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In dealing with regularity issues of weak solutions of elliptic partial differential equations as well as 
minima of variational integrals, an efficient tool is the well-known Stampacchia Lemma (see Lemma 4.1 in 
[14]).

Lemma 1. Let c1, α, β be positive constants. Let ϕ : [k0, +∞) → [0, +∞) be decreasing and such that

ϕ(h) ≤ c1
(h− k)α [ϕ(k)]β (1)

for every h, k with h > k ≥ k0. It results that:
(i) if β > 1 then we have

ϕ(k0 + d) = 0, (2)

where

d =
{
c1[ϕ(k0)]β−12αβ/(β−1)

}1/α
; (3)

(ii) if β = 1 then for any k ≥ k0 we have
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ϕ(k) ≤ ϕ(k0)e1−(c1e)−1/α(k−k0); (4)

(iii) if β < 1 and k0 > 0 then for any k ≥ k0 we have

ϕ(k) ≤ 2
α

(1−β)2

[
c

1
1−β

1 + (2k0)
α

1−β ϕ(k0)
](

1
k

) α
1−β

. (5)

In [10] Kovalevsky and Voitovich quote Stampacchia Lemma and give more general Lemmas that they 
need in order to deal with more difficult situations. Among such Lemmas, there is the following one (see 
Lemma 4 in [10])

Lemma 2. Let c2, α, β be positive constants. Let ϕ : [k0, +∞) → [0, +∞) be decreasing and such that

ϕ(2k) ≤ c2
kα

[ϕ(k)]β (6)

for every k ≥ k0.
If β < 1 and k0 > 0 then for any k ≥ k0 we have

ϕ(k) ≤ 2
α

(1−β)2

[
c

1
1−β

2 + (2k0)
α

1−β ϕ(k0)
](

1
k

) α
1−β

. (7)

Let us compare Lemma 1 (iii) with Lemma 2: the statement is the same; is assumption (6) weaker than 
(1)? The answer is No: the two assumptions are equivalent! Indeed we have the following

Remark 1. Let ϕ : [k0, +∞) → [0, +∞) be decreasing. Let α ∈ (0, +∞) and β ∈ (0, 1) be constants. Then

(1) ⇐⇒ (6). (8)

Proof. “=⇒”. Assume (1). We take h = 2k and we get (6) with c2 = c1.
“⇐=”. Assume (6). Let us consider h > k ≥ k0. We split the proof into two cases: 2n+1k ≥ h > 2nk for 
some integer n ≥ 1 and 2k ≥ h > k.
Case 2n+1k ≥ h > 2nk for some integer n ≥ 1. Since ϕ decreases, we have ϕ(h) ≤ ϕ(2nk) = ϕ(2(2n−1k)); 
we keep in mind that n ≥ 1 so 2n−1k ≥ k ≥ k0 and we can use (6) with 2n−1k in place of k: we have

ϕ(2(2n−1k)) ≤ c2
(2n−1k)α [ϕ(2n−1k)]β .

Since 2n−1k ≥ k, we use the monotonicity of ϕ to have ϕ(2n−1k) ≤ ϕ(k); then [ϕ(2n−1k)]β ≤ [ϕ(k)]β . Since 
2n+1k ≥ h, we have (2n+1 − 1)k ≥ h − k, then

2n−1k = 2n+1k

4 ≥ (2n+1 − 1)k
4 ≥ h− k

4 ,

thus

ϕ(h) ≤ ϕ(2nk) = ϕ(2(2n−1k)) ≤ c2
(2n−1k)α [ϕ(2n−1k)]β ≤ 4αc2

(h− k)α [ϕ(k)]β .

Case 2k ≥ h > k. Since ϕ decreases we have ϕ(h) ≤ ϕ(k) = [ϕ(k)]β [ϕ(k)]1−β . We use Lemma 2 and we get 
(7):
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ϕ(k) ≤ c3

(
1
k

) α
1−β

,

where

c3 = 2
α

(1−β)2

[
c

1
1−β

2 + (2k0)
α

1−β ϕ(k0)
]
.

Then

ϕ(h) ≤ ϕ(k) = [ϕ(k)]β [ϕ(k)]1−β ≤ [ϕ(k)]β
[
c3

(
1
k

) α
1−β

]1−β

= [ϕ(k)]βc1−β
3

(
1
k

)α

.

Since 2k ≥ h we get k > h − k and 
( 1
k

)α
<

(
1

h−k

)α

, then

ϕ(h) ≤ [ϕ(k)]βc1−β
3

(
1
k

)α

≤ [ϕ(k)]βc1−β
3

(
1

h− k

)α

.

In both cases we have obtained (1) with c1 = max{4αc2; c1−β
3 }. �

The previous Remark 1 suggests the following question: when β = 1 are (1) and (6) equivalent? The 
answer is No, as the following Remark says.

Remark 2. Let ϕ : [k0, +∞) → [0, +∞) be decreasing. Let α ∈ (0, +∞) and β = 1 be constants. Then

(1) � (6). (9)

More precisely, the function

ϕ(k) = e−[ln(k)]2 , k ∈ [1,+∞) (10)

verifies (6) with β = 1, α = 2 ln(2), c2 = 2− ln(2) but it does not satisfy (1) with β = 1, for any choice of the 
two constants α > 0 and c1 > 0.

Proof. Let us take ϕ as in (10), then

ϕ(2k) = e−[ln(2k)]2 = e−[ln(2)+ln(k)]2 = e−[ln(k)]2−2 ln(k) ln(2)−[ln(2)]2

= e−[ln(k)]2e−2 ln(k) ln(2)−[ln(2)]2 = ϕ(k)e−[ln(2)][2 ln(k)+ln(2)]

= ϕ(k)e−[ln(2)][ln(2k2)] = ϕ(k)e[ln((2k2)− ln(2))] = ϕ(k)(2k2)− ln(2)

= ϕ(k)
(

1
2k2

)ln(2)

.

This shows that (6) holds true with β = 1, α = 2 ln(2), c2 = 2− ln(2). Now we are going to show that (1) does 
not hold true with β = 1: by contradiction, if (1) would hold true with β = 1, then Stampacchia Lemma, 
part (ii), would guarantees (4), then

ϕ(k) ≤ c4e
−γk, ∀k ∈ [1,+∞)

for suitable constants c4, γ ∈ (0, +∞). That is
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e−[ln(k)]2 ≤ c4e
−γk,

this means that

1
c4

≤ e−γk+[ln(k)]2 ,

but this is false when k → +∞ since e−γk+[ln(k)]2 → 0. Then (1) cannot hold true with β = 1. �
Remark 1 suggests also the following question: when β > 1 are (1) and (6) equivalent? The answer is No, 

as the following Remark says.

Remark 3. Let ϕ : [k0, +∞) → [0, +∞) be decreasing. Let α ∈ (0, +∞) and β > 1 be constants. Then

(1) � (6). (11)

More precisely, the function

ϕ(k) = e−kp

, p = log2(2β), k ∈ [1,+∞) (12)

verifies (6) with β > 1, c2 = 1, any α > 0 and a suitable k0 = k0(α, β) ≥ 1, but it does not satisfy (1) for 
any choice of the three constants β > 1, α > 0 and c1 > 0.

Proof. Let us take ϕ as in (12); we keep in mind that 2p = 2β and we have

ϕ(2k) = e−(2k)p = e−2pkp

= e−2βkp

= (e−kp

)2β = (ϕ(k))2β = (e−kp

)β(ϕ(k))β .

Note that there exists k0 = k0(α, β) ≥ 1 such that

(e−kp

)β ≤
(

1
k

)α

, ∀k ∈ [k0,+∞).

Then

ϕ(2k) = (e−kp

)β(ϕ(k))β ≤
(

1
k

)α

(ϕ(k))β , for every k ≥ k0,

so that ϕ verifies (6) with the selected β > 1, with c2 = 1, with any α > 0 and with a suitable k0 =
k0(α, β) ≥ 1. We claim that such a ϕ does not satisfy (1) for any choice of the constants β > 1, α > 0, 
c1 > 0, k0 ≥ 1. Indeed, if such a ϕ would satisfy (1) for some constants β > 1, α > 0, c1 > 0 and k0 ≥ 1, 
then part (i) of Stampacchia Lemma would imply (2):

ϕ(k0 + d) = 0

for a suitable d ≥ 0: this gives a contradiction since ϕ(k) > 0 for every k ∈ [1, +∞). �
In the sequel Ω will be a bounded open subset of RN and p1, · · · , pN ∈ (1, +∞). Moreover, let p̄ be 

the harmonic mean of p1, · · · , pN , that is, 1
p̄ = 1

N

N∑
i=1

1
pi

; let us assume that p̄ < N ; let p̄∗ be the Sobolev 

exponent of p̄, that is, p̄∗ = Np̄
N−p̄ . The following proposition is a consequence of Stampacchia Lemma, which 

can be found, for example, in Proposition 2.1 of [9].
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Proposition 1. Let v : Ω → R be a measurable function, let c5, α, k0 be positive constants and 0 < β < 1. If, 
for every k, h ∈ R such that h > k ≥ k0, we have

|{|v| > h}| ≤ c5
(h− k)α |{|v| > k}|β ,

then v ∈ L
α

1−β

weak(Ω).

About weak Lebesgue spaces Lp
weak(Ω), see [15]. With this proposition in hand, Kovalevsky proved in 

[9] the following proposition, which is useful for the description of integrability of solutions to anisotropic 
problems.

Proposition 2. Let v ∈ W
1,(pi)
0 (Ω), and let c6, k0 be positive constants and 0 < β < 1. If, for every k ≥ k0, 

we have

∫
{|v|>k}

N∑
i=1

|Div|pi ≤ c6|{|v| > k}|
βp̄
p̄∗ ,

then v ∈ L
p̄∗

1−β

weak(Ω).

Lemma 2 allows us to give some applications to regularity of functions.

Proposition 3. Let v : Ω → R be a measurable function, let c7, α, k0 be positive constants and 0 < β < 1. If, 
for every k ≥ k0, we have

kα|{|v| > 2k}| ≤ c7|{|v| > k}|β , (13)

then v ∈ L
α

1−β

weak(Ω).

Proof. We let

ϕ(k) = |{|v| > k}|.

The assumption (13) yields for every k ≥ k0,

kαϕ(2k) ≤ c7[ϕ(k)]β .

By Lemma 2,

|{|v| > k}| ≤ c8

(
1
k

) α
1−β

, ∀k ≥ k0,

where

c8 = 2
α

(1−β)2

[
c

1
1−β

7 + (2k0)
α

1−β |Ω|
]
.

Thus
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sup
k>0

k
α

1−β |{|v| > k}|

≤
(

sup
0<k<k0

+ sup
k≥k0

)
k

α
1−β |{|v| > k}|

≤ k
α

1−β

0 |Ω| + c8 < ∞.

This ends the proof. �
Proposition 4. Let v ∈ W

1,(pi)
0 (Ω), and let c9, k0 be positive constants, 0 ≤ θ < 1 and 0 < β < 1. If, for 

every k ≥ k0, we have

∫
{|v|>k}

N∑
i=1

|Div|pi ≤ c9k
θp̄|{|v| > k}|

βp̄
p̄∗ ,

then v ∈ L
p̄∗(1−θ)

1−β

weak (Ω).

Proof. Define, for s in R and for k > 0, the truncation Tk at level k as follows: Tk(s) = s if −k ≤ s ≤ k, 
Tk(s) = k if k < s, Tk(s) = −k if s < −k. Let us consider the function Gk(s) = s − Tk(s). Note that 
Gk(s) = 0 for −k ≤ s ≤ k. Applying the anisotropic Sobolev inequality (see [7,11,12,16])

‖u‖Lp̄∗ (Ω) ≤ C

N∏
j=1

‖Dju‖
1
N

Lpj (Ω), ∀u ∈ W
1,(pi)
0 (Ω) (14)

to u = Gk(v) ∈ W
1,(pi)
0 (Ω), we get for every k ≥ k0,

⎛
⎜⎝ ∫

{|v|>k}

|Gk(v)|p̄
∗

⎞
⎟⎠

p̄
p̄∗

=

⎛
⎝∫

Ω

|Gk(v)|p̄
∗

⎞
⎠

p̄
p̄∗

≤ C

N∏
j=1

⎛
⎝∫

Ω

|DjGk(v)|pj

⎞
⎠

p̄
pjN

≤ C
N∏
j=1

⎛
⎝ N∑

i=1

∫
Ω

|DiGk(v)|pi

⎞
⎠

p̄
pjN

= C

N∑
i=1

∫
Ω

|DiGk(v)|pi

= C

∫
{|v|>k}

N∑
i=1

|Div|pi

≤ Cc9k
θp̄|{|v| > k}|

βp̄
p̄∗ .

We observe that Gk(v) ≥ k on {|v| > 2k} and we thus have

kp̄
∗ |{|v| > 2k}| ≤

∫
|Gk(v)|p̄

∗ ≤
∫

|Gk(v)|p̄
∗
.

{|v|>2k} {|v|>k}
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Then

kp̄
∗(1−θ)|{|v| > 2k}| ≤ c10|{|v| > k}|β , k ≥ k0,

where c10 = (Cc9)
p̄∗
p̄ . The assumption of Proposition 3 holds with

α = p̄∗(1 − θ).

This ends the proof. �
Previous Proposition 4 can be weakened as follows.

Proposition 5. Let v : Ω → R be measurable and let c11, k0 be positive constants, 0 ≤ θ < 1 and 0 < β < 1. 
If, for every k ≥ k0, we have Tk(v) ∈ W 1,1

0 (Ω) with

∫
Ω

N∑
i=1

|Di[Tk(Gk(v))|pi ≤ c11k
θp̄|{|v| > k}|

βp̄
p̄∗ , (15)

then v ∈ L
p̄∗(1−θ)

1−β

weak (Ω).

Remark 4. Under the assumptions of Proposition 5 we have Tk(Gk(v)) = T2k(v) − Tk(v) ∈ W 1,1
0 (Ω) for 

every k ≥ k0.

Remark 5. If v ∈ W 1,1
0 (Ω), then Tk(v) ∈ W 1,1

0 (Ω) for every k ≥ 0. Moreover Di[Tk(Gk(v))] = 1{k<|v|<2k}Div

and (15) reads as follows

∫
{k<|v|<2k}

N∑
i=1

|Div|pi ≤ c11k
θp̄|{|v| > k}|

βp̄
p̄∗ .

Proof. Let us set Ak = {|v| > k}; we consider the function Tk(Gk(v)) = T2k(v) − Tk(v) ∈ W 1,1
0 (Ω); the 

assumption (15) tells us that Tk(Gk(v)) ∈ W
1,(pi)
0 (Ω) and we can use the anisotropic Sobolev inequality (14),

k|A2k|
1
p̄∗

=

⎛
⎝ ∫

A2k

|Tk(Gk(v))|p̄
∗

⎞
⎠

1
p̄∗

≤

⎛
⎝∫

Ω

|Tk(Gk(v))|p̄
∗

⎞
⎠

1
p̄∗

≤ C
N∏
j=1

⎛
⎝∫

Ω

|DjTk(Gk(v))|pj

⎞
⎠

1
Npj

≤ C

N∏
j=1

⎛
⎝∫

Ω

N∑
i=1

|DiTk(Gk(v))|pi

⎞
⎠

1
Npj

= C

⎛
⎝∫

Ω

N∑
i=1

|DiTk(Gk(v))|pi

⎞
⎠

1
p̄

θ β
p̄∗

(16)
≤ c12k |Ak|
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where c12 = Cc
1
p̄

11. (16) gives

kp̄
∗(1−θ)|A2k| ≤ cp̄

∗

12 |Ak|β . (17)

Then (6) holds true with ϕ(k) = |Ak| and α = p̄∗(1 − θ); we note that

α

1 − β
= p̄∗(1 − θ)

1 − β
,

and Proposition 3 yields the desired result. �
We now consider boundary value problems of the form

⎧⎪⎪⎨
⎪⎪⎩

−
N∑
i=1

Di(ai(x,Du(x))) = f(x), in Ω,

u(x) = u∗(x), on ∂Ω,

(18)

where ai(x, z) : Ω × R
N → R with x �→ ai(x, z) measurable and z �→ ai(x, z) continuous. We assume 

that

N∑
i=1

|zi − z̃i|pi ≤
N∑
i=1

(ai(x, z) − ai(x, z̃))(zi − z̃i) (19)

and

N∑
i=1

|ai(x, z)|p
′
i ≤ b

(
1 +

N∑
i=1

|zi|pi

)
, (20)

for almost all x ∈ Ω and all z, ̃z ∈ R
N , where b ≥ 1 is a constant and p′i is the Hölder conjugate of pi. For 

m ≥ 1 we let

f ∈ Lm
weak(Ω) (21)

and

u∗ ∈ W 1,1(Ω) with Diu∗ ∈ Lmpi

weak(Ω), i = 1, · · · , N. (22)

We introduce the following definition.

Definition 1. T 1,(pi)
0 (Ω) is the set of measurable functions v : Ω → R such that for any k > 0 the truncated 

function Tk(v) belongs to W 1,(pi)
0 (Ω).

Under the assumptions (21) and (22) with m ≥ 1, it is reasonable to work with entropy solutions, which 
need less regularity than the usual weak solutions.
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Definition 2. A function u ∈ u∗ + T 1,(pi)
0 (Ω) is an entropy solution of (18) if

∫
Ω

N∑
i=1

ai(x,Du)DiTk(u− ϕ) ≤
∫
Ω

fTk(u− ϕ) (23)

holds true for all k > 0 and all ϕ ∈ u∗ + [W 1,(pi)
0 (Ω) ∩ L∞(Ω)].

The concept of entropy solution was first introduced in [2] for nonlinear elliptic problems in 1995. It was 
then adapted to the study of some nonlinear elliptic and parabolic problems. We refer to [1–6,8,13] for some 
results on entropy solutions. We now use Proposition 5 to prove the following:

Theorem 1. Let 1 < m < N
p̄ . Let u ∈ u∗ + T 1,(pi)

0 (Ω) be an entropy solution of (18) under (19), (20), (21)
and (22). Then

u ∈ u∗ + Lγ
weak(Ω)

where

γ = Nm(p̄− 1)
N −mp̄

.

Proof. Denote

Ak = {|u− u∗| > k} and Bk = {k < |u− u∗| < 2k}.

Let u be an entropy solution of (18). Our nearest goal is to show that v = u −u∗ satisfies (15). To this end, 
we use

ϕ = u∗ + Tk(u− u∗) ∈ u∗ + [W 1,(pi)
0 (Ω) ∩ L∞(Ω)]

as a test function in (23); please, note that u − ϕ = u − u∗ − Tk(u − u∗) = Gk(u − u∗), so that

Tk(Gk(u− u∗)) = T2k(u− u∗) − Tk(u− u∗) ∈ W
1,(pi)
0 (Ω)

and

Di[Tk(Gk(u− u∗))] = 1Bk
(Diu−Diu∗);

then we have

∫
Bk

N∑
i=1

ai(x,Du)(Diu−Diu∗)

=
∫
Ω

N∑
i=1

ai(x,Du)Di[Tk(Gk(u− u∗))]

≤
∫
Ω

f [Tk(Gk(u− u∗))]

≤ k

∫
|f |.

(24)
Ak



H. Gao et al. / J. Math. Anal. Appl. 458 (2018) 112–122 121
We let k0 = 1 and we assume k ≥ k0 = 1. Using (19), (24), (20) and Young inequality, we thus have

∫
Bk

N∑
i=1

|Diu−Diu∗|pi

≤
∫
Bk

N∑
i=1

(ai(x,Du) − ai(x,Du∗))(Diu−Diu∗)

≤ k

∫
Ak

|f | +
∫
Bk

N∑
i=1

|ai(x,Du∗)||Diu−Diu∗|

≤ k

∫
Ak

|f | + C(ε)
∫
Bk

N∑
i=1

|ai(x,Du∗)|p
′
i + ε

∫
Bk

N∑
i=1

|Diu−Diu∗|pi

≤ k

∫
Ak

|f | + C(ε)b
∫
Bk

N∑
i=1

(1 + |Diu∗|pi) + ε

∫
Bk

N∑
i=1

|Diu−Diu∗|pi ,

≤ [1 + C(ε)b]k
∫
Ak

g + ε

∫
Bk

N∑
i=1

|Diu−Diu∗|pi ,

here

g = |f | +
N∑
i=1

(1 + |Diu∗|pi) ∈ Lm
weak(Ω)

by (21) and (22), and we have used the facts k ≥ 1 and Bk ⊂ Ak. Take ε = 1
2 , then

∫
Ω

N∑
i=1

|Di[Tk(Gk(u− u∗))]|pi =
∫
Bk

N∑
i=1

|Diu−Diu∗|pi ≤ c13k

∫
Ak

g ≤ c13k|||g|||m|Ak|
1

m′ ,

where c13 is a positive constant depending only on p1, ..., pN , b; moreover

|||g|||m = sup
E⊂Ω,|E|>0

1
|E| 1

m′

∫
E

|g|.

Thus (15) holds with v = u − u∗, c11 = c13|||g|||m, θ = 1
p̄ and β = p̄∗

m′p̄ , here

0 < θ < 1 ⇔ 1 < p̄ < ∞

and

0 < β < 1 ⇔ 1 < m <
N

p̄
.

Note that

p̄∗(1 − θ)
1 − β

= γ.

This ends the proof. �
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