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In dealing with regularity issues of weak solutions of elliptic partial differential equations as well as
minima of variational integrals, an efficient tool is the well-known Stampacchia Lemma (see Lemma 4.1 in
[14]).

Lemma 1. Let ¢1, o, 8 be positive constants. Let ¢ : [kg, +00) — [0, +00) be decreasing and such that

C1 8
< 1
o) < Gz o) 1)
for every h,k with h > k > kqo. It results that:
(i) if 8 > 1 then we have
where
1/a
a={erlip(ho)) 71228/ -0 (3)

(ii) if 5 =1 then for any k > ko we have
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—(cre —1/e(p._ .
k) < plko)e!—(cre) Tk, (4)

(iif) if 5 < 1 and ko > O then for any k > k( we have

k) <277 o7 + ko) otk (1) )

In [10] Kovalevsky and Voitovich quote Stampacchia Lemma and give more general Lemmas that they
need in order to deal with more difficult situations. Among such Lemmas, there is the following one (see
Lemma 4 in [10])

Lemma 2. Let co, a0, 8 be positive constants. Let ¢ : [kg, +00) — [0, +00) be decreasing and such that

c
o(28) < Zlp(b)’ (©
for every k > k.
If 5 <1 and kg > 0 then for any k& > ky we have
a o N 1\ =7
k) <2757 [ + ko) ot (£) @

Let us compare Lemma 1 (iii) with Lemma 2: the statement is the same; is assumption (6) weaker than
(1)? The answer is No: the two assumptions are equivalent! Indeed we have the following

Remark 1. Let ¢ : [kg, +00) — [0, 4+00) be decreasing. Let a € (0,400) and 8 € (0,1) be constants. Then
(1) < (6). (8)

Proof. “=". Assume (1). We take h = 2k and we get (6) with ¢y = ¢;.

“«=". Assume (6). Let us consider h > k > ko. We split the proof into two cases: ontlp > p > 27k for
some integer n > 1 and 2k > h > k.

Case 2"tk > h > 2"k for some integer n > 1. Since ¢ decreases, we have p(h) < ¢(2"k) = ¢(2(2"1k));
we keep in mind that n > 1 so 2"~ 'k > k > ko and we can use (6) with 2"~k in place of k: we have

P2 < Gt le R,

Since 2"~k > k, we use the monotonicity of ¢ to have p(2"~1k) < @(k); then [p(2"1k)]? < [p(k)]?. Since
2"tk > h, we have (2"t — 1)k > h — k, then

thus

C2 4%co

o(h) < @(2"k) = p(2(2" k) < W[Sﬁﬂn_lk)]ﬁ < m[@(k)]ﬁ~

Case 2k > h > k. Since ¢ decreases we have ¢(h) < (k) = [¢(k)]?[¢(k)]'#. We use Lemma 2 and we get
(7):
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p(k) <cs (%) ﬁ .

where
o 1 o
o = 257 o] + (2ho) (k)|

Then

In both cases we have obtained (1) with ¢; = max{4%cy; ¢35 °}. O

The previous Remark 1 suggests the following question: when 8 = 1 are (1) and (6) equivalent? The
answer is No, as the following Remark says.

Remark 2. Let ¢ : [k, +00) — [0, 4+00) be decreasing. Let a € (0, +00) and 8 = 1 be constants. Then
(1) < (6). (9)
More precisely, the function
p(k) = e MBI ke [1,400) (10)

verifies (6) with 8 =1, @ = 2In(2), ¢ = 2~ "(?) but it does not satisfy (1) with 3 = 1, for any choice of the
two constants a > 0 and ¢; > 0.

Proof. Let us take ¢ as in (10), then

o(2k) = e~ n(2K)* _ —[n(2)+n(k)]* _  ~[n(k)]*~21n(k) In(2)~[In(2)]?
_ e—[ln(k)]ze—an(k) In(2)—[In(2)]* _ s0(,{1)6—[1n(2)][2 In(k)-+1n(2)]

= ¢(k)e—[ln(2)}[ln(2k2)] — (p(k)e[ln((Zkz)’ ey @(k)(QkQ)_ In(2)

—e (5)

This shows that (6) holds true with 8 = 1, a = 21n(2), ¢ = 27 (). Now we are going to show that (1) does
not hold true with 8 = 1: by contradiction, if (1) would hold true with 8 = 1, then Stampacchia Lemma,
part (ii), would guarantees (4), then

o(k) < cqe Mk, Vk € [1,4+00)

for suitable constants ¢4, € (0,4+00). That is
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2
eI < o=k

this means that

1kt
cqy

b

but this is false when k — 400 since e~ 7*+n())* 5 0. Then (1) cannot hold true with 8 =1. O

Remark 1 suggests also the following question: when 8 > 1 are (1) and (6) equivalent? The answer is No,
as the following Remark says.

Remark 3. Let ¢ : [k, +00) — [0,400) be decreasing. Let a € (0, +00) and 3 > 1 be constants. Then
(1) <= (6). (11)
More precisely, the function
p(k)=e ™™, p=logy(26), ke[l +o0) (12)

verifies (6) with 8 > 1, co = 1, any « > 0 and a suitable kg = ko(a, ) > 1, but it does not satisfy (1) for
any choice of the three constants § > 1, « > 0 and ¢; > 0.

Proof. Let us take ¢ as in (12); we keep in mind that 2P = 25 and we have
P(2k) = e” R = &7 = 72N = (M) = (p(k)? = (M) (0 ()’

Note that there exists kg = ko(c, 5) > 1 such that

(e7F")8 < <%>a Yk € [ko, +00).

Then

1

@(Qk):(ekp)ﬁ(ﬂk))ﬁﬁ(%> (p(k))?,  for every k > ko,

so that ¢ verifies (6) with the selected § > 1, with ¢o = 1, with any o > 0 and with a suitable ky =
ko(a, B) > 1. We claim that such a ¢ does not satisfy (1) for any choice of the constants § > 1, o > 0,
c1 >0, kg > 1. Indeed, if such a ¢ would satisfy (1) for some constants § > 1, @ > 0, ¢; > 0 and kg > 1,
then part (i) of Stampacchia Lemma would imply (2):

plko+d)=0
for a suitable d > 0: this gives a contradiction since (k) > 0 for every k € [1,+00). O

In the sequel 2 will be a bounded open subset of RY and py,---,py € (1,40c). Moreover, let p be

N
= % Z p%; let us assume that p < N; let p* be the Sobolev

=1

the harmonic mean of p1,--- ,py, that is, %

exponent of p, that is, p* = NN—_’;. The following proposition is a consequence of Stampacchia Lemma, which

can be found, for example, in Proposition 2.1 of [9].
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Proposition 1. Let v : Q — R be a measurable function, let c5, v, ko be positive constants and 0 < 5 < 1. If,
for every k,h € R such that h > k > kg, we have

{lvl >R} < < [{lvl > k37,

=

thenve L7 ().

weak

P
weak

About weak Lebesgue spaces LP . (), see [15]. With this proposition in hand, Kovalevsky proved in
[9] the following proposition, which is useful for the description of integrability of solutions to anisotropic

problems.

Proposition 2. Let v € Wol’(pi)(ﬂ), and let cg, ko be positive constants and 0 < 5 < 1. If, for every k > ko,
we have

P )

N
> D" < cl{|v] > k}
{loj>k} =1

B
thenv e L5 ().
Lemma 2 allows us to give some applications to regularity of functions.

Proposition 3. Let v : Q — R be a measurable function, let c7, a, ko be positive constants and 0 < 5 < 1. If,
for every k > kg, we have

E*[lv] > 2k} < erl{[v] > k}7, (13)
thenv € L12 ().
Proof. We let
p(k) = {[v] > K}

The assumption (13) yields for every k > ko,

k*p(2k) < erlp(k))7.

By Lemma 2,

o

1 B
{|v] > K} < cs (E) . Yk > ko,
where
Ccg — Qﬁg |:C71_/3 + (2]@0)1aﬁ|Q:| .

Thus
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sup k17 [{Jo| > k}|
k>0

IN

( sup + sup> k%ﬁ|{|v\ >k}

0<k<ko k>ko

IA

kg 7 |Q| + cs < o0.
This ends the proof. O

Proposition 4. Let v € W()l’(pi)(Q), and let cg, kg be positive constants, 0 < 0 < 1 and 0 < 8 < 1. If, for
every k > ko, we have

)

N
Z |Di’U

{loj>k} =1

Pi e

p*(1-6)

thenve L, .7 (Q).

weak

Proof. Define, for s in R and for k > 0, the truncation T} at level k as follows: Ty (s) = s if —k < s < k,
Ti(s) = kif k < s, Ty(s) = —k if s < —k. Let us consider the function Gr(s) = s — Tk(s). Note that
Gr(s) =0 for —k < s < k. Applying the anisotropic Sobolev inequality (see [7,11,12,16])

N
~ 1,(pi
lull o 0y < C T IDsull s gy V€ Wo (@) (14)
j=1

to u=Gg(v) € VVol’(pi)(Q)7 we get for every k > ko,

“;"m

|Gr(v)|”
{of>k)

S

I
—
K
S

IN

i= 1Q
/ DiGi(v
Q
N
_¢ / S Dol
{loj>ky =1 .
< Ceok?|{|v .

We observe that Gi(v) > k on {|v| > 2k} and we thus have

kP

Gi(0)”" < / G (o)

{lv|>2k} {|v|>k}
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Then

K2 =0 |o] > 2k}] < crol{Jv] > K}, k> ko,

—%
p_

where ¢19 = (Ceg) 7 . The assumption of Proposition 3 holds with
=p"(1-9).
This ends the proof. O
Previous Proposition 4 can be weakened as follows.

Proposition 5. Let v : Q@ — R be measurable and let c11, ko be positive constants, 0 <0 <1 and 0 < g < 1.
If, for every k > ko, we have Ty(v) € Wy () with

R

(15)

/DD TG < en

P (1-0)

thenve L =7 (Q).

weak

Remark 4. Under the assumptions of Proposition 5 we have Tj(Gy(v)) = Tor(v) — Tr(v) € Wy (Q) for
every k > kg.

Remark 5. If v € W' (Q), then Ty (v) € Wy () for every k > 0. Moreover D;[T},(G(v))] = 1<) <2k} Div
and (15) reads as follows

S

Pi

N
Z |DZ’U

{k<|v|<2k} =1

Proof. Let us set A, = {|v| > k}; we consider the function T} (Gy(v)) = Tor(v) — Tr(v) € Wy (R); the
assumption (15) tells us that Ty (G (v)) € W(Jl’(pi) (Q) and we can use the anisotropic Sobolev inequality (14),

a1
k|A2k|5*

( / lTk<Gk(v>>|P*>

o)

(/ |Dka(Gk(U))|p]) (16)

Q
1

N Npj
/Z|D Ti(Gr(v))|”
o =t

N
/ > |Dz-Tk(Gk<v>>|“)

B
C12k9|Ak| p*

'E*‘ -

IN

c

— 5

Il
—

IN

J

|/\
::]z

J

SIC

I

Q
/
2

IN
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17
where ¢12 = Ccf;. (16) gives
R0 Agy| < o] Ar)P. (17)
Then (6) holds true with ¢(k) = |Ag| and a = p*(1 — 6); we note that

o pa-9)

1-8 1-8 "

and Proposition 3 yields the desired result. O

We now consider boundary value problems of the form

N
_ ;Di(ai(x, Du(z))) = f(x), in Q, (18)

u(z) = u(x), on 01},

where a;(z,2) : Q@ x RY — R with z — a;(z,2) measurable and z + a;(z,2) continuous. We assume
that

N N
Z\Zi — P < Z(ai(x,z) —ai(z,3)(z — %) (19)

and

N N
> lai(a, 2) P <b<1+2|zi|pi> ; (20)
i1 i=1

for almost all 2 € Q and all 2,2 € RV, where b > 1 is a constant and p} is the Holder conjugate of p;. For
m > 1 we let

f € LZ}eak(Q) (21)
and
u, € WH1(Q) with Dyu, € L7, (Q), i=1,---,N. (22)

We introduce the following definition.

Definition 1. 761’(17 )(Q) is the set of measurable functions v : 2 — R such that for any k& > 0 the truncated
function T (v) belongs to Wol’(pi)(Q).

Under the assumptions (21) and (22) with m > 1, it is reasonable to work with entropy solutions, which
need less regularity than the usual weak solutions.
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Definition 2. A function u € u, + 761’(1")(9) is an entropy solution of (18) if

/ZaszuDTku— /kau— (23)

holds true for all £ > 0 and all ¢ € u, + [W()l’(pi)(Q) N L>(9Q)].

The concept of entropy solution was first introduced in [2] for nonlinear elliptic problems in 1995. It was
then adapted to the study of some nonlinear elliptic and parabolic problems. We refer to [1-6,8,13] for some
results on entropy solutions. We now use Proposition 5 to prove the following:

Theorem 1. Let 1 < m < . Let u € u, + 7'1 -(Ps) () be an entropy solution of (18) under (19), (20), (21)
and (22). Then

u € u,+ L) (Q)

where

N 1)
 N-mp

Proof. Denote
A ={|lu—u.| >k} and By = {k < |u —u.| < 2k}.

Let u be an entropy solution of (18). Our nearest goal is to show that v = u — u, satisfies (15). To this end,
we use

¢ = uy + Ti(u— uy) € uy + [Wer®)(Q) 0 L=(Q)]
as a test function in (23); please, note that u — ¢ = v — ux — T (u — ux) = G(u — uy), so that
T(Grl(u — ) = Top(u — ) — T(u — u,) € Wy ()
and
DilT(Gr(u — w.))] = 15, (Dyu — Diw.);

then we have

>

ﬁ
Il
—

a;(z, Du)(D;u — Djuy)

ai(x, Du) D; [Ty (Gr(u — u.))]

@
Il
-
—
o
=
S—

IN

I
— O 53\

FTk(Gr(u — us))]

<k 1

Ak

& D
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We let kg = 1 and we assume k > ko = 1. Using (19), (24), (20) and Young inequality, we thus have

Pi

N
> D,
B, =1

N
< /Z(ai(a:,Du) —a;(x, Duy))(D;u — Djuy)
By

i=1

IN

By,

N
k[ 151+ [ 3 laste Du) 1D - Dy
Ay =1
N N
k/|f|+C(5>/Z\ai(m,m*)\?2 +5/Z|Diu—Diu*|pi
Ay By, =1 By, i=1

<
N N
< k:/|f| +C(5)b/Z(1+ \Diu*|pi)+5/Z|Diu—Diu*\pi,
Ay By, =1 By, =1
N
< [l—i—C(s)b]k/g—H-:/Z|Diu—Diu*|pi,
A g, =1

here
N
g=1fl+> (1 +|Du.|) € Ly, 01 ()

i=1
by (21) and (22), and we have used the facts k > 1 and Bj, C Aj. Take € = 1, then

N
. . 1
"= /Z|Diu— Diu [P < 01314?/9 < cuskll[glllm|Ax] =7,
B, =1 A
k k

N
[ 3 IDi(Guu )
g i=1
where c13 is a positive constant depending only on ps, ..., pn, b; moreover

1
gl = + [ sl
B

sup
ECQ,|E|>0 |E

and 3 = %,ﬁ, here

Sl

Thus (15) holds with v = u — u., ¢11 = c13]|9]||m, 0 =
Il<fi<lelp<ox

and
O<ﬂ<1<:>1<m<%.
Note that
-0 _

1-5

This ends the proof. 0O
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