all have good fitting effect and prediction performance.
This shows that the AQI in the four cities are heterogeneous and
the AQI-related data in the four cities are not from a population,
and there are individual behaviour differences in forecasting. It
is best to use the panel interval-valued data model in forecasting
the AQI

In this study, our proposed panel interval-valued data regres-
sion models are applied in AQI forecasting. But according to the
air monitoring data, the highest and lowest concentrations of
pollutants in a day may appear at different time points, which
results in a poor linear relationship. This may result in a bad
forecasting effect.

5. Conclusions and further studies

This paper proposes three kinds of fixed effects panel interval-
valued data regression models and presents their parameter es-
timation methods. Our proposed models are applied in AQI fore-
casting, and the experimental evaluation shows that our proposed
panel interval-valued data regression models enjoy better fitting
effect and predictive performance. Therefore, the three models
proposed in this article can be a good choice for analysing the
linear correlation between heterogeneous interval variables.
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Performance of the fitting errors estimate value of S-P-Min-Max.
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Evaluation measure (fitting)

Cities
P —MMER;, F—MMER;, P —MAE; F—MAE; P —RMSE; F — RMSE;
Shanghai 0.079 0.083 3.903 3.938 5.374 5.336
Chongqing 0.092 0.046 5.901 2.842 8.478 5.189
Beijing 0.118 0.119 8.956 9.292 12.347 11.912
Tianjin 0.078 0.075 7.021 7.198 10.183 9.918
Total 0.092 0.081 6.445 5.817 9514 8.727
Table 10
Performance of the forecasting errors estimate value of S-P-Min-Max.
Cities Evaluation measure (forecasting)
P— MMER;, F—MMER, P—MAE; F—MAE; P—RMSE; F —RMSE
Shanghai 0.504 0.135 8.779 5.064 10.777 6.503
Chongqing 0.085 0.055 3.067 2.048 3.598 2.541
Beijing 0.675 0.195 19.712 14.017 26.182 19.637
Tianjin 0.361 0.150 17.910 12.963 26.841 20.960
Total 0.406 0.134 12.367 8.523 19.641 14.849
Table 11
Performance of the fitting errors estimate value of P-CRM.
Cities Evaluation measure (fitting)
P —MMER;, F—MMER;, P —MAE; F—MAE; P —RMSE; F — RMSE;
Shanghai 0.077 0.086 3.788 4,289 5.318 5.567
Chongqing 0.057 0.037 4.265 2.643 7.376 4.848
Beijing 0.140 0.118 8.724 8.774 11.641 11.147
Tianjin 0.077 0.070 6.823 6.746 9.580 9.318
Total 0.088 0.078 5.900 5.613 8.874 8.245
Table 12
Performance of the forecasting errors estimate value of P-CRM.
Cities Evaluation measure (forecasting)
P — MMER; F — MMER; P — MAE; F — MAE; P — RMSE; F — RMSE;
Shanghai 0.126 0.132 4752 5.156 6.564 6.562
Chongqing 0.082 0.054 3.524 2.281 3.908 2.663
Beijing 0.240 0.189 15.079 13.965 21.566 20.339
Tianjin 0.156 0.129 13.097 11.936 21.753 20.802
Total 0.151 0.126 9.029 8.334 16.098 15.094
There are still some limitations on our proposed panel Acknowledgments

interval-valued data regression models, that is, the mathematical
coherence of the predicted interval bounds is sometimes not
guaranteed. For future studies, some constraints can be added
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study focuses on the robust panel interval-valued data mod-
els, such as adding corresponding outlier penalty terms in the
models to reduce the sensitivity of the least squares method,
kernel methods for panel interval-valued data. Furthermore, the
panel interval-valued data nonlinear regression models are to be
discussed.
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