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Abstract. We study a Dirichlet problem for an elliptic equation defined by a degenerate coercive operator and a singular
right-hand side. We will show that the right-hand side has some regularizing effects on the solutions, even if it is singular.
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1. Introduction

In this paper we study existence of solutions to the following elliptic problem:

(a@Vu\ _ f .
—dlv(—(1 n u|)P) = T in {2, (1.1)

u=20 on 02,

where {2 is an open bounded subset of RY, N > 3, p and ~ are positive reals, f is an L™({2) non-
negative function and a : {2 — R is a measurable functlon such that 0 < a < a(x) < (3, for two positive
constants « and 3. We are able to prove the existence of distributional solutions « in the sense that for
every w CC {2 there exists ¢,, > 0 such that u > ¢, > 0 in w and

Vu -V
[awgt e~ [ Lo vpoecio (1.2)

We point out that the operator v — —div( (‘l‘(jffvvl)”p ) is not coercive on H{J({2), when v is large (see [13]).

Moreover, the right-hand side is singular in the variable u. We will overcome these two difficulties
by approximation, truncating the degenerate coercivity of the operator term and the singularity of the
right-hand side (see problems (2.1)). We will prove by Schauder’s theorem that these problems admit
a bounded finite energy solution u,, with the property that for every subset w CC {2 there exists a
positive constant ¢, > 0 such that u,, > ¢, almost everywhere in w for every n € N. This condition,
combined with some a priori estimates on u,, obtained in Section 3 will allow us to pass to the limit in
the approximating problems and get a solution to problem (1.1) in the sense of (1.2).

We remark that the lack of coercivity of the operator term can negatively affect the existence and
regularity of solutions to

. a(x)Vu )
—d V((l n u\)p) = f in {2, (1.3)
u=20 on 012.
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This was first pointed out in [7], in the case p < 1. In the case where p > 1, the authors of [1] proved
that no solution exists even for some constant data f.

A natural question is then to search for lower order terms which regularize the solutions to prob-
lem (1.3). This leads to the study of existence and regularity of solutions to problems of the form

. a(x)Vu .
{ —le(m) + Q(U, VU) = f m Q’ (14)
u

=0 on 02,

under various hypotheses on ¢g: 2 x RV — R. In [6] the case ¢ = g(s) = s was examined. That
work takes advantage of the fact that, just as for semilinear elliptic coercive problems (cf. [9]), the
summability of the solutions is at least that of the source f. In [10] we analysed two different lower
order terms g = g(s). The first, a generalization of the lower order term studied in [6], is g(s) = ]3[”_1 S,
r > 0. The second is a continuous positive increasing function such that g(s) — +o0, as s — s, for
some sy > 0 (see [3]). The lower order term of [4] is, roughly speaking, b(|s|)|¢|> where b is continuous
and increasing with respect to |s|. In [11] we showed the regularizing effects of the lower order term

g9(s, &) = |§L , ¢ > 0, which grows as a negative power with respect to s and has a quadratic dependence
on the gradient variable (see [2] and [5] for elliptic coercive problems with the same lower order term).

In all of the above papers a regularizing effect on the solutions to (1.3) was shown under a sign
condition on g: either g(s, £) > 0 for every (s,&) € R x RY and the source is assumed to be positive or
g(s,&)s > 0 for every (s,€) € R x RV,

In this paper we study the effects on the solutions of a different term, uiw on the right-hand side. Our
inspiration is taken from [8] where the authors considered the same right-hand side, for elliptic semilin-
ear problems whose model is —Au = % with zero Dirichlet condition on the boundary. Our main result
shows that, despite the singularity in u, this term has some regularizing effects on the solutions to (1.3).
The regularity depends on the different values of v — p: we distinguish the cases p — 1 < v < p+ 1,
v=p+1,and v > p + 1. These statements are made more precise in the following theorem.

Theorem 1.1. Letv > p — 1.
(1) Lety <p+1.
() If f € L™{2), with m = ﬁ, there exists a solution u € H}(82) to (1.1) in the sense
of (1.2). If 5—2+— — H"Y <m< ﬂ , then u belongs to L™ O F1=P)(()).
(b) If f € L™(2), with max{l,m} <m <

2*
W) (0), 0 = mOELP) 16 (1.1) in the sense of (1.2).

pE— el there exists a solution u €
N—m(p+1—)

(2) Lety = p+ 1 and assume that f € L'(£2). Then there exists a solution u € Hé((?) to (1.1) in the
sense of (1.2).
() Lety > p + 1 and assume that f € L'(§2). Then there exists a solution u € HI{)C((Z) to (1.1) in

the sense of (1.2), such that u T € Hi().
(4) Let f € L™(S2), with m > ];] . Then the solution found above is bounded.

Let us point out the regularizing effects of the right-hand side. It is useful to recall the results obtained

in [7] for problem (1.3). Let p < 1 and g = #&%.
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(@) If1 <m < WJ\ENZ), then there exists u € Wol’q(Q) or [Vul® € L'(2),Vs < q.
(b) If m <m < &, then there exists u € H}(£2) N L™ 1=P((),

(c) If m > 2 , then there exists u € HJ(§2) N L>®(£2).

We now compare the summabilities obtained in Theorem 1.1 to the previous ones. First of all, we have
a solution for every p > 0, if v > p — 1. This is not the case for problem (1.3), as proved in [1]. Under
the same conditions on f, the summability of the solutions to (1.1) is better than or equal to that of the
solutions to (1.3), since ¢ > g and m**(y + 1 — p) > m**(1 — p). Moreover, we get HJ({2) solutions

for less regular sources than in [7]. Indeed, if p — 1 <y < p+ 1, one has 5 ; 7 < N pz)ﬂ\r’z(pﬂ), if

v = p+ 1 we get a finite energy solution for every L!({2) source.

2. Approximating problems

As explained in the Introduction, we will work on the following approximating problems:

{—div( @)V ): CLICO RN

(L TP ) (ua| + Ly @.1)
U, =0 on 012,

where n € N and
—-n, s$<—n,
Th(s)=4s  —n<s<n, (2.2)
n, s = n.

Observe that we have “truncated” the degenerate coercivity of the operator term and the singularity of
the right-hand side.

Proposition 2.1. Problems (2.1) are well posed, that is, there exists a non-negative solution u, €
H{(82) N L>(£2) for every fixed n € N.

Proof. In this proof we will use the same technique as in [8]. Let S : L?(£2) — L?(§2) be the map which
associates to every v € L*({2) the solution w,, € H&(Q) to

—div ( a(x)Vw, ) _ L g
(I + | Tatw)DP ) (ol + £ ’ (2.3)
wy, =0 on 0f2.

Observe that S is well-defined by the results of [12] and w, is bounded by the results of [14]. Let us
choose w,, as a test function. Then,

[Vwn|? / a(@)|Vw,|* / To(f)wn
o < = <n7+1/ wy| < 12120 w,
/Q A t+np Jo O+ T~ Jo Qo[+ Ly o lwn| < |£2] lwn || 122
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by the hypotheses on a and Holder’s inequality on the right-hand side. Poincaré’s inequality on the
left-hand side implies

O‘P||wnH2L2(Q) < |Q|l/2(1 + n)pn'yﬂ”wnHLz(Q)'

Thus there exists an invariant ball for S. Moreover it is easily seen that S is continuous and compact by
the H}(£2) — L*(2) embedding. By Schauder’s theorem, S has a fixed point. Therefore there exists
a solution u,, € Hé((?) to problems (2.1). Observe that w,, is bounded by the results of [14]; by the
maximum principle, u,, is non-negative since f is non-negative. O

Remark 2.2. We remark that the existence of solutions to (2.1) could not be inferred by the results
established in [7].

Proposition 2.3. Let u,, be the solution to problem (2.1). Then u,, < Uy a.e. in §2. Moreover for every
w CC {2 there exists c,, > 0 such that u, > ¢, a.e. in w for every n € N.

Proof. We will use the same technique as in [13] to prove uniqueness of the solutions to problem (1.3).
In the proof C' will denote a positive constant independent of n (depending on «, 3, p and the constant
‘P of Poincaré’s inequality). The solution u,, to problem (2.1), being non-negative, satisfies

_4w<auw% ): o) Tori()
A+ TP ) U+ 2 (U + 727

Therefore

—diV( a(x)Vuy, . a(x)Vun 1y
(I +To(up))? (1 + Tpp1(up1))?

1 1

(tn + 7247)7 (gt + )]

) =Tunh)|

By choosing T},((u,, — un11)™) as a test function we get

[V T3((un — unt1) )P
o (L+Th(up))?

' B i 1 _ 1 ]
g@év%“ VT ((un W“)ﬂa+nHmep 0+ Toun)?

by the hypotheses on a. In {0 < u,, — up41 < k} one has

1 1
(14 Tt (s )P (1 + T ()P

1 1
< k:{ + }
(I + T (uns))? (1 + T(up))P
Therefore

IV Tk((un, — unt1) )P
o (1+Th(up))P

1 1
< Ck V|| VT ((un, — tp) ™ ‘ +
{ogun-un+l<k}‘ ot [V T (U = 1) )‘<14—1244(un+4»p (1 + To(un))?
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For sufficiently small &, one has in {0 < uy, — tunpt < Kk}

1 1 1 2p
— < < .
20 (1 + Thun))? ~ (I + Togr(ung )P (14 Tn(un))?

This implies that

[VT((n — un )PP _ Ok |Vttt VT ((un — )|
0 (I + T5,(un))P = (0<tn—upir<k) (14 D1 (U )IP2 (1 + T (up))P/?

Holder’s inequality on the right-hand side gives

VT ((un, — unt1) )P
o (1+Th(up))P

1 1
< Ck {/ |Vt 11]? } 2 {/ VT ((un, — uns)H)*] 2
(0<un —tn s <k} (I + T 1(Ung1))P {0 tn —tp 1 <K} (1 + T (un))P ’

and then

— ) HP ’
[ Vil —uns )P _ /{O [Vt 2.4)

(1 + Tn(un))p LUn—Un+1<k} (1 + Tn—l—l(un—l-l))p.

On the other hand, by Poincaré’s inequality and (2.4)

VT ((uy, — tpsq)H?
e

< C/&/ |Vtni1 [P(1 + )P
h 10<tn—uns1<k) (14 Trg1(Un1))P’

(1 + T (up))”

that is,

|vun+1|2(1 +n)P
10<un—un 1<k} (1 + D1 (Un1))P

}{Ogun_un—i-l gk}| <C

The right-hand side of the above inequality tends to 0, as k& — 0. Therefore |{0 < u,, —up+1 < k}| — 0
as k — 0. This implies that u,, < U,y a.e.in (2.
We remark that u; is bounded, that is, |u;| < ¢, for some positive constant c. Setting h(s) =

s dt
IN arnaor Ve have

—div(a(z)V (h(uy))) = —div (a(w) Vi > > hLih)

I+ TP/~ (c+ 1)

Let z be the H{(§2) solution to —div(a(z)Vz) = (er({% By the strong maximum principle, for every

w CC {2 there exists a positive constant ¢,, such that z > ¢, a.e. in w. By the comparison principle,
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we have h(u;) > z a.e. in 2. The strict monotonicity of h implies the existence of a constant ¢,, > 0,
for every w CC (2, such that u; > ¢, a.e. in w. Since u,, is an increasing sequence, as proved above,
Uy = Cp a.e.inw foreveryn € N. O

3. Existence results

We are going to prove in the following three lemmata some a priori estimates on the solutions u,, to
problems (2.1). They will allow us to prove Theorem 1.1. In the proofs C will denote a positive constant
independent of n.

Lemma 3.1. Assume thatp — 1 <~v <p+ 1.

(1) Let f € Lm(Q) with m > %. Then the solutions u,, to (2.1) are uniformly bounded in
HY (). If 55— 5 p T Sm< ﬂ then the solutions w,, are uniformly bounded in L™ O+1=P)(()).
(2) Let f € L™({2), with max{l,m} <m<

uniformly bounded in T/VO1 (2,0 = %.

2% .
pE—— Then the solutions u,, to (2.1) are

Proof. In case (1) let us choose (1 + u,,)PT! — 1 as a test function; the hypotheses on a imply that

[ Vun|® p pH1—y
oD f T T g <O 1
2*

By Sobolev’s inequality on the left-hand side and Holder’s inequality with exponent m = r—
2N

NO+T—p+2(p+1—)

(>1) on the right one, we have

1

Sa + D72, < @@+ DI[Vunllzg) < If 1w |:/Q || T

We remark that 2* = m/(p + 1 — ). Moreover, 21 > % as v < p + 1. Then the above estimate implies
that the sequence u,, is bounded in L?"(£2) and in H}(£2).

We are now going to prove that u,, is bounded in Lm7OH=D() if m < % Let us choose (1 +
u,)® — 1 as a test function: by the hypotheses on a, one has

p+ +1

/ V[ +u) ™5 1]

(— p+5+1)2

=afd (1 + uy)? !

|V cas [ |V 2
o (LHu)?=oF = o (14 Tolun)?

Tn(f) /
g/gil[(un+l)5—l]<0+c /1

(up + )7 0 (U, + 1)+

By Sobolev’s inequality on the left-hand side and Holder’s inequality on the right-hand one we have

UQH(l

2 1
=

2% |2 res_ m’
S0P <Ol [ e+ 176
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Let & be such that (1+5 £ N (5m7)1m and 1,, that is,

(1 —=p)N(m — 1) + ym(N — 2)
N —2m

)=

and m < % We observe that (—p + J + 1)% = m** (v + 1 — p) > 1. This implies that u,, is bounded
in Lm**(7+lfp)(g)'

In case (2), let us choose (1 4+ u,)! — 1,0 =
arguments as before, we have

JAIc -]

1
|V, |? . 1
S C/Q (1 + wy)p=0+1 < Ol fllme / |y, + 1™ O

(P=DN(m—=DH—ym(N—-2)

2m—N

, as a test function. With the same

3

As above, we infer that u,, is bounded in L e ((Z) We observe thatp — 0 +1 >0and 1 < 0 =

Nm(y+1—p)
Nempti—) < 2, by the assumptions on m. Writing

o |vun|0
v = [
21+ up)”

and using Holder’s inequality with exponent 2, we obtain
g

19l < UQ g +|Z:;>|29+1 [/ ()5

The above estimates imply that the sequence w,, is bounded in W, (£2) if ol 0+1 =X (}\ffz_ P that is,

Nm(y+1-—p) 0O
N—-m(p+1—y)*

g =

Lemma 3.2. Assume that v = p + 1 and f € L'(2). Then the solutions w,, to (2.1) are uniformly
bounded in H}(£2).

Proof. Let us choose (1 + u,)?T!' — 1 as a test function. Using that a(x) > « a.e. in {2, we have

Vu,|?
a(p+1)/gm(l+un)p<0/g|f|-

The previous estimate implies that the sequence w,, is bounded in H}(2). O

y+1-p
Lemma 3.3. Assume thaty > p+1and f € L'(£2). Then the solutions Uy to (2.1) are such that u, *

T 2°(02) and in HL (£2).

is uniformly bounded in H}(£2), uy, is uniformly bounded in ™
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Proof. If we choose u as a test function and use the hypotheses on a we get

4ary / e, o 2 y—1—
_— V(un 2 :a/Vu u) Pg/ .
(y+1-p)? Q‘ G 79' nlun Q|f|
ytl=p
This proves that the sequence u,, > is bounded in H}(£2). Sobolev’s inequality on the left-hand side
atl-p
applied to uy, >  gives
W+1*;D2*
/ Up < C. (3.1)
[0,

Let us prove that u,, is bounded in H.. .(£2). For ¢ € CL(£2) we choose [(u, + 1)P1 — 1]¢? as a test
function in (2.1). Then, if w = {y # 0}, one has by the hypotheses on a and Lemma 2.3

Q Q 2 (up

I+ 177 1)

< [ Culflé* < Cullglimiey | 151
N N

where C,, is a positive constant depending only on w CC {2 and p. Then

C.,
(p+ 1)/ [V, [P < —2/ YV, - Vpou, + —H«pl!ioo(m/ £1. (3.2)
(] (9] 0% 0

Young’s inequality implies that

2‘/ Vuy, - Vopu,
n

< [1Vufe + [ Vel
o} o}
From (3.2) we infer that
2 2 22, Cuw 2
p | Vun|"o” < | [Volru, + —lolliew | [f]
o} o} o 0
Since u,, is uniformly bounded in L(£2) by (3.1), this proves our result. O
We are now able to prove Theorem 1.1.
Proof. We will prove point (1); the second and the third point can be proved in a similar way. Lemma 3.1
gives the existence of a function v € HJ({2) such that u,, — u weakly in H}({2) and a.e. in 2, up to a

subsequence. We will prove that  is a solution to (1.1) passing to the limit in (2.1). For every € C}(2),

/ a(x)Vuy, - Vo . / a(x)Vu -V
2 (1 4+ Th(un))P 2 (+uwp

B
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since 7 +Tn1(un))p - Jrlu)p in L"(£2), for every r > 1. For the limit of the right-hand side of (2.1), let
w = {¢ # 0}. One can use Lebesgue’s theorem, since

Tn(f)p

_lell]
(un + %)’Y

~ ’
c

where ¢, is the constant given by Lemma 2.3. In the case where <m < g, since m**(y +

2*
2* —p—14ry
1 —p) > 1, Lemma 3.1 implies that wu,, converges weakly in L™ 0 F1=P)(2) to some function, which is
u by identification.
To prove that u is bounded for v > p — 1, let us choose [(u, + 1)7T! — (k + 1)7*!], as a test function

in (2.1):

V2 (tn + D71 = (k + 17!
a(7+1)/Ak T < /k £ TR

where Ay, = {u, > k} and c¢(vy) denotes a positive constant depending only on ~.

For p — v < 0, (3.3) is the starting point of the proof of Theorem 4.1 in [14]. For0 < p—~v < 1, (3.3)
is the starting point of Lemma 2.2 in [7]. In both cases u,, is uniformly bounded in L°°({2) and therefore
(at the a.e. limit) the solutions u found in the previous results are bounded. O

<) /A fln — k), (3.3)

Remark 3.4. We observe that we have the boundedness of the solution to problem (1.1) for any value
ofy>=2p—1.
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