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1. Introduction

Let us consider the Dirichlet elliptic problem
—div [A(z,u(z), Du(x))] =p in £, (1.1)
u=0 on 042, (1.2)

where u : 2 C R® — R¥, ;1 is a measure on R™ with values into R" and A satisfies suitable coercivity and
growth conditions. We note that (1.1) is a system of N equations.
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First consider the case N =1, i.e. (1.1) is only one single equation. Existence of distributional solutions
u: 2 C R™ — R has been deeply studied, starting from [7], see [9,11,8,32,4] and the survey [5]. Uniqueness
seems to be a delicate matter, e.g. see [33,3,19] and the introduction of [12]. Regularity results are contained
in [28-30,10,22,2] and the survey [31] (see also [6]). Note that existence of solutions is usually obtained by a
truncation argument, which shows why the vectorial case N > 2 is difficult and only few contributions are
available in the literature. In fact, for systems N > 2, the p-Laplacian A(z,y, &) = |£[P~2¢ is treated in [18,13],
and the anisotropic case, in which each component of the gradient D;u may have a possibly different exponent
pi, is dealt in [23,24]. Let us write (1.1) using components, that is,

72£Jw@wmmwmw“MaHLwN} (1.3)

We note that systems more general than the p-Laplacian are considered in [14,16], under the assumption

N n
03}2}2 (z,y,6)((Id — b x b)E)S (1.4)
for every b € RY with |b| < 1. In [34], the author assumes the componentwise sign condition
0< > AN (x,,9)8" (1.5)
i=1

for every a € {1,...,N}. When N = 2, (1.4) implies (1.5), since it is enough to take first b = (1,0) and
then b = (0,1). In [25], the authors consider that A is independent of y and satisfies the componentwise
coercivity condition

VIE P =M <Y AR (@, )8 (1.6)

i=1
for every o € {1, ..., N}, for some constants v € (0,4+00) and M € [0, 4+00). In [15], they relax (1.4) to some
extent

N n
—cl¢]” — g( szz (@,5,€)((Id = b x b)&)? (1.7)

for some ¢ € [0, +0), g € L} () and q € [1,n) where £ — A(z,y, &) is n-coercive.

We note that in [19,17,26] the authors do not truncate u; they modify Du and then adjust via Hodge
decomposition; such a procedure requires the dimension n to be the exponent in the coercivity condition
for A. The authors use nice estimates for Hodge decomposition, which have been studied in [20] (see also
appendix A, in [21]).

In the present paper we consider quasilinear systems, i.e. systems (1.3) with

A (2,y,€) = ZZ (QL)

x,y) are measurable with respect to z and continuous with respect to y. Moreover,

iy s the off-diagonal coefficients a;’ ’ﬁ (with « # 3) are
sufficiently small, and all the coefficients are bounded. We prove existence of dlstrlbutlonal solutions to

where the coefficients a; ’ﬁ (

we assume ellipticity for the diagonal coefficients a;'
(1.1)=(1.2) under two sets of hypotheses, with different assumptions on the off-diagonal coefficients.

The first result deals with off-diagonal coefficients aioff (with a # ) that have support contained in a
“staircase” set, along the diagonals of the y* — y” plane (see assumption (As) in Section 2 and Fig. 1).
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Fig. 1. Support contained in a staircase set (with h € NU {0}).

The second is devoted to systems with N = 2 equations, where the off-diagonal coefficients a?f (with
a # [3) are proportional to diagonal coefficients aﬁ P (see assumptions (Ag) and (Ag) in Section 2).

Precise assumptions and statements of the results are written in Section 2, where we also give examples
of quasilinear systems that fit our conditions but not the ones in the quoted papers. The proofs are based
on componentwise truncation arguments. The a priori estimates, needed to prove the existence result, are
contained in Theorem 1, when A has a staircase support, and in Theorem 2, when off-diagonal coefficients
are multiple of diagonal ones. Theorem 3 shows the existence of distributional solutions. Proofs are given in

Section 3.

2. Assumptions and results

For x € R" and 7 > 0, we denote by B (z,7) and B (x,r) the open and the closed ball with center x
and radius r, respectively. For convenience, we define B; = B(0,1) and B; = B(0,1). Assume {2 is an open
bounded subset of R™, and n, N are integers greater than or equal to two.

We consider the following set of assumptions on A.

(A): For all i,j € {1,...,n} and all o, € {1,...,N}, we consider that a; ’B 1 2 x RN — R satisfy the
following conditions:
(Ao) =+ aj "g(az y) is measurable and y — a; (ac y) is continuous;
(Ay) (boundedness of all the coefficients) for some positive constant ¢ > 0, we have
ajf (%y)‘ <c
for almost all x € 2 and for all y € RN ;
(Ag) (ellipticity of the diagonal coefficients) for some positive constant m > 0, we have

m|\* < Z a’™ (z,y) M
i,j=1
for almost all x € 02, for all y € RN, and for all X € R™;
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(A3) (off-diagonal coefficients are small) for some positive constant L with 0 < L < m, we have

2

N n
)DUD DI 9 0]
a=1pe{l,...N}\{a} i,j=1

(A4) (staircase support) when o # 3, we have
“+o00

afff(x,y);éO:ye U {h<ly*l<h+1,h< ‘y’8| <h+1}.
h=0

For any f € L! (Q, ]RN), we say that a function u : 2 — R is a (distributional) solution with respect to
frifue Wy? (2,RY) and

/ZZ@ z))Dju® (x) D ﬁ: x, (2.1)

a,B=114,j=1

for all p € Wol’2 (Q, RN) N L ((2, RN). Our first result is the following.

Theorem 1. Suppose u is a solution with respect to f € L (Q, RN). Under the assumptions (A), the following

estimate
N
> Ducf < ()
a=1 7 {k<|u~|<k+1}
holds for every integer k > 0.
Remark 1. Take
N n
AP (2, =3 Y atf (x,)€]. (2:2)
B=1j=1

Then assumptions (Ag) and (Ajg) give

Z Za (¢,y) €262 > (m— L) ¢, (2.3)

a,f=114,j=1
hence

n

SN A O > (m L) e (2.4)

1i=1
Since 0 < L < m and by (2.4), we conclude that
E— A(x,y, &) is 2-coercive.

Moreover, assumption (A4;) implies

N n
ZZA (z,y,8) §°‘<cn2N2|§| (2.5)

a=1i=1

When n > 2, (2.5) says that £ — A(x,y,£) is not n-coercive, therefore we are outside the assumptions
of [15,19,17,26].
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The next example concerns Theorem 1 and gives a%ﬁ 2 xRV — R with i,j € {1,...,n} and
a,f € {1,...,N}, which satisfy (A). However A (z,y,&), defined by (2.2), does not verify neither (1.4)
nor (1.5). Moreover, (1.6) is false. Therefore, the example is outside of the assumptions of the quoted works
that use them.

Example 1. Let N = 2 and §; ; be the usual Kronecker delta function

s o1 =
Y0 if i

For a, B € {1,2} and for i,5 € {1,...,n} we define afff (x,y) as follows

1,1 2,2
a;’; (x,y) = a;; (v, y) = b; 5,
2,1

z,7j (J?, ): )

where b; (y) =0 for all ¢ > 2 and b; (y) = by (yl, y2) is a bounded continuous function that will be defined
later (see (2.7)).

Let g : R — R be the function defined by

1
0 f —co<t< =,
i 00 <3
1 1
t—1 if —<t<-=
s PgeteEw
gt)y=<x1 if 1<1t<§ (2.6)
4~ — 4
3 7
—8t if 2<t< i
st+7 b gstsg
7
Then g is continuous and supp(g) = [$, %], 50 0 < g(¢) <1 for t € R. Let
gn(s) =g(s—h) for s € R,
pr(y) = gn (') gn (v°)  fory= (v, ¢*) € R?,
and
W)=Y p) foryeR? @)
1 2h70 h . .

Then y — by (y) is a continuous map on R?,

bi(y) € [07 ;] ;

) #0=ye |J{W" v)) eR*:h<y' <h+1, h<y’<h+1},
h=0

and
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Note that (A;) is satisfied with ¢ = 1 and (As) is satisfied for m = 1. Concerning the off-diagonal
coefficients, we have

2 n 2 n 2 n 9
1,2 2,1
> Y Yl e =X |eie@)| + X |l @)
a=1ge{1,2}\{a} i.j=1 i1 ij=1
= b1 (v)I,
hence, (As3) is satisfied for
1
L=sup |h(y)=-<1l=m.
yER? 2

Now, defining A to satisfy

S Al y )¢l = [€1]7 + b1 (v) €61 = A,

i=1
taking &1 =1, ¢ =t € Rand & = &2 =0 for i > 2, we get
A=1+b(y)t.
If we take y = (%,%), then
t
A:1+b1(y)t:1+iﬂfoo as t — —o0,

showing that (1.5) is not satisfied. Moreover, since N = 2, and in this case, (1.4) implies (1.5), we get that
(1.4) is also not satisfied.

To see that (1.6) is false, remark that, if there exist ¥ > 0 and M > 0 such that
9 n
v]e - M <Y Al (.8
i=1
then, with our choices, the inequality
t
v—M<1+ -

2
is false for ¢ sufficiently negative (i.e. when ¢ — —o0). Therefore, (1.6) is false.

In particular, taking n = 3, we obtain

1 0 0
a"Mz,y) =a*?(@,y)=[0 1 0],
0 0 1
bl(y) 00
a?(@,y)= 0 0 0f,
0 0 0
0 0 0
a>(z,y)=(0 0 0],
0 0 0

which corresponds to the elliptic problem )
—Aut — 92 [bl(ul,uQ)au } =u! in 0,

ail'l 87.%1
—Au? = 2 in 2,
wl=u?=0 on 0f2,

with 2 an open bounded subset of R?® and x a finite Radon measure on R? with values in R2.
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We now introduce a second set of assumptions (A*) confined to a system with two equations (that is,
N =2).

(A*): For all i,j € {1,...,n} and all o, € {1,2}, we consider that a;'}’ : £ x RN — R satisfy the
conditions (./40)*(./43) but (Ay) is replaced by:
(A3) there exist r1, T2 € R such that

a;? (z,y) = ra;; (x,y),
2,1 1,1
i:j (l‘, y) = TQa’i;j ($7 y) I

with r1re < 1.
We are in conditions to show the second estimate.

Theorem 2. Suppose u is a solution with respect to f € L* (Q,RN), see (2.1). Under the assumptions (A*),
the following estimate

2 N
1+ [ry| +[ro|
Dutf < —— == |f° E
5 i P S i 5 o (B2)

holds for every integer k > 0.

The following example concerns Theorem 2 and it gives aﬁ'f xRN = R with i, € {1,...,n} and
a, B € {1, 2}, which satisfy (A*). However A (x,y,§), defined by (2.2), does not verify neither (1.4) nor (1.5).
Moreover, (1.6) is false.

Example 2. Let N = 2. For o, 5 € {1,2} and for i,5 € {1,...,n} we define a (a: y) as follows

o 22
a;’; (x,y) = a7 (x,y) = 6i j,
ol 2,2

zj (aj y) 1j (SL’ y) :rlé‘}j’
2,1

a;; (@, y)—rza (@,y) = r2bi;,
where the real numbers r; and r3 are such that
1
>0, 79>0, rreo<1 and 73473 < —. (2.9)
n

Assumption (A;) is satisfied with ¢ = 1 and (Ag) is satisfied for m = 1. Concerning the off-diagonal
coefficients, we have that assumption (Aj3) is satisfied for

1
L= [n (r% +r§)] 2,
since the last inequality in (2.9) implies that L < m.

To show that (1.5) is not satisfied, remark that for @ = 1, defining B to satisfy

n

ZAzys Z )+ ekt =
=1

and choosing
& =1, &=t and & =€ =0 fori>2, (2.10)
we have
B=1+mrt— —oco0 ast— —oo (remember r; > 0).

Hence, (1.5) is not satisfied. Moreover, since N = 2 and in this case, (1.4) implies (1.5), we get that (1.4) is
not satisfied.
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To see that (1.6) is false, remark that, from (2.10), we have

YAy =1+nt, & =Y () =1

=1 =1

If there exist ¥ > 0 and M > 0 such that

vIE P = M <A (2,y,6) &8

i=1
then

v-M=v|e[ - M <> Al =1+t
=1

and since 11 > 0, this is false for ¢t — —oo. Therefore (1.6) is false.

Taking n =3 and ry =7y = i, we verify (2.9) and the example have the simple form

1 00
a"M(z,y) = a®*(z,y)= [0 1 0],
0 0 1
L 0 O
4 1
a1’2(x,y) = a2’1(x,y) = 0 1 0 )
1
0 0 1
which corresponds to the elliptic problem
1
—Au! — EAUJZ =pu'  in 0,
1
—zAul —Au? =4 in 2,
ul = ’LL2 =0 on (9.9,

with {2 an open bounded subset of R and p a finite Radon measure on R? with values in R2.

Under the assumptions of either Theorem 1 or Theorem 2, we prove the main existence result.

Theorem 3. Assume that either (A) or (A*) holds, and w is a finite Radon measure on R™ with values in
RN, Then there exists u € Micge o Wy e (2,RN) such that

N n 5 N
a{)", r.u(x .uﬁx 0% (x)dx = (e (g
[ X3 atf e D 0 Digt () ;/Qw)w()

a,B=1i,j=1

for every ¢ € C§° (Q,RN).

Remark 2. Theorem 3 deals with existence of a distributional solution to the Dirichlet problem (1.1), (1.2).
A glance at our proof in Section 3 shows that we are dealing with a SOLA, that is, a Solution Obtained as
Limit of Approximations, see [11] and Section 2.2 in [22]. Entropy solutions have been considered in [3]; see
the introduction of [12] for renormalized solutions.
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3. Proofs

Proof of Theorem 1. For a fixed integer k > 0, we consider T, : R — R defined as follows

-1 if s<—-k-1,
s+k if —k—1<s<—k,

T (s) =<0 if —k<s<k, (3.1)
s—k if k<s<k+1,
1 if E4+1<s.
Note that
—1<Ty(s) <1 forevery se€R. (3.2)
We choose ¢ = (¢!,...,¢") in (2.1) given by
o =T} (u”) (3.3)
so that
Do = 1cjuo|<kt1yDiu®, (3.4)

where 1g (x) =1 if z € E and 1g (x) =0 if z ¢ E. Note that inequality (3.2) gives

/ﬂif%agé/nfa' (3.5)

Moreover,
N n N n
/ > > @ D Lpcpun iy Diu® = / > D Al Dju L pun<ps1y Diu®
2 ap=1ij=1 2 a=14,j=1
N n
L SEEND DI DY TS
2 a=1p8e{1,2,....N}\{a} ij=1

where a?ff = af‘f (z,u(x)). Applying (3.3) in Eq. (2.1), we may define the terms C, D, E as

a,a « a
ai’j Dj’LL 1{k<|ua‘<k+1}Diu

Q

I
S—
] =
M:

N
az}'BDj“ﬂl{M\ua|<k+1}Diuo‘ +/ Z fé%* =D +E. (3.6)
a=18e{1,2.... N\ {a} i,j=1 0=

The ellipticity condition for diagonal coefficients a;’j* (see (Asg)) implies that
N
C>m / |Du®|* . (3.7)
2 Jicwrcarn

Now we use the assumption (A4), about the support for off-diagonal coefficients a%—ﬂ , obtaining

1{k<|ua‘<k+1}az}.ﬂ = 1{k<|ua‘<k+1}1{k<|u/s|<k+l}a3f. (38)

Then

N n
b= _/ > 2 > 4 Ukapuni<heny L apus <isny Dju’ Diu® da (3.9)
P a=1pe{1,2,...,N})\{a} i,j=1
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and using the Cauchy—Schwarz inequality, we get

1
N n 2 N
p< (Y ¥ ¥ PoErra—
a=1

a=18e{1,2,...,N}\{a} 3,j=1

N
=L <Z/Q [Du”|? 1{k<|m<k+1}> (3.10)
~y=1

where we used assumption (Aj3).

Nl=

5 /N ,
D IDu Lpkcpusicniny
p=1

Rk
¥

Equality (3.6) and inequalities (3.10), (3.5) and (3.7) give

N N N
2 2
mZ/{ Du| SLZ/{ Du| +Z/ﬂ|f@|,
a=1 a=1 a=1

k<|u~|<k+1} k<|ue~|<k+1}

hence
N

<m—L>;/{

Since 0 < L < m, we get estimate (). This ends the proof of Theorem 1. O

N
1Du* <3 1 ) -
a0 = 2 W )

Proof of Theorem 2. As in the proof of Theorem 1, for a fixed integer k& > 0, we consider T} : R — R defined
by (3.1). We take a new test function ¢ = (¢!, ¢?) in (2.1) as

2
e =Y CIT; (u) (3.11)
y=1
where C) are real constants to be chosen later. Then
2
Di® = CU e ur|<hs1y Diu. (3.12)
=1

Note that inequality (3.2) gives

2 2 2
/ (Z f“cp‘”‘) dr <Y > |C| / %] da. (3.13)
2 \a=1 a=1~y=1 2
Moreover,

2 n 2 n 2
/Q Z Z aiofijuﬂDiwa :/Q Z Z a?ijjuﬁ (chl{k<|m<k+1}Diuy>

a,B=11i,j=1 a,B=114,j=1 =1

n 2
— 1,1 1y y
—/Q Y >4 Dyut Ol <pany D

1,j=1~v=1

* / Y > i DjwtC e <k Dit?

n 2
2,1
+ [ DDA Dt Ol e <sny Diw”
2

i,j=1~v=1

n 2
+ / Z z:az?,}?DJ'”2C’271{k<W|<k+1}D¢u7
Q.

ij=1~=1
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)3
o,
“,
“,
“,
“,
“,
“,

=F

a,p

B —
’ — ..
i = iy

where a;"/

n
F=Cj /ﬂ > a4 Djut e <k Dint + CF

ij=1

+ 7’1011 /
2

+ 7’2021/
o
n
Z a;; Djut1 cputj <k 1y D' +

+ 021/
25 5=1

= (C} +rzc§)/
2

ij=1

ij=1

n
2,2 2 1 2
E a;’; Dju 1{k<‘u1|<k+1}Diu —|—’I“101

n
1,1 1 1 2
E a;’; Dju 1{k<‘u1|<k+1}Diu —|—T‘QC2

n
1,1 1 1
E a;’; Dju 1{k<‘u1|<k+1}Diu +

F. Leonetti et al. / Nonlinear Analysis 154 (2017) 210-224

n

1,1 1,1 1
E ai’j Dju Cl 1{k<‘u1‘<k+1}Diu
=1

n
2: 1,1 12 2

ai’j Dju Ol 1{k<‘u2|<k+1}Diu
i,j=1

n
2: 1,2 21 1

ai’j Dju Cl 1{k<‘u1|<k+1}D¢u
i,j=1

n
1,2 22 2
E ai’j Dju Cll{k<\u2|<k+1}Diu
i,j=1

n

E: 2,1 11 1
az}j Dju 021{k<‘u1|<k+1}D¢u

i,j=1

n
E 2,1 1,2 2
am- Dju CQ 1{k<‘u2|<k+1}Diu

ij=1

n

}: 2,2 211 1
am- Dju C21{k<‘u1|<k+1}Diu

i,j=1

n
2,2 22 2
> i DiwtCEl e <kiny Div

3,7=1

(z,u(z)). Using assumptions (A}), we get

n
1,1 1 2
E ;5 DjU 1{k<|u2|<k+1}DiU
3,5=1

J
/,

n

2: 2,2 2 2
ai)j Dju 1{k<|u2‘<k+1}Diu

i,j=1

(Ct +r2022)/
2

J

n
2,2 2 2
E ai,ijU 1{k<\u2\<k+1}Dz‘U
i,j=1

n
1,1 1 2
E ai’j Dju 1{k<‘u2‘<k+1}Diu
i,j=1

3

J,

n
1,1 1 2
Z ai,j Dju 1{k<|u2‘<k+1}Diu

Q=1 ij=1
n n
+ (7‘1011 + 021) /Q Z 0?7’]-2Dju21{}§<\u1|<k+1}DiU1 + (rlc% + Cg)/g Z ai’szjuzl{kqu?\<k+1}Diu2
i,j=1 1,j=1

=G.
Now, choosing
012 = —7‘2022

hence

and C3 = —r,CY,

Ct +1ryCy = O —rireCl = (1 —1119) CF

012 + T2022 =0,
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rCt +Cy =0,
2 2 _ 2 2 _ 2

?"101 + CQ = —7”17’202 + 02 = (]. — 7”17’2) 027

we get
n n
G = (1 — 7“17"2) Cll / Z ai’lejulDiul1{k<|u1|<k+1} + (1 - 7"17“2) 022/ Z CLZ-Q,’]-QDJ"U,QDiqu{kquz‘<k+1}.
25=1 2 5=1

It is enough to choose Ci = C3% = 1, use the fact that r;75 < 1, and the ellipticity condition (Az) to obtain

sz(l—rlm)/

|Du1|2—|—m(1—r1r2)/ ’Du2|2,
{k<|ut|<k+1}

{k<|u?|<k+1}

and
2
- a,B B « 1,2
> D0 atf Dt Digt 2 m (1) Du|
2 a,p=1ij=1 {k<|ut|<k+1}

+ m(1 —7“17“2)/ |Du2‘2. (3.14)
{k<|u?|<k+1}

We use Eq. (2.1), estimates (3.13) and (3.14) to obtain

m(lfrlrg)/ |Du1|2+m(1fr1r2)/ |Du2|2
{k<|ut|<k+1} {k<|u?|<k+1}

2 2
<> [ i

a=1~y=1

=(1+|7“2|)/Q|f1\dx+(1+ln\)/0If2|dx

< (1+|r1] + ra]) (/ny1|da:+/g\f2\dx).

This ends the proof. O

Proof of Theorem 3. Let i : B(R") — RY be a finite Radon measure on R” with values in RY and let |u|
denote its total variation. Let (p. )., be a family of mollifiers, that is p. (z) = "p (%)7 where p € Cg° (R™)
satisfies

p(x) =0,  p(=z)=p(x),  supp(p) € B and . p(r)de =1.

Recall that the convolution p * p. defined by

(1 pe) (z) = / pe (x —y)dp (y)

B(x,e)
is a regular function, that is p *x p. € C*° (R”,RN).

Let (en),en be such that 0 < e, <1 and e, — 0 as h — co. Then p * p, € C*° (R™,RY) and

[ 1 el @ o < el (L () < 3l (RY) < 4o, (3.15)
where I, (£2) denotes the open e-neighborhood of 2 (see [1], Theorem 2.2, p. 42). We define

Ih=p*pe, er? (Q,RN).
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By assumptions (Az) and (As), we have (

). Then the conditions of Leray—Lions Theorem (see [27]) are
satisfied, so for each h € N we obtain

un € Wy (2,RY)
and, for all ¢ € W, (2,RY),

a,B=11,j=1

N N
/ Z Z a;? (z, up(x))Djuf (z) Ditp"(a})dw:/ Zf,f‘ “(z)dx = Z/Qgpadugh. (3.16)

Now, we use the estimate (F;), if the assumptions of Theorem 1 are satisfied, and estimate (Es), if the
assumptions of Theorem 2 are satisfied. We obtain that there exists ¢ > 0 such that

N
DU > <& 12 for all k > 0. (3.17)
Z /{k<|uh|<k+1} " g SR
The definition of f{* and inequalities (3.15) and (3.17) allow us to use Lemma 1 of Boccardo-Gallouet [7]
ie fora € {1,...,N}and 1 < g < "5 there exists Co > 0 such that

HU%HWO“Z(Q) < Cs.
Hence, passing to a subsequence if needed, we may assume that there exists ul, € WO1 1(02) such that

in LY(02), (3.18)
where — denotes weak convergence. Again passing to a subsequence if needed, we may assume that

uj (x) = ug, ()

w . 1
uif —>ul in Wyl (2) and  uj — ud

for almost all z € {2,

(a: y) (see (Ap)), it follows that
a; Jﬁ(x up (x)) — a; ’ﬁ(x,uoo (z)) for almost all x € £2.
For presentation convenience, we set a?f (up) = a; ’/3 (,up () and a] 5 (Uoo) = a
p e Cg° (2R

and, by the continuity of y — a

), we have

/ ZﬁZ (un) Dyul Dip®di — / 3

i,7=1a,5=1
e 2 ()| Dyl Di® dm+/ 3

i,7=1a,5=1 i,j=1a,5=1
/Z Z uooDu D;p%dx

t,j=1a,8=1

zojjﬂ (x, uso (z)). For every

uoo )D; uf b Dip%dx

uoo )D,; uthgo dz

1
/
08w

& (un) — ag (u )‘ Ileq] (/Q‘Diuf‘q);dx

2 | [t - [ af
ij=1a,8=1 /%

[ oo>Diijui} |

(3.19)

Using the dominated convergence theorem, we obtain

/,

q/ ’
af(un) = a3 (use)| 1Di”|” =0

(3.20)
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and, by the weak convergence in (3.18), it follows that

/ﬂ a’ (use) Dip“Djuly — /9 a5 (use) Dip“Djull.. (3.21)

From (3.19)-(3.21), it follows that

/Z Z (, un (x)) Djuy, () Dip® (x) dar

i,j=1a,5=1

—’/ Z Z (, uos () Djul, () Dip™ (z) da. (3.22)

i,j=1a,f=1

/ fi (@ z)dr = / erdug, — / erdu.
2 2

Therefore, for each g € (17 ﬁ) there exist ue,q € WO1 4 (Q,RN ) and a subsequence, again denoted by
(un)y, such that

On the other hand,

up B tioog  in Wyt (2,RY) (3.23)
and
D> 5" 2 (g (1) Dy () Dig @) = [ 6% () (0,
i,j=1a,/=1 2 0=1

i.e. U 4 is a (distributional) solution of our problem.

We claim that 4. , does not depend on a fixed g. Indeed, if ¢ < ¢ < ;%5 then

« — < C
115 < C2 @

and, passing to a subsequence of (uy), satisfying (3.23), we can assume that
) . 1,
up, i>uoo’5 in Wy? (2,RY). (3.24)
By (3.23), (3.24) and the fact that ¢ < ¢, we obtain

Uoo,q = uoo’g.
Therefore,

Uso,q € WOL;(_Q,RN) for all g € <1 _1>

and the proof is concluded. O
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