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1. Introduction

Let 2 be a bounded open set in RN, N > 2. and let M : 2 — R™” be a matrix-valued function such
that there exist 0 < a < 8 such that

M(z)¢-€>alef,  |M(2)] <5, (1.1)
for almost every z in {2, and for every £ in R™. Moreover we assume that
f belongs to LY (£2). (1.2)

In this paper we study the existence of distributional solutions belonging to W, 1(£2) (but not to WyP(2)
for every p > 1) of the boundary value problem

. (log(1+ |Vul) _ .
_dw<|v7uM(x)w> —f in (1.3)

u=20 on 0f2.
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An existence result for solutions of (1.3) is a consequence of the results of [16,17] (see also [22]), concerning
nonlinear elliptic problems in non-reflexive Banach spaces, but we will give here a direct proof of the existence
of a solution u (see Theorem 3.1 in Section 3). We point out that one of the main difficulties lies in the
non-reflexivity of the Orlicz—Sobolev space where we find the solution u. However, we overcome this difficulty
using a priori estimates and the Dunford—Pettis theorem.

Furthermore, and thanks to the assumption (1.2), we will prove the existence of a solution belonging
to L°°(£2); to this aim, note that the assumption for the existence of a bounded solution for a p-laplacian
(p > 1) type elliptic equation is that f belongs to L™({2), with m > %; in our case, the growth of the
operator is in between the case p = 1 and the case p > 1, and we obtain bounded solutions for data in
LN(02), i.e., under a stronger assumption than f in L™(£2), m > %, for some p > 1, but weaker than the
assumption f in L™(§2), m > N which is the one which corresponds to p = 1.

Note that if M is the identity matrix, our problem is variational, since it can be seen as the Euler—Lagrange
equation for the functional

J(v) = /[(1 + |Vol) log (1 + |Vv]) — |[Vv]] — /fv. (1.4)

(9]

We recall that variational integrals of nearly linear growth (but different from the one in (1.4)) were
introduced in [13] for the study of non-Newtonian fluids of Prandtl-Eyring type, and studied in [18,2,12,21,
24,6,14,15]. In particular, in [18] regularity results for the gradients of minima are proved (with respect to
the regularity of the data).

The plan of the paper is as follows: in the next section we will recall some results on Orlicz, and Orlicz—
Sobolev spaces, while the main result will be proved in Section 3. In Section 4 we will prove an existence
and uniqueness results for solutions of (1.3) if f belongs to L'(2).

2. Some results on Orlicz spaces

Let A: Rt — R* be a convex function, and let L4 (£2) be the space of measurable functions v on §2 such

that there exists L > 0 such that
/A('g') < 400.
I}

In LA(£2) we can define the Luxemburg norm given by

ullLae) = inf{/\ >0: /A(%> < 1},
7

which makes L4(§2) a Banach space. Given a convex function A, we denote by A its convex conjugate
function, and we recall that

st < A(s) + A(t), Vs, t € RT, (2.1)

and that, if
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then
A(s) = /ail(t) dt.

0
We also recall that LA(£2) is the dual space of LA(£2) and that inequality (2.1) and the definition of norm

in LA(£2) and LA(£2) imply
Z ||U1|L$)(Q) ||U1|}ii)(9) = /A<||U|1|L$)(Q)) Jr!;l(“ﬁi?(n))

(9]
<141,

that is
<2jullpaeyllvlipagy,  Yue LAR), Yo e LA(). (2.2)

’/UU
2

For example, if A(s) = %, then A(s)
Lebesgue spaces LP(£2) and its dual L¥'(£2). If, instead, A(s) = e* — s — 1, then, since

2 and LA(£2) and LA(£2) are the “standard”

’
_sP . ;o
with p’ = T

=

with a(s) = e® — 1, we have a~!(t) = log(1 + t), so that

A(s) = /log(l +t)dt = (14 s)log(l+s) —s.

0

Thus, by (2.1), we have
st<e®—s—1+(1+t)log(l+t)—t, Vs, teR",

which then implies, dropping negative terms,
st <e®—1+tlog(l+t), Vs,tcRT. (2.3)
If u belongs to L“(£2), one cannot in general control the norm of u with the integral of A(u). One has

however the estimate
(2.4)

A(u) ||L1(Q) }-

Jullrcay < max{ 1, [ AGu) | = max(1,
2

If A satisfies the so-called Ay condition, i.e., if there exist sg > 0 and C' > 0 such that
A(2s) < CA(s), Vs> so,

then L>°(§2) is dense in L“(£2). Once one has defined the Orlicz space LA(§2), one can define the Orlicz—
Sobolev space Wh4(£2) as the space of LA(§2) functions whose distributional derivatives belong to LA(£2),
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and Wy (£2) as the closure of C§°(£2) in W 4-norm. As in the “standard” Lebesgue-Sobolev case, Wol’A(Q)
is continuously embedded in LZ(£2) (see [10]), with B given as follows: first we define

()]

and then define B(s) = A(H'(s)). The embedding between norms becomes, once written as integrals,

(Z B([M T Alg:wm) : ! A1), Ve e WD), 25)

for some M > 0 independent of u. If A(s) = slog(1+s), then it can be proved (see [10]) that one can choose
B(s) = [slog(1 + s)]% (see also [11]).
In the following, we will use the continuous function £ : RY — RY defined by

H(s) =

 log(1+ [¢])
g

and the convex, A, function A : RN — R defined by

L(E) £ VEERY,

A() = L&) - € = | log(1 + I¢]),  VEeRY.

Note that, since (2.3) holds for A, then, choosing A(t) = e* — 1, it follows that (2.2) holds for A and A.
3. Existence

In this section we prove the main result of this paper.

Theorem 3.1. Assume (1.1) and (1.2). Then there exists a unique solution of (1.3), that is, a function
u€ Wol’A N L>®(82) such that

log(1 + |Vul) _ 1,4
/WM(x)Vu Vo = r[fv, Vv € Wy (02). (3.1)

Proof. Let u. be a weak solution of the Dirichlet problem

. (log(1+ |Vu|) ,
L —div| —————*M(2)V = 12,
eL(u.) 1v< V.| (x)Vue f in (3.2)
ue =0 on 042,
where L = —A. The existence of u. in W,*(£2) is a consequence of the Leray-Lions theory (see [20,9,7,

19]); furthermore, since f belongs to LY (f2), and N >
Stampacchia (see [23]), although not uniformly in e.

%, every u. belongs to L*°({2) by the results of

Step 1: Ezistence and uniqueness in Wy (£2).
First of all, using u. as a test function in (3.2), we have, dropping nonnegative terms, and using (1.1),

o [ 19ucltog(1+ [Vucl) < 7oy uclor ) < S vy [ [V,
0 n
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where S is the Sobolev constant for the embedding of W,"'(£2) in L'"(£2). Therefore, if S > 0 we have

1
/\Vue\ < S|192| + g1 5) / [Vue|log(1 + | Vue|)
{IVuc|>5}

S| fllz~ (o)
< 8|0|+ lgl-i—(S /IV el

which implies, choosing S large enough, that there exists R > 0 such that

/|Vu5| <R, /|Vu€|log(1+ Vue|) < R. (3.3)

By the compactness of the Sobolev embedding, there exists a subsequence (not relabelled) such that
u. converges in L' (£2) and a.e. to a function u. (3.4)

Let now E C {2 be measurable, and S > 0; we have

3] e
E E

1
<S|E|l+ ——— | log(1 "
< S|E| + log1 £ 9) / | V| og( + |Vu |)
{IVuc|>S}

Ou,
5@

R

<S|\El+ ————.
< SB[+ log(1+5)

(3.5)

Choosing first .S in such a way that the second term of the right hand side is small, and then |E| so that

the first term of the right hand side is small as well, we have that {‘r’)“s

Dunford—Pettis theorem, and up to subsequences (not relabelled), there exists Y; in L'(§2) such that 6"5

} is equiintegrable. Thus, by the

weakly converges to Y; in L(£2).
Now we want to prove that

ue weakly converges to u in WOI’I(Q), (3.6)
and we follow [3,5]. Since ng is the distributional partial derivative of u., we have
Oue dp
=— — 0°(£2).
9,7 g VP €C()
Q Q

g';? weakly converges to Y; in L'(2), and that u. strongly converges to u

Passing to the limit, using that
in L1(£2), we obtain

I
1/;' = - 3 00‘97
/ 0 /uami Vo € C5o(£2)

0 [0}

which implies that ¥; = 2% so that u belongs to W' (£2).
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The convergence (3.6) and the second of (3.3) imply (see [8])

/|Vu\ log(1 + |Vu|) <R, (3.7)
2

which then implies that u belongs to I/VO1 ’A(Q), as desired.
Since by (2.3) we have

|Vullog(1 + |Vue|) < [Vullog(1 + [Vul) + [Vue|,

integrating on {2, and using (3.3) and (3.7), we get

/\Vu| log(1 + |Vue|) < 2R. (3.8)
2

Note that it is not possible to use the function u as a test function in (3.2) since it does not belong to
W, 2(£2). However, thanks to the density of C§°(£2) in both Wi''(£2) and Wy (£2), for every k > 0 there
exists a C§°(2) function Uy such that

1 1
lu = Ukllwg 2 (g < 7 [V (u — Uk)HLA(Q) S5

Using ue — Uy, as a test function in (3.2), we have

(eL(u.),ue — Uy) —l—/M(x)LI(Vus) -V(ue —Ug) = /f(u8 — Up).

2 0

Dropping the positive term e(L(u.), u.), we obtain

@M%%ﬂ@+/M@MW%}V%—U@g/ﬂ%—wy

2 2

Since M (x)L(Vu) - V(ue — u) belongs to (and is bounded in) L!(§2) thanks to (3.8), we have
(L(uc), —eUy) + /M(z) [L(Vue) — L(Vu)] - V(ue —u) + /M(x)C(VuE) -V(u—Uy)
o) 2
g/ﬂ%—m+/ﬂw¢m—/M@awuv%—m. (3.9)
2 o) Q
We have

(L(uc), —eUy) = —a/VuE -VUy,
17

and so, since the sequence {u.} is bounded in W' (£2), and Uy belongs to C5°(£2), we have

lim (L(uc), —eUy) = 0. (3.10)

e—0
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Furthermore,
gig%)/f(ug —w) =0, (3.11)
and
[ 1t-00| < Lislivio (3.12)
[0}

Furthermore, the use of (2.2) with A(s) = slog(1+ s) and A(s) = e® — 1 (note that (2.2) holds true since
st < A(s) + A(t) by (2.3)) yields

< 28||V(u— Uk)HLA(Q) |log (1 + |Vuel)

'/M L(Vu.) - V(u—Uy) HLA(Q)

1 Cy
< 2ﬂ% max (1, e flyran )) < a (3.13)
We also have
/M(x)ﬁ(Vu) “V(ue —u) = /M(x) [L(Vu) = L(VUR)] - V(ue — u)
Q 2
+ /M(x)E(VUk) V(e —u) =T + I
2
and, thanks to Lemma A.1 in Appendix A, and to (2.2),
L] < 25/10g(1 + |V(u=Up)|)|V(ue — u)|
2
Cs
< 48[log(1+ [V(u = Un) )| pa ) V(e = w)l| 14y < 5
while
;1_% I, = hH(l) M(x)L(VU) - V(ue —u) =0,
Q
since M (x)L(VUy) is fixed in L>(§2), and V(u. — u) weakly converges to zero in (L(£2))™. Thus,
: Cs
limsup | M(z)L(Vu)-V(ue —u) < 7 (3.14)
e—0

Using (3.10)—(3.14), we have proved that

limsup/M L(Vue) — L(Vu)] - V(ue —u) <

e—0
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which, together with the monotonicity of £(§), implies

gi_% M (z)[L(Vue) — L(Vu)] - V(ue —u) = 0.

=

Adapting the proof of a result by Leray and Lions (see [20]), from (3.15) it follows that

Vue(x) = Vu(x) a.e. in {2.

This almost everywhere convergence and (3.5) allow to use the Vitali theorem to prove that

Vue = Vu  strongly in (Ll(Q))N,
so that, thanks to the growth of £(£), we have
L(Vus) = L(Vu) strongly in (LT(Q))N, for every r > 1.

Thus, choosing ¢ in W, > (£2) as a test function in (3.2), we obtain

S(L(ws)o) + [ M@)L(Tu) - Vo= [ o

9]

Passing to the limit as € tends to zero, which is possible by the above results, yields
[M@ew-ve= [ 1o
Q 0

for every ¢ in W, *(£2). Since u belongs to W, (£2), if A = e — 1, we have

/121(|,C(Vu)‘) = / |Vu| < 400,
2

9]

615

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

so that |£(Vu)| belongs to LA(£2). Therefore, since Wy™(£2) is dense in Wol’A(Q), and since Wy (£2)

functions also belong to LN (£2), from (3.19) it follows that (3.1) holds true.

Once (3.1) holds true, if v and v are two solutions in WOI’A(Q) of (1.3), uniqueness follows from the

monotonicity of £(§).
Step 2: L>=(£2) estimates.

To prove that u belongs to L*(£2), let Gi(s) = (|s| — k)4 sgn(s) for £ > 0 and s in R. Since Gy (u,)

belongs to Wy *(£2), we can choose it as a test function in (3.2) to obtain
o [4(v6w)) < [ £Guw) < [ 111]Gu(w]
7} 17} 2

Recalling the Orlicz-Sobolev embedding (2.5) for Wy (£2), we have

!B<[Mfg A?Iéggk)(ug)|)]&> = /A(WGk(ua)

2

);

(3.20)

(3.21)
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where B(s) = [slog(1 + s)]". If we define

M
AN = ey @) |G ) i ).

by the Hoélder inequality and (3.20) we have,
M -N
M [A(96rw)) < 5 [10Guu] <17,
Q Q
so that (3.21) becomes, thanks to the fact that B is increasing,
1 AN
/B(A|Gk(u5)|) < /A(|VGk(uE)|) < a/\f||G’k(ue)| <A (3.22)
Q Q Q
that is,
1 AN
/[)\|Gk(us)|log(1+)\|Gk(us)|)] <A
Q
which implies

/HGk(ug)‘log(l G = 7 M

Recalling the definition of A, we obtain

/HGk(uE)l log(1+ A|Gi(us)])]" < ?IM
2

me)/’Gk(us)V*'
Q
Let now & > 0, and let so > 0 be such that §log(1 + Asg) = 1; i.e., so = (e'/% — 1)A~!. Then
s =0dslog(1 4+ Asp) < dslog(l + Asg) + sp < dslog(l + As) + so,
which can be rewritten, recalling the expression for sg, as
s < dslog(l+ As) + (61/6 — 1A
Raising to the power 1*, we then have

st <06 [slog(1 + )\8)]1* +CsAY.

Therefore, we have

/|Gk<ug>|1* < 05/[|Gk<ue>|log(1H!Gk(uE)l)]“ + Csl AR
(9] 2

1%

since the integral is on the set Ar = {|u.| > k}. Thus, choosing § < 1 such that CSM~T IIf < e

we have

)

"
LN(92)

[l og(1+ G < Crlan
(9]
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We now have
J Gk os(1 +AGua))” = fos@] [ fGua]”
7} {A Gy (ue)[>1}
and so
|Gro(ue)|" < ColApAY (3.23)
{AGk (ue)[>1}

On the other hand,

|Gk(ua)‘1* S / )\—1* S |Ak|>\71*7
{MGr(ue)|<1} {AGr(ue)|S1INAL
so that, summing with (3.23), and recalling the definition of A,

/‘Gk(ua”l* < CalAp|A7Y = C4|Ak||:/‘Gk(ua)’1*:|
0 o)
Therefore,
/|Gk(u€)‘1* < Cs|Ax|"
2

Choosing h > k, we arrive at

G
(h — k)"

1*
3

|An| <

Ay

which then implies, since 1* > 1, that there exists kg = ko(£2, N, f), such that |Ag,| = 0 (see [23]). Hence,
ue belongs to L>°(£2), uniformly with respect to ¢, and so u is in L*>(£2) as well. O

4. L' () data

In this section we prove existence and uniqueness of entropy solutions for (1.3) if f only belongs to L'(2).
First of all, following [1], we give the definition of entropy solution of (1.3).

Definition 4.1. A measurable function u such that T} (u) belongs to W, A(2) for every k > 0 is an entropy
solution of (1.3) if

/ 410g(:[|;ulvu)M(x)Vu VTi(u — ) < /ka(u — ), (4.1)

for every ¢ in Wy (£2) N L>°(£2).

Theorem 4.2. Let f be a function in L'(§2). Then there exists a unique entropy solution u of (1.3). Fur-
thermore, log(1 + |Vul|) belongs to L9(£2), for every q < N]\—Il'
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Proof. Let n € N, and consider the solution w, (given by Theorem 3.1) of the following problem:

div(MM(x)Vun> —T.(f) in 92,

[V (4.2)
Uy, =0 on 0f2.
Choosing v = Ty (uy,) as a test function in the formulation (3.1) of Eq. (4.2), we obtain
[AQT@)) < [ 111[TGw)] < kIS oy (43)
2 Q

By the Orlicz-Sobolev inequality (3.21) with B(s) = [slog(1 + s)]'", we have

UL (HM)}Q,@ 1
![[Mkﬂfhl(m]flv B Mz /) = e

which implies

1*
Ll(Q)'

Q/[!Tk(un)hog(Hmn“ <

Since |Tj(un)| = k on the set Ay = {|un| > k}, we have

L N-1.71% * *
[klog(1+ (M| fllLre) Yk % )] Akl < ME" || flI710)-
Hence,
M|\ fllzr

|Ak|§ 1, N-1....°
[log(1 + (M| fllLr(2)) ™ k™~ )]

Moreover, from (4.3) it follows that, for every p > 0,

A(|VTe(un)|) <kl fll22(2)s
{‘VUH‘ZP}

we deduce that

M| flIzr o) Kl fllz1 ()
N-—1

Og(1+(MHf||L1(Q))%k O plog(l+p)

With the choice

A
[log(1 + p)] ¥=1

we obtain (after some simple calculations)

C
V| > S ——>
el = 201 v

which implies that log(1 4 [Vu,|) is bounded in L?(£2), for every ¢ < 2.
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Using a result proved in [4] for general monotone operators, we have that there exists a measurable
function u, with Ty(u) belonging to Wy (£2) for every k > 0, such that both u, almost everywhere
converges to u, and Vu, almost everywhere converges to Vu (for the definition of Vu, see [1]). The almost
everywhere convergence of Vu,, and the boundedness of log(1 + [Vu,|) in L2(£2) imply that log(1 + |Vul)

L as desired.

belongs to L4(§2), for every q¢ < 5,

If we define

_ log(1+ [¢])

M(z)¢,

we have, if ¢ belongs to Wy '*(£2), and k > 0,

[ 106 Vun) - 0, 96)] - VTilun =)+ [ Qe 96) - VTi(un =) = [ Tl $)Tilun — )
2

2 2

Using the monotonicity of Q, the almost everywhere convergence of Vu,,, and the Fatou lemma, we obtain

/[Q(x, Vu) — Q(x, Vl/})] - VT (u— 1) <lim inf/[Q(a:, Vu,) — Oz, V¢)] VT (up — ),

n—-+4oo
2 9]

while the Lebesgue theorem (and the almost everywhere convergence of w,,) implies

n—-+oo
2

lim To( )Tk (un — ) = /ka(U—’t/J).
17}

We observe now that |VTj(u, — )| is bounded in L*(£2), and is almost everywhere convergent. Thus, by
the Vitali theorem, VT (u,, — %) strongly converges in (L'(§2))"V to VTj(u — ). Therefore, recalling that
1 is Lipschitz continuous, so that |Q(z, V)| is in L™ (42),

n—-+oo
9]

lim Az, V) - VT (uy, — ) = / Oz, V) - VT (u — ).
2

Thus, putting together all the results, we obtain
[ e v - vi-v < [ -, (14)
Q Q

for every ¢ in Wy °(£2). Recalling that Wy > (£2) is dense in Wy (£2) N L>=(R2), for every fixed ¢ in

Wol’A(Q) N L®°(£2), there exists a sequence v, in Wy *°(£2) such that

[n = @llwrag) < — ¥nlle @) < [lollpoe 2y + 1.

S|

Therefore, choosing ¢ = 1, in (4.4), we have
/ Oz, Vu) - VT (u— ) < /ka(u — ).
Q 2

Using the convergence of 1, to ¢, it is easy to pass to the limit in the right hand side. We remark now that the
integral in the left hand side is on the set {|u—1,| < k}, which is contained in the set {|u| < k+|[1n |z~ (2)};
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thanks to the assumptions on 1, and setting M = k + [[¢| (o) + 1, this set is contained in the set
{Ju| < M?}. Thus, the left hand side is equal to

Q(x, VT (u)) - (VT (u) — Viby,).
{lu—9n|<k}

Using the Fatou lemma, we have

Q(x, VT (u)) - VI (u) < liminf / Q(x, VT (u)) - VT (u).

n—-+oo

{lu—v|<k} {lu=tnl<k}
As for the second term, we have
‘ / Q(, VT () - (Vin — vw\ < 28] Q(, VTar () || 1y 1¥n = @llwa -
{lu—9n|<k}

Since
2

we have

lim / Q(z, VT (u)) - Vb, = / Q(z, VT (u)) - Ve

n—-+oo

{lu—tpn|<k} {lu—yn|<k}

Summing up, and recalling the definition of Q, we have

/ log(1 + |Vul)

V) M(m)Vu-VTk(u—cp)gn/ka(u—go),

for every ¢ in W3 *(£2) N L>(£2), i.e., u is an entropy solution of (1.3).
As for uniqueness, the choice ¢ = Tj(u) in (4.1) gives

log(1+ |V
WM(J:)Vu -Vu < /ka [u— Th(u)],
{h<|u|<h+k} Q
which implies
lim / log(1 + Vul) 3 1y Wu - Vu=0, vk > 0. (4.5)
{h<|ul<h+k}

Thanks to the monotonicity of the differential operator and (4.5), it is possible to repeat the proof of [1] to
prove the uniqueness of the entropy solution w. O
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Appendix A

Lemma A.l1. For every s,t in R we have

Jog(1+]s) _log(1 -+ )

<2log(l+4|s—t A1l

Proof. By symmetry, it is enough to prove the result for s > ¢. If s > ¢ > 0, we have to prove that
log(1+s) —log(l +1t) < 2log(l+ s —t).
If we define
g(s) =2log(1+s—1t) —log(1+ s) + log(1 +¢t),

we have

2 L~

! — —
g(s)_lJrsft 1+s ™

so that g(s) > ¢g(t) = 0, and the result is proved. If t < 0 < s, since |s —t| = s —t = s + |t|, we have to
prove that

log(1 + s) + log(1 + [t]) < 2log(1+ s+ |¢]),
which is equivalent to
(+s)(1+t]) < (1+s+t)%
Expanding the expressions, we have to prove that
T+ s+ |t +slt] <1482+ 12 + 25+ 2|t] + 2s]t],
which is clearly true. Finally, if ¢ < s < 0, since |s —t| = s — t = |¢| — |s|, we have to prove that
log(l + |t\) - log(l + |s|) < 210g(1 + |t| — \s|),

which is true by the first step since [t| > |s| > 0. O
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