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Abstract

In this paper, we investigate Cauchy problem of the 3D incompressible chemotaxis-Navier-Stokes equa-
tions with logistic source. By exploring some new a priori estimates and making good use of the geometry
structure of axisymmetric flow without swirl, we prove the global-in-time well-posedness for the axisym-
metric chemotaxis-Navier-Stokes equations.
© 2020 Elsevier Inc. All rights reserved.

MSC: 35K55; 35Q92; 35Q35; 92C17

Keywords: Global existence; Axisymmetric solution; Chemotaxis; Navier-Stokes equations

1. Introduction

In a process of biological individuals, it is often observed that there is tendency to move
towards a chemically more favorable environment. There are many literatures [10,18,27] devoted
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to the study of chemotactic aggregation. Among them, we meet the following model proposed to
describe slime mold aggregation:

oru — Au=—-V-uVv) + f(u),

(1.1)
v —Av=—v+u,

where u represents the cell density and v the concentration of the chemotactic substance. If the
force f: R — R is a smooth function generalizing the logistic source

f(s):os—us2 forall s>0 (1.2)

with some ¢ > 0 and u > 0, the cell density remains bounded. Some numerical experiments,
for example [19], support this phenomenon. In [18], when f(u) =u(l —u)(u —a)(0 <a <
%), shock-type movements of interfaces are detected and cell kinetics take place much faster
than the cell movement (see also [8]). Concerning existence and boundedness of solution to
equations (1.1), one can refer to [27] for more details.

In this paper, we consider Cauchy problem of the 3D incompressible chemotaxis-Navier-
Stokes equations with logisitic growth which take

on+u-Vn—An=-V-(x(c)nVc) + f(n),

orc+u-Ve— Ac=—g(c)n,

ou+k(u-Vu) —Au+ VP =—nVe, (1.3)
divu =0,

(n, ¢, u)|t=0 = (no, co, uo).

Here n = n(x,t), c = c(x,t), u(x,t) and P = P(x,t) denote the cell density, chemical con-
centration, velocity field and pressure of the fluid, respectively. The constant « is related to the
strength of nonlinear fluid convection. The given potential function ¢ = ¢ (x) represents a grav-
itational potential. Different functional forms of xy and f are meaningful, according to various
conceivable threshold effects and saturation mechanism. In general, x, f, g and ¢ are supposed
to be sufficiently smooth given function.

System (1.3) describes a biological process, in which cells move towards a more chemically
favorable environment. For example, the mechanism is a chemotactic movement of bacteria often
towards higher concentration of oxygen which they consume, a gravitational effect on the motion
of the fluid by the heavier bacteria, and a convective transport of both cells and oxygen through
the water. Experiments can be found in [13,25]. Although the chemical substrate can be produced
or consumed by the cells, we are only interested in the latter corresponds to the repulsive case of
the substrate in this paper.

For the case where f = 0, there are more progress obtained by many mathematicians. In [12],
J. G. Liu and A. Lorz obtained global weak solutions to the Navier-Stokes version of (1.3) with
« = 1 and arbitrarily large initial data in R? by establishing some new a priori estimates. M. Win-
kler [28] proved that system (1.3) admits a unique global classical solution in a bounded convex
domain with smooth boundary in R?. For the whole space R?, we proved the almost energy so-
lution in [35] by exploring the new estimate in Zygmund class. The convergence of solutions to
a stationary state proven in [29], and its decay rate shown in [34]. As for the three-dimensional
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case, the global-in-time classical solutions near constant steady states were constructed for prob-
lem (1.3) with « = 1 in [6]. Recently, M. Winkler [31] proved the global-in-time existence of
weak solutions to problem (1.3) in a bounded domain with large initial data. Then H. He and
Q. Zhang [7] got a similar global-in-time weak solutions to system (1.3) in the whole space
R3. M. Winkler [32] furthermore showed that any eventual energy solution become smooth af-
ter some waiting time, and converge as ¢ goes to infinite. If f is chosen as in (1.2), J. Lankeit
[11], in a bounded smooth domain Q C R3, constructs weak solutions and proves that after
some waiting time they become smooth and finally converge to the semi-trivial steady state
(%, 0,0). There are many other interesting results concerning chemotaxis model, one should
refer to [2-5,14,20-23,26,30,33].

In this paper, we consider a simplified model, namely, choosing x =« =1, g(c) = c. And the
logistic growth

1
f(m)=n(l —n)(n —a) for O<a<§,
which is originally presented by Mimura and Tsujkawa in [18]. Then system (1.3) is reduce to
on—+u-Vn—An=-V-(mVe)+n(l —n)(n —a),
d;c+u-Ve— Ac=—cn,

oou+u-Vu—Au+ VP =—-nVe, (1.4)
divu =0,

(n, ¢, u)|;=o0 = (no, co, uo).

Next, we state the main result. First of all, we assume that the initial data belong to X¢ which
satisfies the following conditions throughout this paper:

(i) nope L'N L2, ng>0,
(ii) Vi/coe L% coe L' NL®, ¢y H?, co >0,
(ili) uo € H?, Vg € L®, V3¢ € L*®, V3¢ € L™, V¢ (0) =0,
(iv) ug, ¢ are all axisymmetric without swirl and x192¢ — x291¢ = 0, this means that

uo(x) = uf(r, 2)e, +ui(r,2e;,  ¢(x)=¢"(r,2)er + ¢*(r, 2)e;

1 . . .
with x = (x1,x2,2) ., ¥ = (x} +x3) % no and ¢y are axisymmetric, that is

no(x) =no(r,z), co(z) =co(r,2).

(v) supp ¢ does not intersect the axis (Oz) and l_[(supp ¢) is a compact set, where 1_[ denotes

Zz
the orthogonal projector over (Oz).

Our target here is to show the global-in-time well-posedness of solutions to system (1.4) for
axisymmetric without swirl initial data, which means that u¢ is assumed to be an axisymmet-

ric vector field without swirl. Compared with the previous results concerning the local-in-time
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well-posedness for large initial data and global-in-time well-posedness for small initial data, we
establish the global-in-time well-posedness result for large special initial data to problem (1.4)
with « # 0. Our result reads as follows.

Theorem 1.1. Let the triple (ng, co, ug) € Xo and ug € Hl(]RS) such that % e L%(R3) with
wo =V X ug. Then, system (1.4) has a unique global-in-time solution

(n,c,u) € C(RT; L2(RY) x C(RY; H*(RY)) x C(RT; HA(RY))
such that

neL®RY L'RY) N L2 (RY; L2®RY)) N L (RT; H(R?)),
ce L°RY L' N L®@®)) N LY (RT; HAR?) N LY (RT; H (R?)),
ue Lo (RY H'(RY)) N L (RT; H*(RY)) and

loc

% e L2 (RT: LARY) N L2 (RY; H' (R?)).

Remark 1.1. Let us point out that the condition x192¢ — x291¢ = 0 ensures that the solution is
axisymmetric in the process of evolution over time.

As far as we know, most mathematician dealing with the 3D case of problem (1.3) or prob-
lem (1.4) often ignore the nonlinear convective term u - Vu appearing in the 3D incompressible
Navier-Stokes equations

ou+u-Vu—Au+VP =0 (x,t) eR® x RY,
divu =0, (1.5)
u(0, x) = up(x).

In our paper, we will consider the influence of non-linear convection term in fluid flow. From

the Beale-Kato-Majda criterion, we know that vorticity @ = curl u is a physical quantity which
plays a significant role in the global-in-time theory to the above 3D Navier-Stokes system. Since

dwo+u-Vo— Aw=w-Vu,
it seems difficult to get the bound of the quantity ||w (¢)]| L in the lack of information concerning
the manner that the vortex-stretching term w - Vu affects the dynamic of the fluid. This induces
many mathematicians and physicists to consider the solution with the special geometry structure,

such as axisymmetric without swirl (see, e.g. [1,9,16,17]).
We say that a vector field u is axisymmetric without swirl if it has the form:

1
u(t,x) =u"(t,r,2)e, +u(t,r,2)e;, x=(x1,%2,2), r=x}+x3)2,

where (e, eg, e) is the cylindrical basis of R? and the components " and u? do not depend on
the angular variable. With this structure, vorticity takes the form
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o= @.u" —du)ey = wgeg,

and satisfies

r

8,w+u~Va)—Aa)=M—a).
r

Since the Laplacian operator has the form A = 9,, + ;a, + 9;; in the cylindrical coordinates then
the component wy of the vorticity will satisfy

o u’

W,
3,a)g+u-Va)9—Aa)9+—2=—w9. (1.6)
r r
And then, the quantity I' £ % obeys to the equation

2
ol +u-VIL— AT — —9,I'=0.
r
From this, it follows that for all p € [1, +o00],

IT@ILr <Tollze.

The new conservation law is strong enough to prevent the formation of singularities in finite time
for axisymmetric without swirl flows.

Now we come back our model (1.4). Compared with system (1.5), we will meet some new
difficulties. Let g =nV¢ = g"e, + g% + g%, with

p_ X1n319 +xond¢  n(x1019 +x2029)
g = . = - :
o = xindr¢ —xondip  n(x1929 — x2019)

r r ’

g =nozp =no:¢.

Taking x102¢ — x201¢ =0 and n = n(r, z), ¢ = ¢(r,z), we have g =nVe¢ is a axisymmetric
vector field without swirl. Moreover,

Vxg=Vx (nV¢) = (3.8" — 3,g%)es. (1.7)

Set x" = (x1,x2) and V;, = (91, 02), we observe that

1 1 n
08" = —0:(n(x101¢ + 12029)) = ;aznx” Vi + ;xh Vi (3:9)

and
3rg° = 0, (nd.¢) = 9,nd.¢ +nd; .
Plugging the above estimates into (1.7), we finally obtain that
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1 n
Vxg=VxnVe)= <;8anh Vo + ;xh V3 (8:¢) — 0,n0.¢ — na§Z¢) ep.

One writes the vorticity equation as

hoon +1u- Voo — Aoy + 25 = g =~ donx - Vip = 21V, (0.0) + yndeg 1. (18)

It follows that the evolution of the quantity I' £ 2% is governed by the equation

2 1 h n 0,no ¢ naz ¢
8,F+u-VF—AF——8rF=——282nx -Vh¢>——x - V3 (0,0) + ——— . (1.9
r r r2 r

2. Uniform estimates for the regularized problem

This section is devoted to showing some a priori estimates of smooth solution to the following
approximate system, which is needed for the proof of Theorem 1.1:

anN +ul . vnN — AN =V .V + 0N A - M)W —a), xeR3, >0,

B,CN +uV VeV — AN = NN,

du + Iyu - vu — AuN + VPN = —Jy(nVe) 2.1
divu® =0,

N, N, uN))—o = Iy (no, co, ug),

where Jy f = p'/N % f with p!/N = N3p(Nx), and p satisfies the following conditions

p(Ix) € CC(RY), p=0 and /pdx:l.
R3

From Proposition A.1, we know that system (2.1) admits a unique smooth solution nN, N, uly.
Next, we are going to show the uniform estimates of this solutio independent of N. We dlstin—
guish especially two kinds: the first one deals with some easy estimates that one can be obtained
by energy estimates. The second one is concerned with some strong estimates which are the heart
of the proof of our main result. To simplify the notations, we agree (1, ¢, u) = (n™,c",u") in

this following part of this section.
2.1. Weak a priori estimates
Let us begin by proving the following energy estimates.
Proposition 2.1. Let the triple (ng, co, ug) € Xo, and ug € H? and % € L2 Assume (n,c,u) is

a smooth solution to system (2.1). Then there exists a constant C independent of N such that

t
1)l + f In(@13d < Inole’, 22)
0
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le@ Il inree < llcollLinpoes (2.3)
t

U + / V(t)dr < Ce®! (2.4)
0

withU(t) 2 [n(Dll 1AL 10g L + IV + lu @13,

n _
vé/n—H|Vn|2dx+||A¢E||%+||VM||%+/<¢E) 2|Vﬁ|4dx+/n|Vﬁ|2dx,
R3

Aq R3
A, £ {x e R0 <n(x) <A} and A £ R\ A, forall L e RT.

Proof. Here we just give the proof for estimate (2.2) and (2.4), because the proof of (2.3) was
shown in [24].

Thanks to n > 0, integrating the first equation in x, we readily have by performing the Young
inequality that

d 1 3

SOl +aln Ol + 1 = (1 + @1 <0+ @) a1 2013
1

<Clln®lh + 5 In 13-

Moreover, by the Gronwall inequality, we obtain

t

In ()1 +/ (@1 + In@13) dr < lInollre.

0

The first equation of (2.1) can be written as

G+ 4+u-Vn+1)—An+1) ==V -((n+1)-Vo)+ Ac+ (a+ Dn®> —an —n>. (2.5)
Next, multiplying (2.5) by 1 + In(n + 1) and integrating the resulting equality, we readily have
d
O (n+1DIn(n+1)dx +a [ n(1+log(n+1))dx

R3 R3

+/n3(1+ln(n+l))dx+4/|V«/n+l|2dx
R3

R3

:/V(n+1)-Vcdx+[Ac(l+ln(n+l))dx (2.6)
R3

]R3
+(1 +a)/n2(1 +1In(n + 1)) dx
]R%

582



Q. Zhang and X. Zheng Journal of Differential Equations 274 (2021) 576—612
:/Vn.Vcdx+/Acln(n+ Ddx + (1 +a)/n2(l +1In(n + 1)) dx
R3 R3 R3

Since Ac =2|V./c|> + 2/cA/c, we get by multiplying the second equation of (2.1) by
that

2f

d/CHu-Vie= (/o) Ve + AVe - %ﬁn.

Then multiplying the above equation with A./c and integrating the resulting equality with re-
spect to space variable, we obtain

1d
S IVVeD s+ |avewl;
/(f) NWw/el?- Afdx+/u Ve AJedx + = /nf A/cdx (2.7)
R3 R3
AL+ DL+ 1.

As for the term /1, integrating by parts means that

h==3 [0 @ aueds

isz3
=_Zf(ﬁ)—2|aiﬁ|2|ajﬁ|2dx+22/(ﬁ>‘1aiﬁajﬁaijﬁdx
i’jR3 i’jR3
== 3 [Wortaerio e+ 2 Y (Vo ey en e
i’jR3 i:jR3
+ZZ/(x/E)713ix/53j«/23ij«/de.
i¢jR3
We see that
Z/(f) Yo/ /cdijN/edx = —1y — Z/(ﬁ)f‘(a,ﬁfaﬁﬁdx,
I=JR3 ’¢j]R3

from which we obtain

h=-3 3 [o taverivera -3 Y [ (/o 60 a e

L] R3 1?5]R3

+3 Y [ Wortanes; vea Vea

i#iR3

2.8)
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Using the Cauchy-Schwarz inequality, we conclude

—Z/ “19i/cdjN/ctij/cdx
l?élIR?
(2.9)

/(«/_) 210/l 10j+/cP dx + 5 /%I«/_I dx.

R3
Similarly we get
2

- 52/(%)‘1<ajﬁ)zaiiﬁdx

i¢jR3
=- —Z/(I) 1(81«/—)2322de—— /(f) H(@1/e)? 933+/c dx

i#iRs l#J]R3

-3 Z f WO @/ nyeds - 2 Z / WO @V dvedr (5 )
1¢1R3 l#JR.?

- —Zf(f) '(933/0)? d114/cdx — —Z/(f) '(934/0)? dp/c dx

i#iRs i#iR3

_ 2
2 [ortaverta+ s Y [ aiver
i R3 i R3
Plugging estimates (2.9) and (2.10) into (2.8) implies

11<—— f(f) 219;/cl?18j/cl? dx + — [(f) 219;1/cI?18j+/c|* dx

ZJR3

/,,m dx + 2 Z/m”ﬂ dx + 1 Zf(f) odeltde oy

R3

<- Z/(f) 20;/c?1;/cl? dx + 3 Z/wl,ﬂ dx.

LI R3 LJR3
As for the term I3, we easily find that
1 1 2
132_5 Vn\/E.v\/de—5 n|Vi/c|®dx
R3 R3

1
= 4/Vn Vcdx——/n|Vf| dx.

R3 R3

2.12)
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Since ||V2y/c|l2 = || Ay/c||2, then plugging (2.11) and (2.12) into (2.7) means that

%%||vﬁ(x)||§+ %MA\E@)H%éiZ/(ﬁrﬂaiﬁﬁajﬁde
1 IR (2.13)
=/u~V\/E~A\/de—Z/Vn Vcdx——/n|Vf| dx.
R3 R3 R3

Thus, multiplying (2.13) by 4 and adding (2.6), we conclude

%/(n+1)ln(n+1)dx+2%||V\/E(t)||§+/n(1+1n(n+1))dx+§IIA\/E||%

R3
+/ J(1+In(r+ 1)) dx + 3 /(f) 2V/elt dx+2/n|Vf| dx (2.14)
R3 R3
§/Acln(n+l)dx+4/u~V\/E~A\/de+(l+a)/n2(1+ln(n+1))dx
R3 R3 R3

For the right-hand side of (2.14), we calculate

/Acln(n + 1)dx
R3

§§||co||oo/|Ac| dx+C/|ln(n+1)| dx

1 4 2
<3—||co||oo/4|w5| dx+3—2||co||oo/4|c||AJE| dx+C/<n+1>1n(n+1>dx 2.15)

R3 R3
_8'|'|Z”ﬁ° f(f) N +8'|'| “ﬁ° f|Aﬁ|2dx+C/<n+1>ln<n+1>dx
00 C0lloco
R3

55/(\/5)*2|V«/E|4dx+%/|Aﬁ|2dx+c/(n+1)1n(n+1)dx.
R3 R3 R3

We have with Young’s inequality that
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4/(u-V)¢E.AJde=—4/vM-|V\/E|2dx=—4/ﬁw-(\/E)*lw\/a?dx
R3 R3

R3

1
58/|JEVM|2dx+§/(\/E)_2|V\/E|4dx
R3 R3
1
2 -2 4
58||c||oo/|w| dx+5/(ﬁ> Vel dx 2.16)
R3 RS
1
ssnconoo/|Vu|2dx+5/w2>-2|vm4dx
R3 RS
1
<C||Vull3 + 5/(&)*2|v\/5|4dx.
R3

Plugging (2.15) and (2.16) into (2.14), we have

%f(n—i— 1)1n(n+1)dx+2%||V¢E(z)||§+/(an+n3)(1 +1In(n + 1)) dx
R3 R3

+IAVER + /(ﬁ)—zwm“dx +/n|wa2dx 2.17)
R3

R3

<C|Vul3+C(1 +a)/n2(1 +1In(n + 1)) dx.
R3

Operating the L>-inner product with the third equation of (2.1) by u, we get

1d 5 5
Eallu(t)llfrIIVM(I)||2=—/JN(HV¢)MdX-
R3

Therefore we obtain

1d
5 3 14 O13 + VeI < 1V lloo 2 ]1l2- 2.18)

Moreover, adding (2.18) to (2.17), we obtain

%(/(”H)l“(“r1)dx+||V«/EII§+IluII§> +/(an+n3)(2+1n(n+1))dx
R3 R3

+IVul3 + ||Aﬁ||%+/(ﬁ)—2|V¢E|4dx +/n|wz|2dx (2.19)
R3 R3
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§C/(n+1)ln(n+l)dx+C||n||2||u||2+(l+a)/n2(l+ln(n+l))dx.
R3 R3

For the third term in the last line of (2.19), we observe that

/nz(l—i-ln(n—i-l))dx: / n2(2+ln(n+1))dx+ / n2(2+ln(n+l))dx

R3 A2(1+a) AE(H—n)

1 3
<4 (2 +1 1)) dx.
< ”””1+2(1+a)f”( +1In(n + 1)) dx
R3

Inserting this estimate into (2.19) yields
d D1 1d Jel? 2 2
m (n+Din(n+ Ddx + Vel + llullz ) + Vullz
R3

1
+3 /(an +nY)(1+1In(n + 1)) dx + | AVC]3
R3

+/<ﬁ)*2|v\/2|4dx+/n|vﬁ|2dx
R3

R3

(2.20)

SC/(nJr Dlin(n+ 1) dx + Clin|2flull2 + Clin]1.
R3

Next we show that ||(n 4 1) In(n 4 1)||; and |||l 14, log L are equivalent. For one thing, we get

/(n + DIn(n+1)dx > /nln(n + 1D dx = |nllLiogL-
R3 R3

For another thing, we have
f(n+ Dinn+ 1) dx < /nlnm +1)dx +/1n(n+ Ddx < |l Liogz + lnlh.
R3 R3 R3

Finally, performing the Gronwall inequality to (2.20) gives

t t t
U(r)+/V(z)dr+//n|v¢z|2dxdr—//n|vﬁ|2dxdzSCeC'. (2.21)
0

0 R3 0 R3
This inequality together with (2.21) ensures the required estimate (2.4). O

587



Q. Zhang and X. Zheng Journal of Differential Equations 274 (2021) 576—612

Corollary 2.1. Let the triple (ng, co, ug) € Xo. Assume that (n,c,u) is a smooth solution to
equations (2.1). Then there exists a constant C dependent of the initial data such that

Ct
lel gy +llell 22 < Ce©.

Proof. Firstly, we see that

1
IVellpeor2 < 20veV/ellpera < Clivellipere Vel o2 < C”C”ifoL)oco”V\/E”LfoL%v

and

t t t
f/|Ac|2dxdr5//4|vﬁ|4dxdr+f/4|c||AJE|2dxdr

0 R3 0 R3 0 R3

t t

s||c||oo//<\/5>*2|wz|4dxdf+||c||oo//|AJE|2dxdr.

0 R3 0 R3
The above two inequalities together with (2.3) and (2.4) imply the desired result. O
2.2. Strong a priori estimates

The task is now to show some global-in-time estimates about a better regularity of solutions
of (2.1). The estimates developed below will be the basic ingredient of the proof of Theorem 1.1.

Proposition 2.2. Let the triple (no, cg, ug) € Xo, % € L?. Then every smooth solution (n, c, u)
of system (2.1) satisfies

t
H%t)Hj +/ Hv(%)(r)szr <cec, (2.22)
0
t
a3, + f ()13 dr < et (2.23)
0
t
VeI, + / IVe@I%, dr < Ce, (2.24)
0
t t
In@)13 + f IVa(D)|3de + f In(0)l§dr < Ce. (2.25)
0 0
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Proof. According to equation (1.8), it is clear that % satisfies the following equation

0 v V(- a2 25, ()
r r r
1 n ornd ¢ 2.9
=( - r—zaznxh Vi — r—x Vi (09) + ——— :z ) s« pl/N (2.26)
u” u"x pl/N
+ (r—z(a)*pl/N)eg — 7’5 a)g),
Now taking the L>-inner product of (2.26) with 22 0 yields
Tlelvsal,
2dr H ®
<—/—8 nx" Vh¢< *pl/N dx — /—x -V (0, ¢)( 1/N)d
0
+/W(% oY) dy +/M(% £ oY) dy 227)
r r r r
R3 R3
r r 1/N
_|_/ u—(w*pl/N)eg _ %0)0 %dx
I"2 r2 r
R3
EIN+IL+I1L+114+11s.
Integrating by parts, we easily find that
= /—nx 9 (thb)( *pl/N dx+/—nxhvh¢>a ( p‘/N)dx
R3
=/nx—h 0 (V) — 9; (Vi (0,0, x3)) (% *pl/N>dx
r r r
R3
+/ X Vap — Vi (0,0, X3) ( 1/N)d ‘
r r r
R3
By the Holder inequality, one has
Xh we
11 <l | 2] 190 [ 2200 Y| 4l || 19P6le [ V22 5 1Y |
(2.28)

2

we 2 1 we
=cimi+ |2+ 5[

rl2’
Similarly,
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1=l | 2] 1970 |2, (2:29)
According to the coordinate transformation, we have
+00 +c>oa 5
113=f / r10:9 (250N ) rdrdz
r r
—00 0
:—/narald)(%*plm)dx—/na—d)a ( 1/N>dx.
r r r r
R3 R3
Moreover, we have by the Holder inequality that
we wg
11 IVl | 225 0|+ a1 V2l | V22 5 01N |
(2.30)
wy 2
SR P R L
For the fourth term, we get by the Holder inequality and the Young inequality that
wp wp ||2
11y < Il Vgl | 22| < i+ 22 @31)
Next we estimate the last term
r r 1/N
115 =/ (u—z(a) % p N Yeg — %a)g) 2 dx
r r r
R3
u” N u xp'/N
=/ o(y)p ' (x —y)dyeg —dx o de (2.32)
R3 R3 R3
u” u" xpVN
=/w9<y)/ —0p"V (y = x) drdy — / — 5 —wp—dx=0.
R3 R3 R3
Plugging both estimates (2.28)-(2.32) into (2.27) yields
d \Y C ’ 2.33
ol + (ol = ’ -
%ol 0| =cimi3 i (2.33)
from which we have
H D (1 H / Hv w9 (z) H dr < Ce. (2.34)

This gives (2.22).
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For (2.23), taking the L2-inner product of (1.8) with wy, we immediately get

! Clen @13+ 1Vop @13+ | 20|

OOIIwellz + ClIVolllinl2lVella.

Since

o
lollz=llopll, and [ Vel = Vel +|
we get by the Cauchy-Schwarz inequality that
Lo+ 1Ivo13 < || 1wl + Clmi3 + S Ivol
2dr 2 S PO ES 2Tt
from which we obtain
d 2 2 u’ 2 2
Slo®I3+ 1Yo} = | =] _lwl3+clni.

The Gronwall inequality implies

1 t
lo®3 +f IVo@I3dr < (ool + Cf In(0)l3 e ) o 17 Ollcde,

Employing the magic formula established in [16] and the Holder inequality, we have

dr<C/‘
/ Lar)’ / |2 Lar)’ / )

t t

2
dr +

2

0 0

1

2
SC(t + %(r)” y df) <Ce.
r H

Plugging (2.39) into (2.38) implies

Ct
lo()2 +/ Vo (o) Rdr < Ce,

which together with (2.4) means (2.23).
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For (2.24), taking 0; on both side of the second equation to system (2.1), we immediately have

0;0;ic +u - Vojc — Adjc = —d;(nc) — dju - Vc.

Multiplying (2.41) by 9;c yields

1d
Eauaic(l)ni—i-/|V8,-c(x,t)|2dx
R?

3
:—/Bi(nc)aicdx—Z/&iujajcaicdxéllll+1112.
R3 j=lR3

For the term 111, we see by the Young inequality that
111 =/nc dredx < Clnlzllclioo|35¢],-
R3

Next we tackle with 7171>. It can be bounded as follows

3 3
1112:Z/ujaizjcaicdx-i-Z/ujajcaizicdx§2||u||oo||Vc||2||Ac||2.

j=1R3 j=1R3
Putting (2.43) and (2.44) into (2.42), we have
d 2 2 2
EIIVC(t)Iler [VZe(x,1)]” dx

R3
=Clnll2licllocll Acll2 + CllullccVell2 | Acli2

1
<ClInl3llcliZ, + CllullZ I Vell3 + ZnAcn%-

From this, it follows that

d
Envm)n% +/ IV2e(x,H)*dx < Clinl3llcliZ, + Cllull3 I Vell3.
R3

The Gronwall inequality implies

t t
IVe@)5 + / IV2e(7)I3 dt SC(IIVcollz + lleolloo / ||n<r)||%dr)ecfo lu(@lloo dv
0 0

1 Ct
<CeC1eC Iy @2 dr < e
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Next, we turn to show estimate of ||Vc||3.

1d
§E”aic(l)H;+/3ic(x1f)|vai0(x,t)|2dx

R3
3 (2.48)
=— / 0; (nc)|8l-c|8,-cdx — 2/ 8,-uj8jc|8,-c|8,-cdx.
R3 j:1R3
Integrating by parts and then using the Holder inequality, we see that
— f 3; (nc)|d;c|d;cdx =2/nc|a,»c|a,%.cdx
R3 R3
1 1
2 2 2
=llelloolnllzldicll; ([ Bic e, D1 Vd;eCx, DI dx ) (2.49)
R3

1
<leltniBloicla + [ Wit 0l 1Vae(r. 0P d.
R3

Integrating by parts and performing the Holder inequality, one has

3 3
—Zfaiufajqaida,-cdx =22/8iujc|8ic|8i2jcdx

i=1Rs J=1R3

1 1
<2ellelVulalel ( [ et 0l aie. niar)
R3

1
52||c||§o||W||§||aic||3+5/|a,-c<x,r)||va,»c(x,t>|2dx
]RS

1
52||c||3,o||w||z||Au||z||al-c||3+1/|a,-c(x,t)||vaic<x,r>|2dx

R3
Plugging this estimate and (2.49) into (2.48), we obtain

1d
ga||a,-c(t)|\§+/a,-c(x,z)|va,-c(x,t)|2dx

e (2.50)

<lclZnl3[dic@) |5 + llel3 I VulallAulz||dic®)] ;-
This implies
d 2
3 1Ve@I5 < el linlz + el I Va2l Aull.
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Integrating with respect to time ¢ yields
Vel = Vol 1"

Inserting this estimate into (2.50), we finally obtain

2
) dr < Cce“".

t
||VC(t)H§+/HV|vC(r)|%
0

For (2.25), taking the L2-inner product of the first equation of (2.1) with n, we have

1d
mnnmn% Va3 +alln@®)|3 + ||n<r>||it=—/v-(nw) ndx + (a + D[n@)]3.
]R3
(2.51)

Integrating by parts and using the Holder inequality, one has

—/V~(nVc)~ndx:/nVcVndx

R3 R3
2
313
<Clinlls |1Vel3 | 1Valz
3 3|5 32 3
<ClinllZ, |1ve2 ] |1vel?| D 1vni3

2. o L 2
=CIVells | vIvelt | InlZ; + 71vnI3.

Plugging this estimate into (2.51) and integrating the resulting inequality in time 7 entails

t t t
||n(t>||%+/||Vn(r>||%dr+af||n(r)||%dr+/||n<r)||idr
0 0 0 (2.52)

t t
3 2
<ol + € [ 19es [vIver @ In@ s v + 1 +a) [,
0 0
The Gronwall inequality implies
t t t
||n<r)||§+/||Vn(r)||§dr+a/||n<r)||§dr+/||n(r>||idrsCeCf.
0 0 0

Lastly, we show estimate of ||c|| ;2. Performing A to the second equation of (2.1) gives
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0tAc — AAc=—A(u-Vc) — A(cn).
Multiplying the above equality with Au and integrating in spaces, we obtain
1d 2 2
EEHACHZ +IVAcll3=— | A(u-Vc)Acdx — | A(cn)Acdx

R3 R3
L2V 4+ V. (2.53)

For the term V;, we have

V1=/Vu~Vc~VAcdx+/u-V2c'VAcdx
R3 R3

2.54
<IVulloo I Vel V Acll + lullool V2211V Acllz (259

1

<C|IVul% Vel + Cllull% 1Vl + Z1VAc.
For the term V,, we conclude
1% =/ Ven - VAcdx + / cVn-VAcdx
R3 R3

(2.55)

=lIVelslinlizIVAclz + liclloo Va2V Acll2

1
<CllAcl3linl3 + CllelS I Vall3 + 71V Al

Plugging (2.54) and (2.55) into (2.53) and using Gronwall’s inequality, we have (2.25). This
completes the proof of Proposition 2.2. O

3. Proof of the main result

This section is devoted to showing Theorem 1.1. Now we first focus on the existence state-
ment. We build up the following approximation scheme:

anN +uV . vnN — AnN =—v. @My + 0V A —nM)YN —a), xeR3, >0,

B,CN +ulN . veN — AN = NN,

aulN + IyuN - vuN — AuN + VPN = — Iy Vo) 3.1
divu™ =0,

N
N, N, uN))—o = Iy (no, co, ug).

By the property of mollifier, we see that (ng’, cév, u(l)v) € Xo N (H®)? with H® £ NgoH*.
According to Proposition A.1 we notice that the system (3.1) admits a unique global smooth
solution. Moreover, Proposition 2.1 and Proposition 2.2 ensure the following bounds is uniform
in N:
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AV e L°RY, L'R3Y)NLE(RT; L2ZR3) N L2 (RT; HI(RY)),

loc loc
Ve LPRY; LY R NL®R3)) NLERT; H2(R?) N LL (RT; H3(R?)),
u e Ly (RY; HA(RY)) N Ly (RT; HY(RY)),

loc

N
w
79 e LR L2(R*) N LE (RT; HI(R?)).

Next our task is to show that (3;n", d;c", d,u’) is bounded uniformly. The first equation of

system (3.1) can be written as
an¥ =AnN —uV vV —v . @V + (@ + D) — an’ — V).

Simple calculations yield

LPH!

lon™l g <lan¥) gl VRN g V@M VEN)
LPH! LPH! LP H!

t

@+ DIEM? o Falln g 1@
LPH-! ! LPH-

N N N N N
<lAnTl g A lu llpepalln™ I o+ lnT 2V llpsga
L3 H! L} LA ! !

+@+ D[Ny |, +alln

N
.
Lt3 L3 L;

N3
o +ln N7 s =C@).
L5 L;‘L

4
This implies that ;n" is bounded in L] (R™; H~'). Similarly, we can deduce that d,c" is
bounded in Ly, (R™; H!) and 9;u" is bounded in Ly, (R™; H~'). Meanwhile, we know that
L? local compactly embeds in H* and H* continuously embed in H~! with s € (—1,0). Re-
peating the process used in proof of Proposition A.1, we infer that the sequence (n, ¢V, u™)
tends to (n, c,u) in C(R™; H®) with s < 0 and the solution (n, ¢, u) satisfies equation (1.4) in
D' (Rt x R?). From Fatou’s lemma, we conclude that

ne L®RY, L'RY)) NLERY; L2RY)) N LE.(RT; HI(RY)),
ce L°(RY; L' R NL®R) N LE(RT; HA(R?) N L (RT; H(R?)),
ue L2 RY: HY(R3) N L2 (RT: H*(R?)).

loc loc
For more details, one can refer to Step 3 in the proof of Proposition A.1 in Appendix A.
Now we turn to show the uniqueness. Let (n1, c1,u1) and (ny, ¢z, u) are solution of system
with the same initial data, then the different (6n, §c, Su) := (n1 — no, c1 — c2, u1 — uy) solves

ordn—+uy-Vén — Adsn =—V - (n1Vdéc) — V- (6nVcy) —du - Vno + f(ny) — f(ny),
0;8c+uy-Véc — Adc = —8ncy —ni1éc —du - Vey,

0rdu+uy - Véu — ASu+ Vép = —V¢én — du - Vno,

(8n, 8¢, du)|i=0 = (0,0, 0).

(3.2)

Taking the standard L?-estimate of (8, 8c, u).
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1d
Eaﬂén(t)llg-i-||V8n(t)||%:—/V~(n1V8c)8ndx—/V-(8n~V02)8ndx

R3 R3
+ / (f (1) — f(n2))éndx —/8u - Vnaéndx.
R3 R3

Integrating by parts, we find that

—/V~(n1V8c)5ndx=—/n1V80V5ndx
R3 R3
<ln1l3lIVécll6llVénll2

1
<Cln1311V38cll3 + gnvsnn%.

Similarly, we can infer that

— / V. (nVey)dndx = / én-VepVéndx
R3 R3
<lI8nll2IVerlloo I Vénll2

1 3
1.3
<IVeall; IV eallz l18nl2[Vanll

1 3 1
<IVerll} [Vea | F6mI3 + 5 | Van[3

A simple calculation gives
/ (f (n1) = f(n2))dn dx
R3

=_(1+a)||3n||§—f(n%+n1n2+n§)(5n)2dx+/(n1+n2)(5n)2dx.
R3 R3

Since the first two terms of the right hand-side of the above equality are negative, we can ignore
them. For the third term, by the Holder inequality, we immediately obtain

/(nl +n2)(8n)> dx <(lIn1ll3 + lInall3) 87 l6l18n |2
R3
<C(lInllz + lln2ll3) 1V8nll2l1nll2

2 1
<C(lln1ll3 + lIn2llz)~N6n113 + gnvann%.
Performing the Holder inequality and the Young inequality, one has

597



Q. Zhang and X. Zheng Journal of Differential Equations 274 (2021) 576—612

— / Sdu - Vnydndx :/nz(Su -Véndx
R3 R3
<Cllnzl3]|8ull6lVin|2

1
<Cllnal3IV8ull3 + £ IV8n]3.

Collecting these estimates, we have

d 2 2
g7 19nDllz + [1Ven@)liy

1 3 2
sC(Hchn;||V3cz||§||6n||§+(||m||3+||nz||3) ||8n||§+||n1||§||v25c||%+||nz||§||vau||%).
(3.3)

Next, we begin to show H 2_estimate for Sc.
EEH(SC(I)IIZ + IVéc()ll; =— [ dncpdedx — | nidcdedx — | du - Verdedx. 34
R3 R3 R3
By the Holder inequality, one has
—/5n6‘286dx < lle2lloolidnllalisell2 < C(lI8n3 + [8c3).- (3.5
R3
In the same way as above, one can conclude that

1
—fnlacscdx <ln1lzl8cl2l8ells < Clnili3lISells + Z”V‘SC”%'
R3

Also

— f Su-Verdedx = / c28u - Vécdx <|lcalloo|lSull2]| Vécll2
R3 R3

1
<Clleall3I8ull3 + Z1V3clly
Therefore, we get

d
3 18I+ 1V8e()ll3 < (nann% +118¢l3 + In 3 18¢13 + ||cz||§o||8u||%)- (3.6)

For H?-estimate of §c.
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1d
Ea”A(SC([)II%-{-||VA8c(t)||%:—/A(nléc)A(Scdx—/A((Sncz)A(Scdx
R3 R3

— / A((Su . ch)Aécdx — / Aui - VécAdcdx
R3 R3

—2/ Vu;-VVécAécdx.
R3

A simple calculation yields

—[A(nu?c)AScdx:—/nlA(SCA(SCdx—/Anl(ScA(Scdx
R3 R3 R3

—ZfV(ScanA(Scdx
R3

:—/n1|A8c|2dx+/Vn18cVA8cdx—/V8cVn1A8cdx.
R3 R3 R3

For the first term on the right hand-side of the above equality, we know

—/n1|A5C|2dx <lin1llsllAdcll2llAdclle
R3

1
<lIni131A8cl3 + anscu%

By the Holder inequality, one has

/Vn156VA56dx =lIVaill2l8clloo IV Adcll2
R3

2 2 1 2
=ClIVrldely + 71V Ascl.

In the similar fashion, we get

- f VécVniAdcdx <[[Vni|2lVécl3llAdclle
R3
2 2 1 2
SCIIVn1||2|I56||Hz+4IIVMC||2-
Integrating by parts,
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—/A((Sncz)A(Scdx:/V(éncz)VASCdx

R3 R3
(3.7)
:/ (V&ncz)VASCdx + / (SnVCQ)VA(Scdx.
R3 R3
By the Holder inequality, we easily find
[ (vancavasear <leslol Vontal v sl
R3
1
<leallZ VI3 + 21V Asell3.
Similarly, we have
/(5nV02)VA3cdx =lIVealloollénll2[IVAdcll2
R3 (3.8)
1
<llealga18n 13 + 7 IV Abell3.
Integration by parts,
— / A(Su . ch)A(Scdx =fV(8u . ch)VA(SCdX
R3 R3
(3.9)

=f (V(Su . ch)VA8C dx + / (8u . VVCQ)VABCdx.
R3 R3

By the Holder inequality, we see that

/ (Véu - Ver) VASe dx <[|Vsullal|Ver ool VASC]2
R3

2 2, 1 2
=lle2llsIVoully + 7 IV Adc];.

In the same way, we have

/ (8u - VVer)VAScdx <|Isull6lIVZc2ll3|V AScll2
R3

2 2, 1 2
<lle2llgs IVeullz + ZIIVMCIIZ.
By the Holder inequality, one has
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—/Aul - VécAdcdx <[|Auy|3[Vicllsl| Adcll2
R3

2 2
=Cllurllysl1Adcll3-

By the Young inequality, one has

—2/w1 . VVScASedx <2(|Vuy |3]V28cll2 ]| Adclls
R3

1
<Cllur[7211928¢ll3 + IV Adel3.

So, we have

d 2 2
g7 120c@liz + IV Asc@)ll3

1
<1113 + lur 131803 + leall3a 1 Voull3 + lleall 3 118n13 (3.10)
+ CIIVRLIBI8cl3,2 + Cllur 13 1V%6¢13 + lleal2 1 Vénl3.
Lastly, H!-estimate for §u. We start with L?-estimate:
Ea||5u(r)||2 +IVSu()||l5=— [ $nVpsudx — | Su- Vurdudx.
R3 R3
By the Holder inequality, we have
—/ankudx < IVlioolidnllalidull < C(lI8nlI3 + [18ul13) (3.11)
R3
and
1
2 2 2
—/au Vusdudx < |VuallsllSullslidulla < luzlzl1ulls + 5 1Voull3 (3.12)
R3
Thus, we have
d
1813+ IV8u ()15 < Cluallfpa I8ull3 + I8nll3 + ull5). (3.13)

Now we turn t show H !-estimate. The standard argument enables us to infer that
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1d
EEHV(SM(I)II%—}—||V28u(t)||%:—/V((SanS)VSudx—fV(Bu-Vug)VSde
R3 R3

—/V{Su -VuyVéudx.
R3

Integrating by parts means,

—/v(anw)vau dx =/8nV¢V28udx <V lloolldn 2l V>8ull
R3 R3

1
<IVOIISnl3 + 1IV28ull3.
By the Holder inequality, we obtain

—/V(Su~Vuz)Véudxzf(Su-Vuz)VZSde <C||Vuz|l3l18ullsl| V8ull2
R3 R3

1
<Clluall72 V8ull3 + 7 IV28ull3.
By the Holder inequality and the Young inequality, one has

_ / Vu - ViuyVsudx <||Vuy 3] Véulle|| Voull2
R3

1
<Clluall721V6ully + 7 1V28ull3.
Thus,
d
3 1VBuWIZ + 192813 < Clluall 32 Vaul3 + 1V 1% 15n13. (3.14)
Collecting estimates (3.3), (3.6), (3.10), (3.13), (3.14), we finally get
d 2 2 2
= (I8 @13+ 13¢@l + [u()17,1)
1 3
7 3 2
<C([I8n()]3 + I8¢t 17,2 + H6u<t>||§,.)(||wz||§ IV2e2|3 + (Imills + ln2lls)”  (3.15)

+ lluall3 + et s + lleall3s + 1Vnl3 + 1).
By the Gronwall inequality and the continuity argument, we eventually conclude that
(6n, éc, éu) = (0,0,0)

forall t > 0.
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Appendix A

In appendix, we shall prove the global well-posedness for (2.1) using energy estimates and
classical compactness arguments.

Proposition A.1. Let V¢ € L (R3) and the initial data (no, co, ug) € (H*(R?))3 with s > %
Suppose that the initial data ny and cq are positive. Then the regularized system (2.1) admits a
unique global solution (n™, ¢V, uM) e (C([O, 00); H (R3))N leoc([O, 00); H* ! (R3)))3. More-
over, nN (x,1) > 0 and cN (x,1) > 0 for all (x,t) e R? x R*.

Proof. Let us denote
Hy R 2{f e H'®RY) | | fll s w3y < M}

for s > % Our task in now is to establish the global-in-time solution to the following system in
the space Hj, (R3)

N + Ko (KeuNe - VICnN-¢) = AK2nN ¢ — KV - (Ken™ ¢V cN) — aK2nN-¢
+(a + I)Ks(lcenN’s)z - KS(ICEnN’S)'%s

9,cN-E + K, (KguN’s . VICch’S) = AIC%CN’E — Ko (KecN2 1 nV>#),

ulNE + Ko (IyulNe - VICuMN€) + VI, PN¢ = AKCZuMN¢ — Iy (KenN £V ),

divuMN-¢ =0,

(£, cNE uNE) | —o = I (no, co, uo),

(A.1)
where IC; f = p® x f with p® = 81—3,()(%). Using Leray’s method and the incompressibility condi-
tion divu™¥-¢ = 0, we eliminate the pressure P"-¢ by projecting the third equation of the above
system onto the space of divergence-free functions:

HY" (R3) 2 {(n, e, u) € (HS(R?))? | divu = 0] .
Then, problem (A.1) becomes to an ODE in the Banach space Hj,”:

d Jnng
GEV = Fy (V). BV, 0)= Eg (0 = | Jneo |, (A2)
Inug

where
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Fjl’aﬁ(EN’g) =A]anN,s — KV - (Ien N EV N f) — a/anN,g
+ (a + l)lcg(’anN's)z — ICg(’anN’g)?’,
FZ%]’E(EN’E) = AK%CN’G - K:E(ICQCN’sK:ngN’s)s

Fy (EN) = —PK, (JNuN’s : wcgquf) +AK2UNE — Py (Ken™ V),

with P is Leray projector. And (A.1) and (A.2) are equivalent, see for example [15].
Step 1: For each N € N, we shall prove the existence and the uniqueness of solutions to
problem (A.1).

Proposition A.2. Ler V¢ € L®(R?) and (no, co, ug) € (H* (R3))3 with s > 3/2. Then, for each
N e N7, system (A.1) has a unique global smooth solution

(n™e N uNe) ) € CRT: HY(R)))’
Proof of Proposition A.2. For every N > 1, it is easy to check that
Iy (EY(0) = Fp (B3 ()l s
<C(N, &, IEY*Dll2, IESY S EY (1) — EYF (1)l s,

IFY J(EY(0) — Fa o (B3 (0) |l s
<C(N.& |EY Oll2. 1EY O I2)IEY (1) — E3 ()l s

and

IFy J(EYF (1) — Fy J(EY"° ()l s
N,e N,e N,e N.e
<C(N, &, |EN @)l 1EY S )2, 1V lo) 1EN S (8) = EN S (0) 1.

This means that Fy . maps H*(R?) into H*(R?) and Fy . is locally Lipschitz continuous on
H*(R3). Hence the Cauchy-Lipschitz theorem ensures that for every (ng, co, ug) € (H* (R3))3,
there exists a unique solution (n™¢, V¢, uN-¢) € (C([0, Ty), HIS\,(]R3)))3 with Ty > 0 is the
maximal existence time.

According to heat equation theory, we can show the time differentiation. For example, we
consider the ihomogeneous heat equations: u; — Au = f(x, t), which can rewrite as

ur=Au— f(x,t).

Assume u € L®H*(R?) and f € L® H*~2(R?), we have u; € L H*~2(R?). For the arbitrari-
ness of s, we obtain

u; € LfOHS(R3) for each s > 0.
In a similar process, we conclude
0y — Nu; = fi,
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and then we have u,, € LY°H $=2(R3). Thus we prove the time differentiation.

Now, we show that Ty = oo. Since Jyng > 0, we deduce that n?¥-¢(¢) > 0 for all # € [0, Ty),
by utilizing the first equation of equations (A.1). Taking the L>-inner product with the second
equation of (A.1) by ¢™V*¢, we have

1d
5 MO+ IVE™ (0l = — / e (Cec™*Ken™*)eM* dx < 0,
R3

which gives that
t
2
leNe())13 +2/ IVEecM ()3 dr < |3 (A.3)
0

Also we have
I @llp < fleo]],  foreach p & [2.00].

Since D(R?) is dense in H¢(R3) for all £ > 1, there are no boundary terms when we integrate
by parts in the following calculation. In the same process, we obtain

1d
2" O +a|Ken O+ [Ken™ O]+ [VEn O]

Z/’anNVSVKECN’s - VICen™ dx + (1 + a) /(IanN’s)3dx
R3 e

1 1
<C@ ™33 + 3 IVICen™ €113 4+ ClIn™€ |13 + znican*fni
and
1d 2
muu“mu% + || V™ @) < ClIVllsolln™ 2 llu™ 1l

We deduce by using Gronwall’s inequality that

t
I ()13 + 2 / IVICn™ e (D)3 dt < [Ing ©|3eC®" (A.4)
0
and
t
lu € ()13 + 2 f IVCu™e ()13 dr < [lul ©13eC©". (A.5)
0

By the same argument as used in (A.3)-(A.5), we can show that for s > %,
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d
—IEN*@)llgs < C (1, N. &, llnoll2. lcollz luoll2. [V lloo) 1EN* ()| a5
dr
Then we conclude by Gronwall’s inequality that
IEN<@t)llgs < C(t, N, e, E(0)) forallz € [0, Ty).

Here and what in follows, E (0) = (ng, cg, ug). Therefore, solutions can be continued for all time
by invoking the continuation property of ODEs on a Banach space. O

Step 2: In this step, we give the uniform boundedness for solution (n"V-¢, ¢V-¢, uN-¢) (inde-
pendent of ¢).

First we show the L2-estimate of solution (n™¢, V¢, u™-#). As in proving (A.3)-(A.5), we
get

t
IEN- @013 + f IVICEN(0)|13de < C(t, | EO)]2). (A.6)
0

Now we turn to show H'-norm of solutions. Thanks to estimate (A.6), we easily get that the
triple (Jyn™¢, JIyc™-, Iyu™+) belong to (CL. ([0, 00), He(]R3)))3 for all £ > 1. Hence, we
have enough regularity to justify all calculations below. First, performing H*(R?) to u™¢, we
can show that

d
3 1O + 1™ Ol < CON Tl lu™ s + CO ™ ™ s

From this, it follows that

t
™= @))%, + / ICeu™* (D)117;,51 dT < C (2, N, Ep) . (A7)
0

Multiplying the second equation of (A.1) by —Ac”-¢ and integrating in space variable x yield

that for s > %,

1d
——IVeNED I3 + 1AKNE (0113
2dt
1
<CIKeu™ Nl s Ve 213+ Clln™ I3 Ne™ I puir + N AKe™ 3.
Then we have
t
VN )15 + / IAK:cN4(0)|3dT < C (¢, N, Eo). (A.8)

0

Similarly, we can show that for s > %,
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1d

oFT IACNE@)I13 + IVAKeN ()13

1
N,g 2 N,e |2 N,ey 2 .N,& 2 N,e\ 2y .N,&e 12 N,e 2
<C(WCeu™ 1 IV 13 + 1™ 131N 120 + 1VEen™ #1314 1) + IV AK ™13,
H 4

Moreover, we have
t
AN e @)1 + / IVAK.cN*(r)[5dT < C (1, N, Ep).
0

Multiplying the first equation of (A.1) by —An™ ¢ and integrating in x yield

1d 2
S5 1V O3+ 1AKn™ 13 + al VEen™ |13 + 3| Ken™ = VECen™

=— /(VICSnN’S) SV uNE VN dx + / \Y% (ngnN’EVICecN’E) AK.nN¢ dx
R3 R3

+2(1+a) / VN8 (N EVICn™ %) dx
R3

<CIVE™ RIVaY 413+ € (19K IV 1%, + 1Va ™ 131 AKec™# 1)
1 1
+CIVAN I3 + SIKen™ VEen™ 5 + L AKen™ 5.

Thus, we obtain

t
Ve @13 + f lAKen™(@)ll3dr < C (¢, N, Eo).
0

Lastly, we shall give H*-norm for n-¢ and ¢"V-¢ by the theory for heat equation. Firstly, we have
that for s > %,

d
N 2 N, 2
=— ™ E O s + V™ ()55
2 dt
N 2 N 2 N N, N, N, N,e)2
<Cllu™ e gs le™ Mg + Clln™Flloollc™ N as 10 75 4+ Clle™ *lloolln™ * 175 (A9)

1
+ Z IKee™

Similarly,
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1d
mnn’%)n%{s HIVEen™ 0135 + 1en™ 135

N,e 2 N,e 2 N, N,e 2 N, N,e 2
<Cllu™ g In™ Mggs + Clin™ oo I1en ™ [ yss1 + CIVEe™ “lloolln™ [l

1
+ Z I1Ken™ .

This estimate together with (A.7) and (A.9) yields
t
IEN (@)1 +/ ICe EN¥ (0113041 dT < €2, N, Eo). (A.10)
0

Step 3: This step is to prove that (nN-e, Ne yN.g) converge to a limit ", N, uN)y satis-
fying system (2.1) in the sense of distribution.
Estimate (A.10) ensures that the family (3,n™-¢, 9,c™-¢, 9,u™¥) € (L2 (RT; H~1(R?)))3.

Let {);};en be a sequence of C8°(]R3) cut-off functions supported in the ball B0, + 1) of R3
and equal to 1 in a neighborhood of B(0, /), namely

[1. in BOD,
X=Vo.  in BCO.I+1).

Thus we have || x|z~ < 1 and || x;||ws. < C with C is independent of /.
By the Leibinz estimate, we get that, for any / € N,

N, N, N, N, N,
an™ N gs=1 < xallzeelin™ lgs—1 + xillws-1o0o 0™ Fll 2 < CUR™E N gs—1 + In™ N L2),

M)

where C is independent of /, which implies that {( XlnN £, chN £ xiu is uniformly bounded.

On the other hand,

1

2

t
1
lxan™# () — xan™* (Ol gps—1 < (2 = 5)2 / i dn™ (O 13-0dT |
N

from which it follows that {(;n™N*¢, x;¢V¢, x;u™ %)} is equicontinuous in (C(R, H*~1(R?)))3.
Notice that the application n¥-¢ > x;n™-¢ is compact from H® into H* as s >s. We use
Lions-Aubin lemma to the family {(x;n™¢, x;cV¢, x;u™+¥)} on the time internal [0, 1], and
then use Cantor’s diagonal process. This finally reduces a distribution (n", ¢V, u™) belonging
to (C(R+; HS/(]R3)))3 and a subsequence (which we still denote by {(nN'E, e, uN’a)}) such
that, for all / € N, we get

—0 . / 3
Gun™ e, e, ) 5 Gun e, ™) in (C(10,11; HY (RP))).

This obviously means that (n"-¢, ¢N-¢, u™-¢) converges to (n", ¢V, u") in D'(R* x R3). Fatou
lemma entails that

3
", N ouNy e (LS RY; HY N LY (RT; HSTH(RY)))™.
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Next, we show that (nN N ouN ) is continuous in H® x H*® x H®. By Littlewood-Paley, we
can show that

1/2
2 N2 N N N N
(E 2% Agn ||L,°OL2> <lnollas + Cllu™ I 2gslln™ N2 s + Clin™ 2 s lle™ Nl 272
q>0

+ClInN 2, 4+ Cla  ops 0112, ,, < oo

L2HS L2HS

Combining the above estimate with the fact n™¥ (r) € L H*® implies

1/2
22qs A N2 /
D 2018y ) <00

g>—1
Then, the sequence {SMnN } wez+ tends uniformly to nV in L®HS with Sy is the low-
frequency cut-off operator. Besides, the fact on e LIZOC(RJ“; Hs~HR3)) gives rise to n
C@R*; HY (R?)) with s’ < s. This reduces that Syn™ € C(RT; H*(R3)) for a fixed M €
7Z7%. Thus, we have n" e C(RT; H*(R3)). In the same process, we can obtain that cN
C(R*; H*(R?)) and uV e C(RT; HS(R?)).
Step 4: We show the uniqueness of solutions. Suppose that (n i=1,2, are two

solutions of the system (2.1) with the same initial data. Then the difference (8n”,8c", su™)
satisfies

NNN)

donN +ull - vén® — Asn" ——v-(ngvvacN)—v.(aanc )
—sul . vn + f(nl) - f(nz)
38N +ul - vscN — AscN = —snNe) —nlVscN —sulN - vel (A.11)

dou + (Iyul) - Voul — AsuMN + VpN = —Jy(Vesn™) — (JNSMN) VulY,
Vn, 8Nc,8Nu) ;=0 = (0,0, 0),

where f(n") = (@ + 1)(n™)? —an® — V)3,
Making the L2-inner product with the first equation of the above system with 8n”, we obtain

1d
mna N||2+||wn*?||%+a||6n€||%+/((n1 )2 +nnd + (n))?)En™)? dx
R3

1
<Cll N, N uMy 136N, 8N, suM)y 13 + 3 Iven™ii3,
where
1™, N uMy s = 10N, N w13 + 10y, e ub) s
In a similar way, we have
ld N N N N N Ny 2 N2 1 N2
5% 13+ 1V8cV 15 < Cllm™, N, uM) 13 180", 8N, 8u™) |35 + [16n 15+ g Ivae™Is,
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and

1d 1
EansuNn% +IvsuM 3 < ™, N u™) |l en”, 8N su) |3 + gnv&fu%.

Summing up the above estimates gives
d
5 len®,ae, suM 13 < Cll™, ™, u™) 35 116n" 8N, su™) 13

The Gronwall inequality implies n{v = n/2V , cf’ = cév , uf/ = uév on time interval [0, T'].

Next we show the positivity of n/V > 0 and ¢V > 0 for all (x, ) € R? x R*. Let us denote
n™)™ £ min{n", 0}.

Multiplying the first equation of (2.1) by (nV)~ and integrating in space variable x, we obtain

1d
gd—,H(nN)’lliz HIVEN) T3, =— / V- @My ™) Tdx + (@ + 1)/(nN>2<nN)*dx
R3 R3

—a/nN(nN)_dx—/(nN)3(nN)_dx.
R3 R3

Integrating by parts and utilizing Hoder’s inequality imply

1
- / V- mNveMy @My mdx < CIVeN 2 1™ T3 + ZIIV(HN)’II%
R3

On the other hand, we get

(a+1) /(nN>2<nN>—dx < ClIn" ol (n™) 7113, —aan(nN)—dx <Cl(n*~13
R3 R3

and

— f ™) (n™)"dx < IV |12 1) 713
R%
Collecting the above inequalities, we obtain
™) Iy + 1M 12, < € N, E) (™)
dr L2 12 = ) » L0 12"
Using Gronwall’s inequality, we have for any ¢ > 0
I@™)~@)ll2 < Il ™1 2C (1) =0,
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which gives that n® > 0 for almost everywhere (x, 1) € R3 x R™*. Since s > 1, we infer
H'(R3) < C(RY).

Thus we conclude that n¥ > 0 for all (x, 1) € R3 x R*. By the same process, we can obtain the
positivity of ¢V > 0 for all (x, ) € R3 x R*. Therefore, we complete the proof. [
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